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BMLICPLE BINARY FORMS WITH THE CLOSURE PROPERTY. 
’ By Artsur B. Costis.* 


INTRODUCTION. 


‘nteresting accounts of the many investigations which have centered 
it the Poncelet polygons associated with the double binary forms of 
t (2, 2) with the closure property have been given by G. Loriaț and 
S. White.t The latter has called attention also to the existence of 
as of order (3, 3) with a similar property.§ : 
Wt is the purpose of this paper to discuss the conditions for closure of 
neral double binary form of order (k, x) and to indicate certain possible 
sions to multiple forms. It will appear that the closure property for 
{ven form implies the existence of a compleméntary form such that the 
duct of a given form and its complement can be expressed as a deter- 
aant for which the closure property is inherent. A number of forms 
h the closure property are constructed—a number sufficient to indicate 
t the.theory here developed has a reasonable content. 
The treatment in general is algebraic though geometric interpretations 
: constantly helpful. The striking application of the elliptic functions 
the Poncelet case seems not to be capable of immediate extension to 
ms of higher degree sincé the conditions for closure can not be expressed 
means of integrals of the first kind alone. 
1. Poristic Forms and their Complements.—-We begin with the double 
iary form of order ik, x) . 
Bi . F= (atlar) =0 


d with one pair of values to, To which satisfies it. The value to determines 

(1) x values of 7, say To, 71, ++, each ‘of which determines k — 1 values 
tin addition to ¢ and these values of t determine in turn new values of r, 
woceeding in this way we obtain values to, ti, tz, «++; To Tu Ty If 
‘ter a finite number of repetitions of this procedure we obtain a set of 
values ¢ and v values r such that each ¢(r) determines in (1) x (k) values 
: 7(@ which are already included in the set of v(m) values of (t) then we 


* Prepared under the auspices of the Carnegie Institution of Washington, D. C. 
- sf “I polygoni di Poncelet,” Torino (1889). 
t “Poncelet polygons,” Science (Feb. 4, 1916), pp. 149-158. 
§ Proceedings of the National Academy of Sciences, Vol. 1 (Aug., 1915), P. 464; and 
ol. 2 (June, 1916), p. 837. 
i 


è 


























2 Coste: Multiple Binary Forms. 


shall say that F admits the configuration A$ $, to, th, ta, +++, inmi) ` 3 
<., T1 Indeed in any geometric interpretation of the form Ft ` 
set just mentioned would give rise to a geometric configuratiou. 
configuration would have moreover a type of regularity since each o™ 
. ts determines « of the 7’s and each of the 7’s is determined by k of the 
It is clear from the method of derivation of the closed set that the con 
figuration is determined by any one of its elements t or of its elements r. 

The number of elements ¢ which with elements 7, i.e., of pairs of elements 
t 7, will satisfy the form F is nx, or equally well vk, so that 


(2) nk = vk. 


e 
If F admits one configuration A#* it does not necessarily admit an 
infinite number. Classic examples of this are at hand. If however i 
does admit an infinite number the form F will be called poristic and 
infinitude of configurations which it determines will be called a porisa 
When a configuration Afs satisfies a form F there is determine 
complementary configuration Ar," made up of ‘those pairs of element 
t, 7 of the given configuration which do not satisfy F. 
If the form F is poristic the œt sets of n elements ¢ which belong to thd 
œ! configurations. AP% are determined by a pencil of binary ‘n-ics 
(yt)” + A(t)” = 0. For evidently a set of n elements t is determined 
any element of the set. Similarly the œ! sets of v elements 7 in the 4 
configurations are determined by a pencil of binary p-ics, (er)” + (dr) = 
Since each set of n ts makes up with a unique set of v r’s a configurati 
and conversely, these two pencils are projectively related, and for proy 
choice of (er)’, (dr)” in the second pencil we shall have u = M.  Eliminati 
À between the two pencils we get l 


(yt)” ` (80) | 


Cr (drp |7 * 


(3) . . Da,y = 








The form D,,, from its nature, asa determinant is poristic. It dete 
mines ©! complete configurations Ary, i.e., sets of n ts and v 7’s suf 
that each ¢ determines all the 7’s and vice versa. These configuratior 
arise from the vanishing of the general column, Ai(yé)” + d2(dt)” = C 
Aler)” +-Ag(dr)” = 0, of the determinant. We shall call the form Dan, 3 
a complete poristic form and its configurations a complete porism. Clearly 
D,,, determined as above will contain the original poristic form as a*factor 
and the complementary factor 


(4) F' = (6i)"-*(br)* ae 


will also be poristie and will admit the configurations Az7“*’~* which ar 
complementary to the configurations Awy which satisfy F. Hence 
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(5)-Every poristic double binary form F determines a complementary 
oristic form F’ such that each configuration of F coupled with a comple- 
sentary configuration of F’ makes up a configuration of the complete poristic 
orm F F’ = D,» 

2. Conditions for Closure. Corollaries.—We shall now prove the theorem 

(6) The necessary and sufficient conditions that a given form F,,, shall 

poristic with configurations A} s (where.n, v, k, x are integers subject to the 

‘ondition (2)) are (A) that the given form shall admit ONE such configuration, 

wand (B) that there shall exist a form Fa-zriv—- which shall admit the com- 
plegnentary configuration. 

The necessity of these conditions appears in Sec. 1; we liere prove them 
sufficient. Let the form F in (1) admit the A% * with elements to, t1, -+-, 
bai] To Tu ***,)T,-1- By hypothesis (B) the form F’ in (4) exists such that 
in the product 

FF’ = (at)*(ar)*- (Bt) *(br)"™* = 0 


each of the n¢’s determines all of the v r’s and vice versa. Suppose that for 
t= to, tu -+-, te. the product FF’ takes the values ro(dr)’, ri(dr)’, 
tn1(dr)” where (dr)” = 0 has roots To, +++, 7,-1.' We can determine (in 
any one of œ! ways) a binary n-ic, (yi)”, which for t = to, «>, tn— takes the 
values fo -*:, fn- Then the difference FF’ — (yt)"-(dr)” vanishes 
identically for t = to, +--+, t&-1 and therefore contains the factor (ét)”, 
where- (ôt)” = 0 has roots to ---, tn- and a complementary factor, say 
~~ (er). Hence E : 
A EEE NEA E ae 
EP = (Gy — ber) =|, Gy l 


But as.has been pointed out the determinant is necessarily poristic and 
admits œ! configurations At’. Since it factors into FF’ each configuration 
Am? breaks up into configurations A% % and A%—;*’—* which satisfy respec- 
tively the forms F and F’. Hence each of the forms F and F” are poristic. 

Even if the given form F admits one A}* the number, n(v — x), of 
apparent conditions on an arbitrary ferm F’ which ensure that it shall 
admit the complementary A77% ”—* is mare than F’ with (n—k+1)(v—«-+1) 
coefficients will in general satisfy. However F’ will coreamny. exist if 


© (n — k+ 1)(— k+ 1) 5 no — k) 4+ I1orif 
(7) n- k5 k- 1-2). 


| The cases hitherto considered relate to forms F for which k = x and 
i therefore n = y. Then (7) becomes 


> l ' -knk S 
p 'The case k = k, = 1 presents no interest. But for k = x = 2 aie relation 


Pä 


Í f , ' 
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(8) is satisfied and the complementary form F’ must exist, Thus we find 
the classic theorem of Poncelet: 

(9) If a form Fz,% admits one configuration Ara t aii infinitely 
many and is poristic. 

Moreover it is known that poristic forms F2, » with configurations A: 
actually exist for all values n 5 3. Hence the complementary poris 
forms also exist, i.e., 

(10) There exist poristic forms Fro, n-o with configurations. A3 > "=? fo, 
all values n 5 4. 

The extreme cases where the orders of F’ are as low as possible are 
worth noting. Thus if n — k = 0 = v — x and F’ therefore reduces to a 
constant the relation (7) is satisfied and we can state that 

(11) If a form Fr. , admits one configuration A * it is completely poristic. 

If n— k = 1 = y — x we find from (2) that k= x. Then the com- 
plementary form F’ is (8t)(br) and each of the k + 1?#’s determines one 
of the k + 17’s in the projectivity F’ = 0. Hence f 

(12) If a form Fr, , admits one configuration Ap.* r1 it will be poristic 
if and only if furthermore the k + 1 elements t are projective -to the k+ 1 
elements r in the order indicated by the complementary configuration Akh, r41. 

This checks the theorem of Meyer which states that if a tetrahedron is 
inscribed in a cubic curve C with points ¢ and circumscribed to a cubic curve 
C’ with. planes r the curves will not in general admit œ! such tetrahedra. 
Meyer’s condition for the poristic case is that a second such tetrahedron: 


shall exist- But since the. incidence condition of point ¢ and plane 7 is“ 


= (at)%(ar)’ = 0, the theorem (12) furnishes as the simpler additional 
condition for a porism that the four points of the given tetrahedron shall 
have the same double ratio on C as the four planes have on C’. 

It may be observed that in the poristic case of theorem (12) we may 
always subject 7 to such a linear transformation that the complementary 
form F’ becomes t — r. Then the form F becomes symmetric and vanishes 
when #, r belong to the same set of the involution 71+" determined by the 
pencil, (yA + (3) = 0. Theorem (12) then reads 

(13) Ff a symmetric form F;,°;, admits one configuration AR ee @ 
admits ©! such configurations. 

3. Covariant Porisms.—In the actual construction of poristic forms 

' certain porisms covariantly connected with the given porism are very useful. 
They are defined as follows. Let the form Fz, , be poristic with configura- 


z 


tions A®* whence FF’ = D,,,. Let S, T, U denote respectively the 


correspondences from ¢ to r determined by F, F’, Da,,. We use Severi’s 
(Lezioni) definitions for the sum, product, and inverse of these correspond- 
ences. Then 
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U=S8+7, U%= 6+ TF, 
UUT = (S + TXS + T) = 881+ TT + ST + TS". 


For tkese products we may state at once that 

(14) The products SS+, TT, UU™ are symmetric correspondences between 
_ tandť given respectively by forms Cet, x-1) Gorint), w—rXn—k—1) Tnt, n= 
which express that in F = 0, F’ = 0, Da, , = 0 respectively t and t determine 
a common r. Here In-1, n-1 = 0 expresses that t, t belong to the same set of 
the involution (yt) + MH” = 0. 

*(15) The products ST and TS are correspondences between t, t given 
by forms Hiyo, x-0, Linn, rw-p Which express respectively that t in F = 0 
and t in F’ = 0, and tin F’ = O and t' in F = 0, determine a common r. The 
forms H, H’ interchange with t, t since ST and TS are inverses. 

Corresponding to the sum of products above we have at once the 
identity among the forms just defined 


(16) P= GGA-H’. 


Evidently if the forms F, F’ are poristic and have the closure property 
this must be true of the covariant forms I, G, G’, H, H’ as well and these 
will be called covariant porisms. It is clear moreover that all of these 
forms can be deduced from F by rational processes whence they are rational 
covariants of F. f 

On interchanging the order of the factors in the above products and 


TT, UU, STT, T>S determined by forms G, G’, I, H, H’ for which 
(17) I? =G-@'-H-H’. - 


For a complete porism the correspondence T does not exist and G = I” 
but as a rule it will be necessary that the forms I and T factor and that 
various powers of these factors shall be distributed among the forms G, H 
in (16) and (17). This is true for exafuple of the Poncelet porisms Aj; 
(n > 3) for which J is an (n — 1, n — 1) form and G a (2, 2) form. 

An especially symmetric type of porism may occur when G = J and 
G=T. Then x(k — 1) =n—1 and k(k —1) =»—1. On eliminating 
n, v from (2) we find that (x — k)(k — 1)(k — 1) = 0. Since «> 1 and. 
k > ] this requires that x = k and therefore n = v and k(k — 1) = n — 1. 
In this case the configurations are ATE TP apr S @=k—1). Ifr= pi 

. where p is a prime a grouping of ts and 7’s is immediately suggested by 
the finite plane geometry (mod p’) where of the totality of 7? + r + 1 points 
tand 7? + r+ 1 lines 7 there are r + 1 lines 7 on a point t and r + 1 points 
ton a line 7. For such configurations we have the theorem: 
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(18) If a form Fry, 44 (r 5 2) admits one IETA ATT ert 
so arranged that any two t’s determine a common T (cr vice versa) at admits 
infinitely many. 

For „then the symmetric form @ admits a configuration Afat A teyr} 
and according to (18) is poristic. Hence F also must have the closure 
property. ‘This series of cases includes for r = 2 that of Professor White.* 
The question as to whether for values of r > 2 F can admit one ponngureHog 
of the sort’described in (18) is still open. f 

4. The Group Problem of the Porism.—In order that a form Fr, « may 
admit a configuration A} $ it is necessary that the n ts be assorted into v 
sets of k each (with whel we associate the values 7) in such a way that 
each ¢ is included in x of the yv sets. This arrangement into sets must be 
determined before the conditions of theorem (6) can be applied. The 
problem of finding such arrangementsbe longs to the theory of finite groups 
and the solution for given values of n, v, k, x is not necessarily unique. 
Indeed the complications of this tactical problem are the most serious bar 
to any general discussion of the porisms. Certain series of cases may be 
treated as a class. Such for example are the Poncelet polygons of n sides, 
and the checkerboard configurations of n? points of Sec. 10. As a rule 
however each case presents its own peculiarities. Precisely the same 
tactical problem appears in the formation of irrational (i.e., non-symmetric) 
invariants of a set of n points in an S;_; of weight v and degree x. 

If F», « is poristic as above and if we transform its variables by means 
of the equations 

Aay o 
C T (r) 


then the transformed form will likewise have the closure property with 
configurations Ajies. The peculiarity of poristic forms which arise by 
such transformation from simpler forms is that the nr ts (vp rs) divide into 
n{v) sets of r(p) each such that eyery ?’(7r’) in a set determines the same 
values of 7’/(t’). Such a grouping may be described as imprimitive. We 
shall however.consider only such ‘configurations for which the elements + 
vary with ¢ and vice versa except in the case of the complete porisms. 

5. A Geometric Source of All Poristic Double Forms.—We shall always 
choose ¢ so that, in the form Fr „s k <x. We can arrange the terms in 
F,,,, according to powers of ¢ as in Š 


(19) (aor) + larr)" + lar)" t o + Carr)". 


Then if ż¿ is the parameter of an S;,-1 u of the rational norm curve N* in Sz, 





* Cf. Coble, Proceedings of the National Academy of Sciences, Vol. 2 (1916), p. 530. 
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the v r’s by ra if ry determines t; t in Fa, = 0. Then for Fo, j witha © 

#3 we have 4t’s, to, th, to, ts and 67:;’s (4,7 = 0, ---,3; i +4). It is con- 
venient to think of the #’s as the sides and the 7’s as the vertices of a com- 
plete quadrilateral such that in F», a = 0 the sides are paired with vertices 
on them. In the complementary configuration AS s the sides are paired 
with'vertices not on them. The number of pairs in each configuration is 
12 and the complementary forms F, F’ have 12 coefficients each so that the 
requirements of theorem (6) can be satisfied by imposing not more than two 
conditions on the 4t’s and 67’s. 

To find these conditions we use the covariant EENE of Sect 3. 
Since SS! = J, TT = I, ST = TS = I, the condition (16) is satisfied 
without imposing any conditions on Ajj. For the inverse correspondences 

- we find however that I breaks up into ie symmetric correspondences JK 
such that J is satisfied by a pair Ta, Tix of adjacent vertices of the quadri- 
lateral and K by.a pair Tij Tx of opposite vertices. Then G = @’ =J, 
H = HY’ = JR. 

Since T, Tx satisfy the (1, 1) symmetric form K they are partners in 
an involution whose fixed points we shall take to be 0, œ. Then in non- 
homogeneous codrdinates the six 7’s are 

Tor Tox, T3 Z M Me v’ i 

T23; T31, T12 -M H, =r. 
Hence the three r’s which correspond respectively to to, tı, tz, ta are de- 
termined by the cubics (r — A)(7 — p)(r — v), (r — N) (r + u(r + v), 
(r +HAir — plr + r), (rH + ulr — ry). Since for all values of ¢ 
in F», we obtain at most three linearly independent cubics, these four 
must be connected by a linear relation whose coefficients are (u — v)(v — ^) 

Q-a, H-—YO+NA+H, H+H)HY—NA+B), Het 
(A— u). Denote the cubics in r with these respective coefficients by Co, 
C1, C2, C; whence . 

: Cot Cr+ Cat Cs= 0. 


Let us now determine 4 quadratics in t, Qo, Qis Q2 Qs such that 
. Qot+ Qt Q+ Q= 0, 
and for t = ta Qi = — 3p and Qi = p (k + i). Such quadratics are 
Q=ntntr, = —aitytre G j, k= 1, 2,3), 


"= (to =r t) (t E t) (t = tr) 
Hence in l . 


. (22) CoQo + C1Q1 + C2Q2 + Cag 


we have an Fe, 3 which admits the given Afg. Moreover by changing the 
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sign of `r we wes an F, which admits the complementary As Thus the 
conditions of theorem (6) are satisfied. The Fs, 3 (22) and one of its con- 
figurations have the 9 oe to, +++, tay N, My Ps 0, œ whence F alone has 
8. Therefore 

(23) The form Fe, 3 an (22), subject to three conditions and bani 8 
laced or two absolute constants is poristic and admits œ} configurations 
A?i. It ts the only type which admits such configurations. 

The degenerate configurations are worth noting. Let as in Sac: 5t 
be a line of the norm conic K and 7 a point of the rational involution cubie 
cue C. Suppose that on the conic é and t coincide. Then ro is a 
common point of K and C: Moreover now the six 7’s are (2 $ ~3). Thus 
ta, ts are lines of C since on them two intersections coincide. The pencil of 
sextics in 7 is a pencil of cubics in 7* so that it happens four times that 

7? = b? counts twice. Hence the four configurations of the above type 
account for four of the six common points and the eight common a lines of 
C and K. 

In the pencil of sextics sage will be either one other sextic with two ` 
double roots at 0, © or two sextics each with one double root at 0, œ 
respectively. In the pencil of quartics ¢ there are six which have a double 
root and four of these have been accounted for. If another has only one 
double root it leads as above to further common lines of C and K. But 
these have all been accounted for. Hence there is one further quartic with 
two double roots fo = th, f = t and the six 7’s are (75%). Hence the 
two tangents to, t of K meet in the node 0, © of C ad tite points 791, 
T23 of C are the two further -common points of Cand K. Thus C is merely 
the involution curve of an If on a conic K which has acquired a node due 
to the fact that the Ti contains a perfect square. 

7. The Poristic Fs, 4 with Configurations A? ,4—The case treated in the 
preceding section can be extended: one step as indicated in the closing 
sentence. The involution curve of an J} on a conic K is a Liiroth quartic 
curve. If the involution contains three members each with two double 
roots then the quartic involution curve is rational. If r; is a parameter on 
this rational curve C such that the tangents t; t; of K meet in the point ri 
of C then there exist œ! configurations A5, consisting of 5 tangents of K 
whose 10 meets are on C, and the, incidence condition of tangent t; of K 
and point rą of C, an Fe, 4 form, will admit these configurations. The 
general I} with 8 constants is here subject to three conditions to.account for 

. the three pairs of double roots so that the poristic Fe, 4 has five constants or 
two absolute constants. 

If in a set of IŽ, to = th, t = ts then the tangent t, of K is a double 
tangent of C while the contacts of tangents to, tz of K with K are points of C. 
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If in a set of I}, to = tı then the lines ts, tg, t4 are common tangents of C 
and K and the point to of K is a common point of C and K. The first case 
happens three times, the second case twice, so that the common points and 
lines of C and K are accounted for. e 

The existence of this case implies the existence of the complementary 
poristic form F3, with configurations A? 19. 

The J? (with Poncelet conics K, C), the It, and the I} are the only 
involutions with a sufficient number of double elements to allow the complete 
involution curve Ç to acquiré a sufficient number of double or multiple 
points not on the conic K to become rational. Perhaps the series maybe | 
continued by allowing multiple points of C to appear on K. We shall 
however pass on to other configurations for which the involution curve C 
has a rational part. 

8. The Poristic Fz, 3 with Configurations A? e— There are but two distinct 
ways in which six ?’s, hh, ++», te can be arranged in nine pairs in such a manner 
that each ¢ occurs in three pairs. For both ways the ?’s divide into two 
` sets of three arranged as in a matrix . 


6 ta ts ) 

ty ts tsJ” 

In the one way each ż is paired with a ¢ in the same row or column to form 
a pair 7;;. For such a configuration the form Fz, 3 could not be poristic. 
In fact the symmetric (3, 3) form G of SS which coördinates to the line 
i of K the lines t4, tz, t3 would break up into a (2,2) form for which #, deter- 
mines tz, t and a (1, 1) form for which ż, determines t4. Thus the rational 
cubic C determined by G would factor into a conic and a line which would 
require that the form Fz, 3 should factor. 

The second grouping which, as we shall see, leads to a poristic. Fs, 3 
coérdinates a tin one row to each of the ?’s in the other row, i.e., t: (« = 1, 2, 
3) and t; (j = 4, 5, 6) determine 7,;. If tis a line of a conic K and 74; a 
point of the rational cubic C then the 9-point configuration 7,; is cut out on 
C by two triads of tangents of K. There are on C *such 9-point configura- 
tion, but of these only œ? for which the six lines touch a conic. The form 
F,,3 if poristic will admit œt of these configurations. Let us study under 
this hypothesis the necessary behavior of the covariant porisms. The form ' 
G symmetric of degree three in t, ¢’ attached to SS will for t = h, or ts 
or ts determine the triad t = ts ts, te; and for t = t4, or ts, or ts the triad 
t = i, t, ts. Hence as the Aj?’s more around we have a pencil of cubics 
(YD + MH? such that this member of the pencil determines involutorily 
another member (yH? — (8t)*. This can be visualized by taking sections 
of a space cubic curve by planes on a line where the planes 71, T2 cut out the 


. 
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fixed members (yt)°, (ôt)? of the above involution. Then points ¢, t on the 
space cubic are apolar to the pair of planes 71, 72 if l 
, = (YOP + (YG = 0. 
Interpreting this form, which is evidently poristic, on K, the point t, ¢’ runs 
over a cubic C of genus one. The form G has. three absolute constants 
which arise from r after the space cubic and mı have been chosen. Hence 
the cubic C and conic K together have eleven constants, or given C there 
are œ? conics K each with 1A} $’s. Thus the œ? configurations whose six 
line$ touch a conic accounted for and it is clear that the existence of one 
such configuration of six t’s for a symmetric (3, 3) form implies the existence 
of infinitely many. _ 

The cubic C must acquire a node in order that its points may be named 
by a parameter 7;;. This requires that in one set of six ?’s, tı = & and 
t, = ts, or that rı, 72 be a pair of planes apolar to two tangent planes of the 
space cubic on the common line of 7, To which is one condition. Hence 

(24) There exist poristic forms Fz, with configurations A'o depending 
upon two absolute constants. The existence of one such configuration implies 
the porism. 

For given F and one configuration A the equation of the rational cubic C 
referred to K is a symmetric (3, 3) form G which admits one A}3 and there- 
fore according to (11) is poristic. This requires in turn that F be poristic.: 

In the pencil of cubics (y? + X(6t)® there are four members with a 
double root but two of these are paired at the double point so that we have 


one case f 

ty t tz 

ty ty tJ” 
The double point is either 714 = 725 Or Tis = Ta, With further coincidences 


Tig = Tes and 734 = T33 so that. the lines ts, te are common tangents of C 
and K. There remain two cases 


s 
b h t3 
ta ts te” 
Then Ti = Toa, Tis = T25, Tie = Tas and the lines t4, ts, te account for the 


remaining common tangents of C and K. Moreover corresponding to the 
douhle cubics of the involution, (yt)? and (64)°, there are two cases 


(; tg J 
bij 
Then Tis = T24, Tie = T34, Tog = T35 and the points hi, te, t3 of K are on C. 
Thus the common points of C and K are located. Moreover the pencil of 


e 
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9-ics 7 will have sixteen members with double roots and all of these appear 
_ above. 
The configuration Aj} is a special case of ihe hukatuid configuration 
of n? points which are the intersections of one set of n lines with another 
set of n lines. These are discussed further in the next two sections. 
9.. The Poristic Fs, 4 with Checkerboard Configurations A? ,4.—H a quartic 
Q has an inscribed checkerboard cut out by the two sets of four lines Qi, Qe 
then Q has the form Qı + uQ: = 0. This form contains 2 X 8+ 1 or 17 
constants whereas Q has but 14 so that a given quartic has presumably «§ 
checkerboards. We should expect therefore a finite number for which? the 
eight lines touch a conic K. But as a matter of fact if one set of eight lines 
touches K there will be ©! sets which touch K. For if (yt)‘ and (6t)‘ represent 
these sets of four lines on K, the equation of Q in Darboux codrdinates t, t 
is (yt)*(6t’)* + (yt’)*(6¢)* = 0 and this form is poristic. This pair of binary 
- quartics on K has five absolute constants whence Q is subject to one invariant 
condition. Thus we find the theorem analogous to the Liiroth theorem on 
the inscribed pentagons of a quartic curve: 

(25) If a quartic Q passes through the sixteen points of one checkerboard 
whose eight lines touch a conic K then Q is subject to one invariant condition 
and has œ! inscribed checkerboards whose lines envelop K. . 

The two sets of four lines which make up the checkerboard are pairs of 
sets of an Ij on K which are involutorily related. If Q should have three 
double points and be rational with parameter r then the condition that 
point 7 of Q and line ¢ of K be incident is a poristic Fz, 4. Ifa binary quartic 
of the pencil has a double root while the paired quartic has not, i.e., if the 
pair of quartics is (7% $ §) then a, $, y, 6 are common tangents of K and Q. 
If both quartics of the pair have a double root as in (2% $ $) then the point ` 
(a, œ) is a double point of Q and the lines b, c, 8, y are common tangents. 
If both quartics of the pair have a triple root as in (72% $) then the point 
(a, œ) is a triple point of Q while b, 8 are common tangents of K and Q which 
are inflexional for the latter. . 

If then the case (43% $) occurs three times Q has three nòdes and twelve 
tangents in common with K. All the multiple roots of the pencil are 
accounted for but clearly the six quartics of the pencil with double roots 
must have their parameters in involution in order that the fixed pair (yé)‘, 
(dt)*-may exist. Such a pencil has only two absolute constants. A 

If the case (4328) occurs there will remain two cases (4% %5) SO that 
Q has a triple point and 2.4 + 2.2 tangents in common with K. Then 
(yé)*, (ôt) is any one of the œt} pairs of quartics whose parameters are 
harmonic to the two with triple points so 0 that for this case also there are 
two absolute constants. 


P 
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(26) There are two types, each with two absolute constants, of poristic 
Fy, £s with configurations A} 4, of the checkerboard type. The checkerboards 
are.inscribed in a quartic which for the one type -has three nodes; for the other, 
a triple point. l 

10. The Poristie Fz, n with Checkerboard ‘Configurations Ab™ Let us 
generalize the configuration of the preceding section to 2n ie and n? 
points and inquire as to the existence of porisms with these configurations. 
As before they must be associated with two particular members of a pencil - 
of binary n-ics if the 2n lines envelop a conic K. An n-ic curve and one 
insatbed checkerboard has 4n + 1 constants. It is 2n — 5 conditions that 
the 2n lines envelop K so that then the curve and configuration have 2n + 6 
constants or 2(n — 1) absolute constants. Howeéver it is then determined 
by two fixed members of a pencil of binary n-ics which have 2(n — 1) — 1 
absolute constants. Hence 

(27) If a curve C of order n has an inscribed checkerboard of n? points and 
2n lines which envelop a conic K ‘then there are œ! such checkerboards inscribed 
an C and circumscribed to K. The curve C has 2n — 3 absolute constants. 

Let us now attempt to make C rational by giving it nodes. Suppose 


` that one member of the pencil of n-ics has k double roots and that the paired 


members has! double roots. Then each double root of the one member with 
each double root of the other member determines a node of C so that this 
pair of n-ics contributes k + 1 of the 2(n — 1) double roots of. the pencil 
and contributes kl nodes to C. If C is rational for r such cases we have 


kit ht ktl t o + k+l = 2(n— 1), 
kil + hole + -+ kdl, = (n — 1)(n — 2)/2. 


In each pair of this sort the n — 2k simple roots of the first member will 
each contribute an l-fold common tangent of C and K. Since it is a con- 
sèquence of (28) that i 


(n — 2k) + (n — 2h)ki + +++ + (n — 2k-)l, + (n — 2l,)k, = üa — 1), 


all the common tangents of C and K are found. 

It is however k — 1 conditions on the pencil that a member shall have k 
double roots, 1 — 1 conditions that another shall have J double roots, and 
one condition that these be paired. Hence the number of absolute con- . 
stants which remain is 


(28) 


a OS ee ene me eee wee o een ee E) 
s iat : ` 6 R $ 
An evident inequality for the integers k, lis 


(29) . 0 Zk: < n/2, 0 <.l, Z n/2. 
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One solution of the diophantine system (28), (29) is 


kh =j j - nh =j,j-1 
(30) n=4j+1jhk,b=jj-1;  n=2j4hk,h=j-—1,j-1° 
ks, l= 1,0 ks, k=l, 0. bd 


Here r — 1 = 2 so that these forms have two absolute constants. But 
there may well be other solutions of the system. 

If the diophantine system above be extended to take account of the 
possibility of points of multiplicity as great as n — 1 on C, the system 
becomes much more complicated but solutions of this higher type exist. 
For example construct the pencil of n-ics by taking an n-ic with (n — 1)-fold 
root a and simple root b and another with (r — 1)-fold root a and simple 
root B (one absolute constant) and choose for (yt)*, (6¢)* a pair of n-ics of 
the pencil whose parameters are apolar to the two with (n — 1)-fold roots 
, (a second absolute constant). Then C has an (n — 1)-fold point at (a, a) 

and the tangents b, 8 of K have (n — 1)-point contact with C. Hence we 
have the generalized form of (26). 

(31) There will exist poristic forms Fz, n with configurations AZn of the 
checkerboard type whose 2n lines t envelop a ‘conic K while the n? points + 
describe a rational n-ic curve C whose multiple points may consist only of 
double points as in (30), or of a single (n — 1)-fold point, or of points with 
intermediate multiplicities. The extreme cases actually constructed above both 

` involve two absolute constants. 


11. The Poristic Fs, n~ with Configurations Ate ama-n. If in the checker- 
board of 2n lines and n? points a diagonal be selected this implies an involu- 
tory mutual ordering of the two sets of n lines. Thus if we name the lines 

siete") and the n? points ri; (i, j = 1, ---, n) we may select as diagonal 
points the n points r; If this diagonal be deleted the resulting configura- - 
tion will have 2n lines as before but only n? — n points 7.; (t + 7).. If œ! 
such configurations were circumscribed to K there would necessarily exist 
on K an involution J which may Be taken ast’ = — t Then the form (é¢)” 
of the preceding section would ayise from (yt)" by changing the sign of i. 
The set of 2n lines would have parameters (_2_#:7_@). From the curve C 


there would factor the line joining the fixed points 0, œ of the involution I 


on K. Of the various rational curves C referred to in (31) let us consider ve 


only the one with an (n — 1)-fold point determined by (_2_@:7 -e ap) for 
which (yt)” = (— a) (t — b), (8)" = t+ a)"(t4+ b). After factoring 
out the line of J there remains a curve C’ of order n — 1 with an (n — 2)- 
fold point (a, — a). In the equation of C’ we have the one absolute con- ` 
stant implied in 0, ©, a, b. If rą; is a parameter on the rational curve C’ 
we find from the incidence condition of C’ and K that 
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(32) There exist poristic forms Fo, »-1, involving at least one absolute con- 
stant, with configurations Ab za- of the-type ti, 8; and ri; determined by 
tasi 0,97 = 1, +++, 7; a +J) 

12. The Poristic F 4 with Box Configurations A?§.—As an instance of 
poristic double forms with distinct orders both seas than two we take 
the F3,,. Unless this‘is completely poristic with configurations A} 4, the 
simplest configurations it can admit are Afs. For these a grouping im- 
mediately at hand is the six faces t and eight vertices 7 of a cube or box 
where F3, 4 = 0 codrdinates to each vertex the three faces on it and to'each 
face the four vertices on it. If we call the three pairs of opposite faces 
ti, ta; ts, t4; ts, tg, the vertices may be named 7135, T246; T136) T2453 T145) T2365 
T146; T235 Where Tijg is the vertex on faces t;, tj, tr. 

If F; 4 i$ poristiz the correspondence SS associates t, #2, &, g to ty. 
Hence the symmetric form G is a perfect square and VG is a rational sym- 
metric (4, 4) correspondence. In UU tı corresponds to to, ts, ta, ts, te 
whence the form I factors into JVG where J is a symmetric (1, 1) corre- 
spondence or involution whose pairs are opposite faces. - Let this involution 
be ¥ = — t so that zhe six faces may be taken as + l, + m, + n. 

The correspondence S-1S makes 7135 correspond to riserj4sT 2357 1467 2367 248 
whence the form G factors into K?L where K, L are’symmetric (3, 3) forms 
which codrdinate vertices joined by an edge or by a face diagonal respec- 
tively. Moreover J?U makes 7135 correspond to Tess} Tiss 7145, 72363 
Tides T236; T245 OF I = MKL where M = 0 is the involutory correspondence 
between opposite vertices. Let us take M to be r’ = — r whence the 
eight 7’s may be taken as +a, +8, ty; +ô and the, form F must be 
unaltered by the simultaneous change of sign of ¢ and 7. 

In the configuration thus simplified the form ‘F must coérdinate the 
faces and vertices as follows: 


l: TQ, B, =Y ô; . m: Qa, B, —Y Ys ô; n: — Q, B, Ys — ò 
=l: X, —8, Y — ô; m: —aQ, =þ; e V 5; =n: a, —ß, “Y: ô. 


` In order to be unaltered by changing the signs of t, r and to have the solu- 
tions indicated for t = + l, + m, F3, 4 must be 


(rt alr — B) + y@ ô)/@ — D) 
— (t — a)(r + A)(r — Yr + A+ D} 
+ s{(r — a) (7 — B) + ya + 8)/(t — m) 
= (r+ a(r +B) — or — aft + m)} = 0. 


In addition for t = n F3,4 must vanish for r = — a, B, y, — 6 and then 


x 


(33) 


+ 
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will have the proper solutions for £ = — n. These conditions lead to the 
equations i 


+ @td Cte A oe deals 
s (n—m) @—a) (ya) mtm B-a G+ 5 


n-d w- y+) @—) a (y + 8) 
© (em) r+ a) w= (n+ m) B+ ô) (y — 8)’ 

















which are satisfied ig 
Bs oS er 
(ya — Bô) ` (yò — ap) ` (ed — By)’ 
'r @+8) ew Ge) oe; ; 


s (œ+ y) (+ 4) (ay — 88)" 


Hence the form F;, 4 determined in (33), (84) admits one A$$. Moreover 
the form F3, 4 which arises from F3, 4 by the change of sign of ¢ alone admits 





limin= 
(34) 





the complementary configuration whence according to (6) the form F is ~ 
poristic. Two constants for t, r each have been absorbed in the choice of ` 


the involutions ť = — t, and r’= — 7. By proper choice of the unit 
points two of the four constants a, 8, y, 6 can be absorbed leaving two abso- 
lute constants for the form F3,, and one configuration, or one absolute 
constant for the form. 

(35) There exists a poristie form Fs, 4 involving one absolute constant with 
configurations Ag:§ of the box type; or there is in space a system of œ! boxes 
whose faces envelop a space cubic curve and whose corners run over a rational 
quartic curve. 


With regard to'this space quartic curve we remark that its sections and ` 


therefore their common apolar quartic all admit the involution 7’ = — + 
and are therefore harmonic. The quartic therefore has a node and no 
absolute constant. Hence the canstant in F'3,, must be due to the choice 
of the series of boxes inscribed in the quartic and each of the œ! series 
determines its own cubic curve. * This situation perhaps deserves further 
study. 

It is apparent that the ee is the simplest instance in space of a “cellular 


configuration” (with one cell), the extension to space of the checkerboard: 


configuration in the plane. It would be interesting to know whether forms 
Fs, n with cellular configurations A},";s containing (n — 1) cells occur. ` We 
shall not however attempt to multiply further examples of poristic forms 
but will close with a summary of the poristic cases which have been orb 


lished thus far. 


° ie 
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13. Summary of Poristic Double Forms. 
Configuration Group type Reference 
IO Ara - _ Poncelet polygon l (9) 
2 V Complement of 1° (10) 
3 ABS Complete porism G1) 
£ APh an ` Transform of Ij** l (12,) (13) 
5 ARG White’s porism i (18) ` 
6° Abe Complement of 5° 
7 = AR ` Quadrilateral porism _ (23) 
8° ART Pentagonal porism Sec. 7 
9 ABS, Complement of 8° 
“AO? ARs Checkerboard (24), (26), (31) 
11° m ae Checkerboard without diagonal (32) 
12° Ap eY Complement of 10° l - 
13° Akre ` Complement of 11° 
1 ASS Box porism l (35) 


14. Extensions to Multiple Forms.—The double binary forms. may be 
extended in various ways. One natural extension of the (2, 2) incidence 
condition of line ¢ and point r of two conics is.to the incidence condition of 
plane and point of two quadrics. We should then inquire as to the existence 
of polyhedra circumscribed to the one quadric and inscribed in the other. 
However on naming the planes of one quadric by the parameters (of its 
generators) A, u, and the points of the other by N, w’ the incidence condition 


appears in the form ; 
(ad) (bu) (0) du’) = 0 


in which unfortunately the four variables are not on a par. 
. ` ' More interesting, at least from the algebraic point of view, are the triple 

binary forms, 

(36) ; : (ad)'(bp)™(cv)” = 0. 


Let Xo, Ho, vo be any solution of (36). Then given Xo, uo we obtain n — 1 
.values of y in addition to va which satisfy (86); and from any one of these n 
solutions new solutions with different \ ot with different u are obtained. If 
after a time no new solutions can be obtained by this process from those 
already known then we shall have a triple form with the closure property. 

Two types of triple forms with the closure property are suggested by 
earlier cases. The first is an extension of the form G of Sec. 8. Let the 
parameters A, M, N” which determine n-ies in the pencils 


Cy" HAGN = 0, (t) + N) = 0, WEY ENEY = 0 
be connected by the involutory relation 
GANA” FH UAN OND + AN’) aa + AN) + a3 = 0. 


. 


18 _ Coste: Multiple Binary Forms. 


On replacing the A, X, M” by their values in terms of ¢, t’, t we obtain a 
triple (n, n, n) form with the closure property. 
Another triple form with the closure property is the determinant 


(aod)! (ard)? (asd)! J 
(37) A = | (bou)™ (bin)™ (bon)! = 0 
(cov)” (ew)™ (eov)” 


obtained by eliminating the line codrdinates £o, £1, £z in Sp from the equations _ 
(apd)! Eo + (aM) Ei + (aad) Ee = 0, 
(38) (bouto + (byw): + (bou)"E2 = 0, 
(cov)” Eo + (crv)” Er + (Cav) Eo = 0, 


which represent rational curves in Sz of orders l, m, n and parameters N, u, v 
respectively. The condition A = 0 expresses that points A, u, v respectively 
on these curves are collinear and obviously A has the closure property. 

If A factors then each factor will likewise have the closure property. 
Special cases of such factorization are furnished by the involution deter- 
mined by the rational plane curve of order k, x; = (d (G= 0, 1, 2). 
The condition that points to, tı, tz of this curve lie on a line is the vanishing 
of the determinant 


| (dt) | = (tots) (tote) (Erte) - (xot) lart) æt). 


Here the symmetric (k — 2, k — 2, k — 2) form has the closure property. 
Similarly if in A, (b)%., = (c.v)”, then the factor (uv) appears and the . 
remaining factor is an (J, m — 1, m — 1) form symmetric in u, v with the 
closure property. ‘It is clear however from a discussion of these special 
cases* that the existence of one closed set is not in general sufficient to 
ensure closure. 

If in the form (86) A, u, v be regarded as parameters in three plane pencils 
on lines L, M, N respectively in S3, and , u, v as the codrdinates of the 
intersection of the three planes, then (36) is the equation of a surface of 
order l+ m + n with the lines Lẹ M, N'as L, m-, n-fold lines respectively. 
If the form has the closure property then the points of the surface divide 
into closed sets such thai the bisecants from any point of the set across any 
two of the lines L, M, N meet the surface again in points of the set. A strik- 
ing case of this sort is that of the (2, 2, 2) form for which the bisecant con- 
struction for lines M, N leads to an involutory birational transformation I, 
of the sextic surface into itself. The closure case occurs when the three 
involutions I}, Im, Iy generate a finite group. 


* Cf. Coble, “Symmetric Binary Forms and Tnyolutions, ” this JOURNAL, Vol. 32 (1910), 
p. 333; in particular (104) p. 336. . 
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Three instances of such sextic surfaces may be given. If first in (37) 


l= m= n = 2 the involutions I,, I,,, Iy generate an abelian Gs. The 


closed sets of eight points are cut out by three pairs of planes on L, M, N. 
If second in (37) 1 = 2, m = n = 3, and (biu)? =y = (cv) then the quadric 
(uv) factors out leaving a sextic surface with closed sets of 12 points. Now 
I, and I, generate a dihedral Ge and I,, interchangeable with I, and Iy 
generates with Gs a dihedral Gi. If thirdly in (87) l= m= n= 4, 
(cw)g-a = (aid)* and, (bit) = (aiA)*-then the sextic (ur) ON) (Au) factors 


out leaving a sextic surface with closed sets of 24 points. The involutions 


now fenerate a Gz, isomorphic with the symmetric Goa. 

These fairly evident cases where factorization of A is possible can be 
generalized to higher orders or to larger numbers of variables. Though I 
have not been able to find other types of factorization it would seem to be 
quite likely that such new types exist and their determination presents a 
fascinating problem. 


URBANA, Inn, 
May, 1920. 
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EINSTEIN’S THEORY OF GRAVITATION: DETERMINATION OF 
THE FIELD. BY LIGHT SIGNALS. 


By Epwarp Kasner. 


In this first paper we discuss the determination of a four-dimensional 
manifold e 
(1) 3 ds? = Zgindudxy, $ (4, k =z 1, 2, 3, 4) 
obeying Einstein’s equations of gravitation G,, = 0, when we are given 


merely the light equation 


` 


Lgindeidey, = Q. 


This means that the ratios of the ten potentials g;, are given and the 


_. problem is to determine the potentials themselves so that the gravitational 


equations are fulfilled. 
The result shows that for example the solar gravitational field, or any 
field assumed to differ only slightly from the galilean field or flat space, can 


be completely explored by light signals alone. ‘The corresponding determin- , 


ation by orbits alone-will be given later. The light rays determine the orbits, 
and vice versa. A statement of results for both problems was given in 
` Science, October 29, 1920 (vol. 52, pp. 413-14), in particular the connection 
between the planetary and light observations for. the solar field. 


We have also shown that the (exact). solar field can be regarded as im- ` 


mersed in a flat space of 6 dimensions; but that no solution of the Einstein 
equations can be obtained from flat space of 5 dimensions. (Cf. abstracts 
in Bull. Amer. Math. Soc., vol. 27, pp. 62 and 102.) 


§ 1. GENERAL EQUATIONS. 
In order to write the general equations of gravitation we need the 
following symbolism. ° 

Let g denote the determinant of fourth order formed from the coeffi- 
cients g,,; and let g*” denote the minor of the element g,, divided by g. 
The Christoffel three-index symbol of the first kind is 

i $ A 1 99a gey Stes ) i 

(2) Lo, y] T 2 (5 + > 


Or, Ox, 





and that of the second kind is 
(3) i ' fa, B, y} = gleb, e], 


20 
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where, by the regular convention of the Einstein literature, summation is 
to be understood, the >epeated index e stating the values 1, 2, 3, 4. 
The Riemann-Chr:stoffel curvature tensor is 
e 


(D Bire = (uo, e) fev, p) = (um, €) feo, p) + ge ta, op) — zo lin P), 


which is also denoted by the four-index symbol {up, ov}. 
The “contracted” Riemann-Christoffel tensor (which might well be 
termed the Einstein tensor) is then 


(5) ‘Gay = Bk 


evp) f 
summation understood with respect to p. 
‘This can be reduced to 
= OL ðL 
(6) Gav a {ua, B B}{vB, a} — ja, (HP a} + dat ôr, pa fuv, a} az,’ 
where summations are taken with respect to a and 8, and where - 
L = log V= y. 


In the actual world with real coördinates, the determinant g.is negative 
since the fundamental quadratic form has three negative dimensions and 
one positive dimension (as in the Lorentz-Minkowski world based on the 
affine-euclidean form 

d? — da? — dy? — dz’, 
that is, the special relativity theory). The results which follow are not 
` dependent on this reality assumption. We may write in general 


L= $ log g, 


since only the derivatives of L are involved. 
- Einstein’s law of gravitation (in empty space, the only case we shall 
here consider) is expr2ssed by the set of tan equations 


G..=0, 


involving the second derivatives of the ten-functions gx. _ [This set takes 
the ee of the single equation 


` $ ` e g 


which is the basis of the Newtonian theory. | 
Any manifold (1) obeying-these equations will be said to be of the 
Einstein type. “Euclidean space” is a special case characterized by the 
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vanishing of the curvature tensor (4). More exactly we should here employ © 
the term flat space since we must includé the affine-euclidean as well as 
the ordinary euclidean species. Flat space thus means that the potentials - 
gs in (1) can be reduced to constants, or that there i is no permanent 
gravitation. 
§ 2. EUCLIDEAN or FLAT SPACE. 
We now show that the light equation of an Einstein field cannot reduce to the 
simple form dè — dx? — dy? — dz? =0 unless there is no permanent gravitation. 
For this purpose we use the more symmetric form 


dx? + da? + da? + da? = 


and prove that the curvature tensor necessarily vanishes. 
We proceed to calculate the gravitational equations G,, = 0 in the 
case where the manifold is of the form 


(7): = A(dai + dai + dag af dzi), 


where à is an unknown function of the four coördinates. The potentials 
are here 


Ju = 922 = 933 = gu = A, 


‘the remaining six, gio, gis, etc., all vanishing. The determinant g reduces 


to `t; therefore 
f gh = g? = g? = g“ =, 


the other six, g, etc., also vanishing. 
We thus find immediately the first symbols 


[11,1]=4 [11,2]=~— 4, 
[12, 1|= Me [12, 3] = 0, 
where subscripts denote partial derivatives; and the second symbols 


{11,1}= Mi, {11,2} = — Ne, 


(8) ' 
02 1} = Na {12,3}= 0 
where, for convenience, we ere te l 
(8) N = $ logà. 
The function L occurring in the Einstein equations is then . 


L= log = 2log = 4N. 
Sines. our problem is symmetric in the four codrdinates it will be sufficient 
to calculate Giz (case of unlike subscripts) and Gu, (case of like subscripts). . 


Giz = {la, B}{28, a} — {12, a}, + Li — {12, a} De 
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The first term on the right is a summation of 16 terms, of which 10 vanish 
and 6 reduce each to N,N2; the second term is a sum of 4 terms contributing 
—- 2N; the third term is directly 4Nj2; the last term is a sum of 4, con- 
tributing — 8NiNe. We have then 


Gi = NN: — 2N + 4N — 8N: N: 
= 2Ny — 2N. 
The like subscript case is a little more complicated: 
Gu = {la, 8} {18;a} — {11, æ}a + Lu — {11, a} La 
= 4M} — Ni — Ni — Ni — Nn + Na + Nao t Na 
+ 4N — 4N? + 4N? + 4NG + AN? 
= 3Nn + Na + Na + Nu + 20N} + NE-+ ND. 
Hence the conditions (necessary and sufficient) that a manifold of the form 


-dè = (dai + ded + dz? + d) 


shall be an Einstein manifold (that is, Gu, = 0) are 
Ng — NN: = 0, ) etc., 
38Nu + Neo + N33 + Na + 2(N3 + N3+ N3) = 0, ete. 


This is a set of 10 partial differential equations of the second order in one 
unknown function N = 3 log A. : 

It remains to show that the manifolds thus obtained are euclidean. 
This can be done either by actually integrating the above set, or by proving 
that the curvature tensor vanishes. 

The easiest way to integrate the set is to use the transformation 


(10’) N = — log M. 
This gives j 


(9) 


MM, — MMi Mi — MMy 


M 
Ni = —5F Ng = WG , Nu = Me 


I’ 
Hence the transformed set is | 
My, = 0, M = 0, ete. 
-Mu = Mo = Mz = Mai. 
- We easily find the general solution to be 
(11) M= aa + ah + ad + xd) + ayer + at + asta + data + a5 


(10) 
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with the condition i 
(11’) aj + az + as + aj — 4aa; = 0, 


so that the result involves five arbitrary constants. 

Since N = 2 z logd, it follows that \ = MO hence our manifdld can 
be written 

d dx3 + d 
(12) ds = i+ Ùz a z3 + ae 





This can be reduced by linear transformation of the coérdinates to one of 
the three forms d 
ey (or CE a 
which are found to be flat manifolds. 

In second method we avoid the integration of set (9); and calculate 
instead the uncontracted curvature tensor {a@, y}. Of these symbols it 
is sufficient to consider the types 


2 


{11,12}, {12,21},  {11, 28}, 


(14) {12, 31}, {21,31},  {12, 34}. 


The first, third, and sixth ek identically. The others give conditions 
of the types 


Nu NO. es 
(15) i 


Nu + Na + N3+ Ni= 0, ete. 
These are the conditions (necessary and sufficient) that 


ds? = \(daj + dez + dez + dzi), N =} logh, 
be euclidean. 

It is obvious a priori that when this set is fulfilled so is the former set ° 
(9), since of course euclidean space obeys Einstein’s equations. It is not 
obvious that the converse also holds; but it is a fact since we can verify 
directly that each set of ten equations in N is linearly reducible to the other 
set. . 

Hence the only manifolds of the form (7) which obey Einstein’s gravitational 
equations are (affine) euclidean. 

We may state this in more geometric form by noting that the only 
four-dimensional spreads which can be conformally represented on Four- 
dimensional flat space are precisely those of the above form. 

Hence of all the four-dimensional spaces which are conformally represent- 
able on flat space, the only ones which are of the Einstein type are (afine) 
euclidean. ` 


e 
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This means that when a conformal representation of an Einstein mani- 
fold on a flat space is possible, the manifold is isometric to flat space. 


ni § 3. NEARLY-EUCLIDEAN MANIFOLDS. 


We proceed to generalize our result to curved Einstein spaces; namely, 
to show that the light equation determines the space, or that two con- 
formally equivalent Einstein spaces are applicable. We shall here give 
the proof for the case where the Einstein spaces differ infinitesimally from 
flat space. j . 


_ By anearly-euclidean (or approximately flat) space we understand 
(16) i ds? = Zdz? + Ehirdzidat p, 
where the h’s denote 10 functions (of the codrdinates 21, Lo, T3, 24), which 


functions together with their derivatives are supposed to be small, so that 
their squares and products are neglected. We could write instead 


Dda?-+ EZhirdzidE k, 3 


where e is a small number and the h’s are arbitrary finite functions; but the 
first notation is more convenient. l 

The curvature tensor and the Einstein tensor then reduce to linear 
differential expressions of the second order. Of the 10 Einstein equations 
it is sufficient to write those corresponding to Giz and Gu. These are (the 
last two subscripts denoting partial differentiation) 


his, 23 + hos, 18 — his, 38 + his, o4 + hoa, 14 Iie, 44 


— hz, 12 — ha, 2 = 0, 


re 2 (hs, wt his, 18 + hu, 1) — M, 22 — hn, s8 — hn, sa — hes, i1 
l — hz, u — ha, u = 0. 
-In deriving de it is sufficient- to note that for the above ds? we have 
gu = 1+ hu, z = hp, 
(17) gg 51+ Zhe "L = Fhe 


g“ =1— hu, g” = — hy, 


ll 


with the three-index symbols (both kinds here have same values) 
{11,1} = bhu, o {11, 2} = h, 1 — hu, s l 
{12,1} = zhu, 2 {12, 3} = (3,2 + hos,1 — hie, 3). 


(177) 
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§4. Tue Licgur Equation or A NEARLY-EUCLIDEAN ds*, 
This is found by putting ds? equal to zero; that is — 


(18) Edzi + Lhizdaudz, = 0. - 


e 
If asecond manifold determined by 10 new functions Hisis to have the same 
light equation, that is, if 


is to differ from the former equation merely by a factor A, this factor must 
_obviously differ only slightly from unity, that is, se 
A=1+4, 
where u is a small function (of the same order as the h’s). This shows that 
Hiu = hit B (i = 1,2, 3, 4), 
(20) B19 ia 
Ha = hi - (GJ). 


Suppose now that both spaces are of the Einstein type. Our problem 
is to find the conditions on the function u which follow from the fact that the 
functions h and also the functions H obey the linear equations of second 
order (17). Substituting and subtracting we find these 10 equations 


u2 =0, . ete, 
3u + uez + M3s t+ Has = 0, . ete. 


The last four equations show that 


(21) 


(21) Hiu = H = B33 S Mas = 0; 


hence all the second derivatives of u vanish. It follows that the function is 
linear, say 
(22) E = at + Got, + azt + aata + b. 


Our result is that if ds* defines any given nearly-euclidean Einstein space, 
then the only other possible nearly-euclidean Einstein spaces which have the 
same light equation are defined by e 


(23) dS = (1+ p)ds*, 


where u is a linear function (22). 

Tt remains to show that these spaces are equivalent (isometric) to the 
original (18). To do this, consider the general infinitesimal point trans- 
formation 


(24) Xi= mH Es 
where the £’s denote small functions of the four coördinates. 
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We have ee ek 
(24’) dX: = dx; + E;, jx; 


(summation respect to j understood); therefore 
DdX} = Vda} + 24; dada, 
= Sdz? + 2; sda? + ete. + 2(Es,2-+ £2,1)deides + ete. 
We first inquire when this reduces to (1 + u)Zdzł. The conditions are 


(24”) 


ii = bye = $g, g = bsg = na 
E2 + f&1=0, ete. 


We find that with the above value (22) of p this set of 10 equations for the 
4 unknown functions is consistent, the complete solution being 


. & = ayZaw; — 42a; + Arte + Arr + Aut, + bart Bi, 
fo = aLaw: — a2; + Anim + Aws t Asst, + ba, + Bz; 


(255 . 


(26) 


3 


where Ag: + Æ = 0, ete., so that the result depends on 15 arbitrary con- 
stants. This is recognized as the general infinitesimal conformal trans- 
formations in flat space of four dimensions. 

Apply this transformation to (16). The result, neglecting terms con- 
‘taining products of h’s and é’s, is found to be 


(1+ p)2dai + Zhizdeidey; 
which may be rewritten, in virtue of (20), 
Lda + ZH. i rdæidæ ke 


This shows that the two quadratic forms, one determined by the h’s, the 
other by the H’s of (20) are equivalent? when u has the linear form (22). 
We may therefore state the 

THEOREM. If two nearly-euclidean spaces both obey Exnstein’s equations 
and have the same light equation, they are necessarily equivalent (isometric). 

A geometric restatement would be: 

If two nearly-euchidean spaces of the Einstein type are capable of conformal 
representation, they are necessarily isometric. 


§ 5. DETERMINATION BY QUADRATURES. 


Suppose we are given the light equation of some unknown Einstein 
‘space; how shall we find that space. This can always be done by differentiations 
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and quadratures. For suppose that the ten functions h,;, in the equation 
(18) do not satisfy, as they are given, the linear gravitational equations 
(17); the problem is then to find a function u so that the ten functions Hiz 
found by (20) shall satisfy (17). The ten equations in u thus obtaiwed can 
be solved for the second. derivatives y;z, which are thus expressed as known 
functions of the x’s. The equations, by-assumption consistent, can there- 
fore be solved by quadratures. The result is determined up to an additive i 
linear term which does not essentially affect the quadratic form ds? obtained. 


§ 6. GENERAL EINSTEIN MANIFOLDS. ° 


If we do not assume our manifolds to be nearly-euclidean, the discussion ` 
is of course more difficult since we have then to face the exact non-linear 
expressions (6). We shall confine ourselves here te the statement that we 
are lead to a set of ten non-linear equations of the second order for the 
unknown factor \; these can be solved for the ten second derivatives in . 
terms of the first derivatives; existence theorems then show that the solution 
depends on not more than five arbitrary constants (one of these is trivial, being 
merely a constant factor). In the special case of § 2 it was easy to show 
that the œê quadratic forms actually obtained were all equivalent. The 
general discussion will- be left for a later paper. 


COLUMBIA UNIVERSITY, 
New YORK. 


NOTE ON EINSTEIN’S EQUATION OF AN ORBIT. 
By F. Morey. _ l 


The differential equation of an orbit is given in Eddington’s “Report on 
the Relativity Theory of Gravitation ”* as 


e Td 
(1) Tš 3i = 2mjt — 1/P + 2m/Pr — (1 — e)k, 
r and ¢ being the polar:coördinates of the planet. Forsyth} has discussed 
the equation in connection with elliptic functions. The matter is of so 
great interest that a second elliptic handling seems worth publication. 
We have, from Eddington, 
l È= 1 — mja, k= mall — &), 

where a is the “major semi-axis” and e the eccentricity; therefore 

l 1> e= (i — e)k. 
The number m?/k? is, in Eddington’s units, about 10. Call it a, so that 

1- e= a(l — e). | 


In the calculations a? will be neglected when lower powers are present, 
Writing x = m/r, the equation becomes 


ds 
(2) (2) = 223 — a? + 2az — all — è). 
o 
The roots of the cubic on the right are 4, 0, 0 when œ = 0. Hence writing 
x = 4 + kia, kza, kœ and determining the coefficients k, the roots are 
2, = 3 + 2a, a = a(l — e), z; = a(l + e). 
To bring equation (2) into Weierstrass’s form 
. Pre 
(2) = 4P — gp — 9s 


we Write do = V2dv, x =p + 1/6. The invariants gz and gs are for a 
quartic with coefficients a, b; c, d, e 


ae — 4bd + 3¢? 


* 2d Edition (1920), p. 50. Einstein, Berlin Sitzungsberichte, 1915, p. 831. 
t Proc. Royal Society, series A, vol. 97, April, 1920. 
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and 
abe 
b c di. 
c d e 
; , » 
Here a, b, c, d, e are respectively 0, 1, — 4, a, — 2œ(1 — e), so that, 
accurately, a 
(3) l gz = 3(1 — 12a), 
(4) gs = Cl — 18a + 540°(1 — e)]. 
Hence the discriminant A, or g3 — 2793, is e 
(5) , A = 4e — bha’. 


The roots being real, the network or lattice which gives rise to the 
function p is rectangular. The essence of the problem is the determination 
of a period-rectangle. Let 2w; be the real positive period, 2\iw, the imag- 
inary period; and write as usual l 


qer 

The number ) is positive, and it may be called the shape of the rectangle. 

The invariants ge, g3, are connected with the periods 2w; and 2w by 
the equations 


wr 


; 1 , 1 ; 

= 60 2 omea t mo 8 = 402" moy m" 
summed for all integer pairs mı, mz, the pair 0, O excluded. For calculation. 
the double sums are expressed as single sums or products; and the appro- 
priate formule are given in works on the elliptic functions.* But as the 
proofs of the full formule are necessarily complicated, I shall interpolate a 
proof of the approximate formule of a kind that i is at once intelligible. 

We have, n being any integer, 





w . 1 T? 
> (a + n)? sin? aa’ 
Differentiating, . 
f > 1 T? cos TE 


43 la+ ny ~ inire 
Differentiating again, , f 
> 1. - „cos rge + ṣ sin re č , E E i; 

Stn T. sin‘ wa =T | sintas 3 sin? ra 
This enables us to sum the series for gz, when mz is fixed. When m: = 0, 


* They may be found in Harkness and Morley, “Theory of Hioncnione * p. 321, formule 
75 and 76, and p. 324, formula 82. 
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we get the first tier 
2-60 [7,11 15 r č 1f/r\ 
mali tatart -arola 
When ma = 1, we get the second tier 
1 1 1 
2 (2w + 2m 01)4 = (2 )* 2 (tr + my)* 


| sallana satan) 
¢ ~ A Den sinêmi 3 sin? mià j’ 


Now 
k We e77 — pt 1 i r 
sin ra = (SE) = (a -4)/ . 


Hence the tier mọ = 1 gives 


60 Ca) la tt aep] 


at \* 3 
10 (zye 








or, neglecting 4f, 


we have to replace q by q? and so on. Hence the formula 


: 4 ; 
(6) . (2) g = to + 20¢?+ ---. 


T 

A similar argument, with further differentiation, gives 
CO (2) mk gie ft 
and from these ` I 8 

(8) (2 aset- 

T 
From the formule (6) and (8) we have approximately 
| | Algt & 12%" 


` and on the other hand from (3) and (5) we have 


' Ajg? = 4-27- ea. 
Hence*approximately 
P = edje, 
q = ea/4. 
For Mercury the eccentricity e is approximately 1/5, so that 


q = 1078/20. 


al 


_ For the tier mẹ = — 1 we get the same result. For the tiers m: = + 2 
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Calculating mA = log 1/¢ = 9 log 10 + log 2, the shape à of the rectangle 
of the periods turns out to be nearly 7. As v travels round the rectangle 
of half pens p takes all real values, so that the radius vector’ . 


r= mje = m+ $) e 
also takes all real values. For the actual orbit-we take v on the upper 
side of the rectangle, from v = w, + we, p = a(l + e), corresponding to 
perihelion, to v = w p = a(1 — e) or aphelion. 

Finally, the corresponding change in ¢ is p = Vw, where 


° 
w 4 1 
P 3 = Fy g 
mj]? Lam 3 


for q’, being of order a”, is here negligible. But from (3) 


p=4 l- 12a), 
Hence l ; 


e\f S 
(2) = 1/(1 — 12a) = 1 + 12a, 
E= 1+ 3a. 


So that in passing from perihelion to aphelion the angle passed through is 


not r, but 
a(1 + 3m?/H). 


A OWE-TO-ONE REPRESENTATION OF GEODESICS ON A 
SURFACE OF NEGATIVE CURVATURE. 


By Harotp Marston Morse. 


INTRODUCTION. 


i Surfaces of negative curvature and geodesi upon such surfaces have 
_ been considered by J. Hadamard in.the paper,* cited below. The paper by 
Hadamard is in two parts, in the first of which he establishes the existence 
of a very general class of surfaces of negative curvature; the remainder of 
Hadamard’s paper is devoted to considerations of geodesics upon such 
surfaces. 

In the present paper only those ERE on the given surfaces of 
negative curvature are considered which, if continued indefinitely in either 
sense, lie wholly in a finite portion of space. ` A class of curves is introduced 
each of which consists of an unending succession of the curve segments 
by which the given surface, when rendered simply connected, is bounded. 

It is shown how a curve of this class can be chosen so as to uniquely char- 

” acterize some geodesic lying wholly in a finite portion of space. Conversely, 

it is shown that every geodesic lying wholly in a finite portion of space, is 

uniquely characterized by some curve of the above class. Use is made of | 

this representation a the geodesics considered to prove several fundamental 
theorems. . 

The results of this paper and the representation of geodésics obtained 
here, will be used in a later paper to establish the existence of a class of 
geodesics called recurrent geodesics of the discontinuous type.t This class 

_of geodesics offers the first proof that has been given in the general theory 
of dynamical systems, of the existence of recurrent motions of the dis- 
continuous type. l 

i Part I, 

` The Surface. 

$1. We will consider surfaces without singularities in finite space. 
We will suppose the surface divisible into overlapping regions such that 

every point of the surface lying in a finite portion of space is contained as an 
interior point in some one of a finite number of these regions, and such that 
: “2 E Les surfaces à courbures opposées et leur lignes geodesiques,” Liouville, Journal de 
Maihématique, 5 Sér., t. 4, p. 27, 1898. 
t G. D. Birkhoff, “Quelques théorèmes sur le mouvement des systèmes dynamiques,” 


Bull. de la Soc. Math. de France, Vol. 40, p. 303, 1912. 
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the Cartesian codrdinates x, y, z, of the points of any one of these regions 
can be expressed i in terms of two parameters, u and v, by means of func- 
tions with continuous derivatives up to a convenient order, at least the 
third, and such that . ° 


Day) y , (Pey (2U2Y 
(m) + (56) t(n) * j 

By a curve on the surface we will understand any set of points on the 
surface in continuous correspondence with the points of an interval on a 
straight line, including one, both, or neither of its end points. . 

We will suppose the Gaussian curvature of the surface to be negative 
at every point, with the possible exception of a finite number of points, 
at which points the curvature will necessarily be zero. A first result, 
given by Hadamard in the paper already referred to, is that a surface of 
negative curvature cannot be contained in any finite portion of space. 

§ 2. By a funnel of a surface will be meant a portion of a surface topo- 
graphically equivalent to either one of the two surfaces obtained by cutting 
an unbounded circular cylinder by a plane perpendicular to its axis. -We 
will consider surfaces of negative curvature whose points outside of a 
sufficiently large sphere with center at the origin consist of a finite-number 
of funnels. Each of these funnels will be cut off from the rest of the surface - 
along a simple closed curve. These curves will be taken sufficiently remote 
on the funnels to be entirely distinct from one another. 

An unparted hyperboloid of revolution is an example of a sure of 
negative curvature with two funnels. 

From the definition of a funnel, it follows that by a continuous deforma- 
tion of the closed curve forming the boundary of the funnel, the funnel 
may be swept out in such a way that every point of the funnel is reached 
once and only once. Hadamard considers two classes of funnels: those 
which can be swept out by closed curves which remain less in length than 
some fixed quantity, and those which do not possess this property. Surfaces 
with funnels of the first sort are for several reasons of less general interest 
than those with funnels of the setond sort. In the present paper surfaces 
with funnels only of the second sort will be considered. Hadamard showed 
that there exist.surfaces of negative curvature possessing funnels all of the 
second sort of any arbitrary number exceeding one, and such that the surface 
obtained by cutting off these funnels is of an arbitrary genus. 

§ 3. We shall consider surfaces which possess at least two funnels of the 
second sort, and of the surfaces with just two funnels of the second sort 
we will exclude those surfaces that are topographically equivalent to an 
unbounded circular cylinder. Hadamard proves that on the surfaces we 
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are considering there exists one and only one closed geodesic that is deform- 
able into the boundary of a given funnel, and that this geodesic possesses 
no multiple points, and no points in common with the other closed geodesics 
that are deformable into the boundaries of the other funnels. 

We shall denote these closed geodesics, say v in number, by 


(1) ; 91, G92, °**s ve 


They will form the complete boundary of a part of the surface, contained in 
a finite part of space. We denote this bounded surface by S. It may be 
proved as a consequence of the assumptions concerning the surface, made 
in § 1, that 8 is of finite connectivity. According to the well known theory, 
S may be rendered simply connected as follows: We first cut S along a 
system of curves, 

hi, hos ++ +5 tomis 


each of which has one end point on an arbitrarily chosen point, P on gv 
and the other, respectively, on the geodesic, 


Gis Ja, °° ty Gort 


with the same subscript; and no two of which have a point other than P 
in common, and no points other than their end points in common with the’ 
geodesics of the set (1). There then results a surface with a single boun- 
` dary. This surface can accordingly be rendered simply connected by 2p 
curves, l : 
C1, Co, ***, Cop, 


each of which curves can be taken as beginning and ending at P, and having 
no other points than.P in common with any of the other curves or geodesics. 

We denote by T, the simply connected piece of surface obtained by 
cutting S along the above curves. It may readily: be proved as a con- 
-sequence of the assumptions made concerning the representation of the 
given surface, that T is topographically equivalent to a plane region con- - 
sisting of the interior and boundary points of a circle. 


The Infinitely Leaved Surface M. 


§ 4. We suppose an infinite number of distinct copies of T. spread out 
above the surface S, in such a manner that points arising from a given point 
of S overhang the given point of S. We denote by 


At, i=l, 2., 2p+0- 1." 


that boundary piece of T.which arises from an arbitrarily chosen side of the 
ith one of the 2p + v — 1 cuts, 


(1) C1, Ca, + °°, Cop; ha, he, a) ht, 
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which we have made in 8, and by Aj that boundary piece of T that arises 
from the opposite side of the same cut. 

Consider now a first copy of. T, say My, and a particular boundary piece 
of Mı, say Af. We join M, to a second copy of T, joining A? of Meto AF 
of the second copy of T. In the same manner, we join to M, at each 
different piece of the remaining boundary pieces, a different copy of 7, 
joining each two copies of T along two boundary pieces arising from opposite 
sides of the same cut. We denote the bounded surface so obtained by Ma. 

Proceeding in the same manner, we join to each different boundary 
piece of M, a different copy of T, and one not already a part of Mo, obtaifiing 
thereby a new surface M3. From M3 we form a new surface M4, as we 
‘formed M; from Ms, and continue this process indefinitely, obtaining an 
enumerable, infinity of surfaces each of which contains the preceding. We 
will understand two different copies of T making up Ma, to have a point in 
common, if and only if we have expressly joined the two copies together 
at this point. 

§5. Derinrrion. By the surface M we will understand that infinitely 
leaved surface spread over S that contains each of the surfaces Mn, and every 
point of which is contained in some one of the surfaces My. 

The boundaries of M will consist of those boundary pieces, of the 
copies of T that make M up, that arise from the geodesics, 


Ji Jo tt Jue 


We have made the cuts in S so that on each of the boundary pieces, 


(2) Ji, Jz ©? ts GJo-ty : 

lies one.end point of just one cut. The remaining 4p + v — 1 end points 
of the cuts lie at a single point on gs. On M a sufficiently restricted neigh- 
borhood of any one of the points on the geodesics (2), at which lies an end 
point of a cut, is, when severed along this cut, best described as topograph- 
ically equivalent to the neighborhood of a point on the boundary of a 
half plane, when that half plane is severed along a ray distinct from the 
boundary of the half plane, and issuing from the given point. Similarly 
a sufficiently restricted neighborhood of that point on g» at which lie the 
remaining 4p + v — 1 end points of cuts, is, when severed along these 
cuts, topographically equivalent to the neighborhood of a point on the 
boundary of a half plane, when that half plane is severed along 4p + d — 1 
rays, distinct from each other and from the boundary of the half plane, 
and issuing from the given point. A sufficiently, restricted neighborhaod 
of any other point of M, is topographically equivalent to the complete 
neighborhood of any point in the plane. 


e 
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We may conclude that a sufficiently restricted neighborhood of any point 
on M is a one-leaved copy of the neighborhood on S of the point overhung on S. 

§ 6. It will be convenient to denote by R a plane region consisting of 
the posnts on and interior to a circle. 

Any single copy of T is topographically equivalent to a region R. 
From the method of formation of the surfaces M, of § 4, it follows that any 
one of the surfaces M, is topographically equivalent to a region R. Now 
from the definition of M in § 5, it follows that any set of points on M that 
lie in only a finite number of copies of 7 making up M, will be contained in 
some one of the surfaces M, forming a part of M. Hence any set of points 
that lie in only a finite number of the copies of T that make up M, will be con- 
tained in some region of M, topographically equivalent to a region R. 

§ 7. An infinite set of points on M will be said to have a limit point P, 
if there exists an infinite number of points of the set in every uslgnbartood 
of P, on M. 

We will prove that a set of points every infinite subset of which has at 
least one limit point on M, cannot have points in more than a finite number 
of different copies of T making up M. 

If there were points of the set in more ihai a finite number of the 
copies of T, there would exist a subset of the given set, say. Q, containing 
an infinite number of points of the given set, and such that each different 
point would lie in a different copy of T. By the hypothesis made concerning 
the given set, Q has at least one limit point on M, say P. There are accord- 
ingly an infinite number of points of Q in every neighborhood of P, and since 
no two points of Q lie in the same copy of T, there must be an infinite number _ 
of copies of 7 with points in the neighborhood of P. This is impossible; 
for all the points in‘a sufficiently: restricted neighborhood of a point on M 
lie on at most 4p + v copies of T, that are joined together at that point. _ 

Hence the result required is proved. Combining this result with the 
conclusion of the preceding section, we have that a set of points on M every 
infinite subset of which has at least one limit point on M, can be included in a. 
region of M, made up of a finite number of copies of T, and topographically 
equivalent to the plane region consisting’ of the interior and boundary points 
of a circle. ; 

Curves on M Overhanging Curves on 8. 

§ 8. Derinirion. Let there be given on S a curve k, and on k a point P. 
Let P’ be any point on M, overhanging P. Starting from a particular 
point of k, say Q, let P trace out k, first in one sense, and then starting 
again at Q,-in the other sense. As P moves continuously on 8, let P’ move 
continuously on M, always overhanging P, and starting at both the times 
that P starts at Q, at the same pant; a point, say Q’, overhanging Q. The 
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continuous curve traced out by P’ on M, will be said to correspond to k on S. 
It follows from the result of § 5, that the curve traced out by P’, is 
uniquely determined by k and the choice of the points Q and Q’. 

Derinition. Let h be a curve on S that is closed. Let h be cut at 
some point so as to form a curve segment k. Let h’ be any curve segment 
on M corresponding, in the sense of the preceding definition, tok. hand h, 
will be said to correspond. 

Every curve on M obviously corresponds to one and only one curve on 

S, while a given curve on § will correspond to an infinite number of ourgrent 
curves on M. 

§ 9. If a curve on S is both closed and deformable into a point, it ad is 

on M only to curves that are closed. 

Let h be a curve on S that is both closed and deformable into a point. 

Let Q’ and P’ be the end points of a curve segment on M corresponding 
in the sense of the preceding definition, to h. Since h is closed, Q! and P’ 
_ overhang a single point on h, say Q. 

Suppose now that the above lemma were not true, and that Q’ and P’ 
“were distinct points on M. Let h be continuously deformed into a point. 
At the same time let the curve segment joining Q’ to P’, say h’, be continu- 
ously deformed on M in such a manner that h’ corresponds at each stage of 
the deformation to the curve into which 4 has been deformed at that stage, 
while Q’ and P’ overhang Q. When, at the end of this process, h reduces 
to a point, h’ must also reduce to a point. 

On the other hand P’ and Q’, the end points of h’, in their initial positions 
were supposed to be distinct points. Since P’ and Q’ move continuously 
throughout the deformation, there must then be a first position on M, say: 
P”, at which they are coincident. P’ and Q’,throughout this deformation, 
overhung one point of S, namely Q. Hence the point P” will have in every 
neighborhood on M pairs of points overhanging the same point of S. This, 
however, is contrary to the result of § 5, from which contradiction we infer 
the truth of the above lemma. œ 

§ 10. The following lemma serves as the converse of the preceding. 

If a curve on M is closed; it corresponds on S to a curve that is both closed 
and deformable into a point. 

Denote by k the given closed curve on M. It follows from § 7 that there 
exists a region of M, say M’, that contains all the points of h as interior 
points, and is topographically equivalent to a plane region consisting of the 
interior and boundary points of a circle. On Jf’, h can BPE deformed nee a 
point, and hence on M. , 

Denote by F a continuous family of closed curves on M through the 
mediation of which h may be deformed into a point on M. On S the 
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closed curve corresponding to h, may be deformed into a point through 
the mediation of that continuotis family of closed curves which correspond 
to the family F on M. 

$11, DEFINITION. Let r be any integer, positive, negative, or zero. 
Let T, denote a particular copy of T of M. By a linear set of copies of T 
of M, will be understood a region of M consisting of a set of the copies of 
T in M of the form, 
(1) sig Ty Mie Bagh ee, 


or of, the form of any subset of consecutive symbols of (1), in which any 
three successive copies of T are three different copies of T of M, and in 
which any two successive copies of T are copies of T that in M are joined 
along a common boundary piece. A linear set which has no first or last 
copy of T, will be termed an unending linear set. 

A linear set is of the nature of an unclosed ribbon of surface. That a 
linear set does not form a multiple-covered region of M will now be proved. 

(A) No‘copy of T of M appears more than once in any linear set. 

Starting with any copy of T, say T°, of a given linear set, if possible, 
let 7’ be the first successor of T° that is identical with some copy of T of the 
given linear set between T° and T’, say T”. That linear subset of the given 
linear set that consists of T” and its successors up to, but not including T’, 
_ forms a simply covered, connected region of M, in which the two sides of 
any boundary piece common to two of its successive copies of 7, can be 
joined by a curve that’ does not cross that boundary piece. This is iin. 
possible, since each boundary piece common to two copies of T of M joins 
two boundary points of M and divides M into, two regions. Cf. § 5 and § 6. 

(B) If T’ and T” are any two copies of T of the copies of T that make up 
M, there exists one and only one linear set of which T’ is the first, and T” the 
last member. . 

We form a linear set in which the first copy of T is T’ and in which the 
successor of 7”, say Tı, is that copy of T that adjoins T along that boundary 
piece of T’ that separates T’ from that pårt of the surface M that contains 
T”. I Tis not T”, its successor shall be that copy of T that adjoins Ti 
along that boundary piece of T, that separates Tı from that part of the 
surface in which T” lies. We continue this process indefinitely, or- until 
T” appears in the linear set formed. f 

Jain any interior point of T’ to an interior point of T” by a curve, say k, 
lying wholly on M. Each copy of T determined in the process of the pre- 
ceding paragraph contains at least a point of k. But from the result of 
§ 7 we infer that there are only a finite number of copies of T of M that 
contain any point of k. It follows that the process of the preceding para- 
graph will lead after a finite number of steps to T”. 
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There is but one linear set of which T” is the first and'T” the last copy of 
T. Forno such linear set can contain as a part of its boundary that boundary 
piece of T” that separates T’ from that part of the surface that contains T”. 
Hence, in any such linear set T’ and T; must appear at least once ag succes- 
sive copies of T. But according to the result (A), no copy of T of M 
appears more than once in any linear set; it follows that T, is the successor 
of T” in any linear set joining 7” to T”. 

In a similat manner it follows that any linear set joining T’ to T”, 
contains Ts as the successor to 7}. Continuing this method of proof, it is 
seen that every linear set joining 7’ to 7”, is identical with the firstesuch - 
linear set that we have formed. 

§ 12. We denote by H, the set of all curve segments on M each of which 
corresponds on the original surface to some one of the segments, 


C1, Co, °° *, Cop; hy, he, +++, lomi; Jis Jo °° "> Qo- 


Every boundary piece of the copies of T of M, is included in the set H. 
DEFINITION. Let r be any integer, positive, negative, or zero. Let k, 

be a particular piece of the set H of M. By a reduced curve of the set H 

will be understood a continuous curve composed of a set of pieces of the 

set H of the form, 

(1) ot eg kz, kis ko, ky, kz, TRS 


or of the form of any subset of consecutive symbols of (1), in which no 
two consecutive pieces are copies of the same piece of the set H, and which 
contains no pieces corresponding to g, on the original surface. A reduced 
curve without end points will be called an unending reduced curve. 

(A) No reduced curve can begin and end, at the same point. 

Starting with any point, say P, of a given reduced curve, if possible, 
let P’ be the first point following P that is identical with some point of 
the reduced curve between P and P’, say P”. The segment P’P” of the 
given reduced curve forms a closed curve without multiple points, which 
closed curve we denote by C. * i 

According to the result of section 7, C can be included in some simply 
connected region of M consisting of a finite number of copies of T. C, 
accordingly, forms the boundary of a simply connected region of M, say R, 
all of whose points are contained in a finite number of, copies of T of M. 
Since C contains no points interior to any copy of T, R contains eacle copy 
of T of which it contains any interior points. 

Taking the copies of T in the order in which they were added in section 4 
to form M, let T’ be the last copy of T of R. T”, like every other copy of 
T of M, is joined along a common boundary piece to but one copy of T of 


oe 


E 
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M, say T”, that was added to M prior to T’. -R accordingly contains none 
of the copies of T that are adjoined to T” along a common boundary piece 
except T”. Hence all of the boundary of T’, except the piece common to 
T’ and f”, must form part of the boundary of R, and hence a part of C. 
In particular, C contains that piece of the boundary of T’ that corresponds 
on the original surface tothe boundary geodesic.g,, contrary to the definition 
of areduced curve. From this contradiction we infer the truth of the lemma. 

The following result is an immediate consequence of the result (4). 

(B) A reduced curve can have no multiple points. 

(œ There is one and only-one reduced curve joining any two given points 
on pieces of the set H. 

Denote the two given points by P and Q. Among the curves consisting 
of any continuous succession of pieces of the set H, there obviously exists a 
variety of curves joining P to Q. If in any'such curve, each piece that 
corresponds on the original surface to g», be replaced by the remainder of 
the boundary of the copy of T containing that piece, there will then result 
a curve containing no piece corresponding to g, on the original surface. 
Of all curves of the latter class joining P to Q, any one that contains the 
minimum number of pieces of the set H, will be such that no two successive 
pieces are copies of the same piece of the set H, and will accordingly be a 
reduced curve. 

If possible, let h’ and W’ be two different reduced curves joining P to 
Q. Tracing out h’ and k” respectively, starting from P, let k’ and k” be - 
the first pieces on h’ and h” respectively, that are different. That portion 
of h that begins at Q, and ends with k’, followed by that portion of h’’ 
that begins with k’’, and ends with Q, is a reduced curve with initial and final 
point at the same point, namely Q. This is contrary to the-result (A) of 
this section, from which contradiction we infer the truth of the lemma (C). 

(D) A reduced curve never returns to a copy of T which it has once left. 

If this assertion be false, there exists some continuous segment of a 
reduced curve, say k, with end points, say P and Q, belonging to the same 


` copy of T of M, and with no further points in common with that copy of 


T. Aréduced curve cannot begin and enti at the same point; hence P and 
Q are different’ points. However, let k’ be that part of the boundary of the 
given copy of T that joins P to Q, and does not contain any piece of the set 
H corresponding to g» on the original surface. k’, taken with k, forms a 
segment of a reduced curve that may be considered as beginning and 
ending at P. We conclude that no such segment as & exists, and the 
lemma is proved. 

§ 13. The following is the first of two theorems showing the relation of 
reduced curves to linear sets.. 
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(A) An unending linear set of copies of T contains one and only one 
unending reduced curve. 

Let T°, T’ and T”, be any three successive copies of T i in the given 
linear set. There- exist two distinct and continuous portions of the 
boundary of T”, of which one may reduce to a point such that each joins | 
some boundary point of ‘7° to a boundary point of T”, without containing 
any other points of T° and T”, We associate with T” that one of these 
portions that does not contain a piece of the set H corresponding to g, on. 
the original surface. Denote this portion by k. The set of all curve seg- 
ments such ask, taken in the order in which they arise from the “given 
linear set, will not necessarily form a continuous curve. However by a 
‘proper addition of the boundary pieces common to successive copies of T of 
the given linear. set, the resulting curve will be continuous. If these addi- 
tions are made only when necessary to make the curve continuous, the 
resulting curve will also be a reduced curve. 

If possible, let r be a second reduced curve contained in the given linear 
set. As proved in the preceding section, a reduced curve never returns to 
a copy of T which it has once left; it follows that r contains at least a point 
of each of the pieces of the set H that separate members of the given linear 
set, and hence contains each of the points or segments k, associated in the 
first paragraph of this proof with each copy of T of the given linear set. 
But according to the result (C) of section 12, there is but one segment of a 
reduced curve joining any two points of M. ‘Hence any reduced curve that 
contains each of the points or curve segments k, associated with each copy 
of T of the given linear set, is thereby uniquely determined. “There is thus 
but one reduced curve contained in the given linear set. 

. The preceding result has its converse’ in the following: 

(B) An unending reduced curve is contained in one and only one linear set, 
which set is an unending linear set. 

Let 

") Pz, Pay Po, P;, Pz, neay 

be a set of points which lie on the given reduced curve in the order of their 
subscripts, and which are such that any point of the given curve lies between 
P_, and P, for n a sufficiently large positive integer, and where P_; and P, 
are supposed to be taken so as not to lie on a common copy of T of M. 
‘Let Cn be the segment joining P_, to P, of the given reduced curva. Let 
L, be a linear set containing P-n and P,, ahd made up of the smallest 
possible number of copies of T. 

C,, lies wholly in La. If this assertion be false, let k be a piece of the 
set H which forms part of the boundary of L,, and contains a point at 
which C, leaves La. The end points of C, lie on En; hence C, returns 
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to La. But k divides the whole of M into two regions; hence to return to 
Ln, Cn would have to return to k, which is impossible, since a reduced curve 
never returns to a copy of T which it has once left. | 

We wéll now prove that ifr is any positive integer greater than n, the 
linear set L, contains La. Let'h be any one of the boundary pieces common 
to two adjacent copies of T of La. Cn contains points, not on À, in each of 
the two regions into which M is divided by h, for otherwise one of the two 
linear sets into which L, is divided by h, would contain all the points of Cn 
and be a linear set containing fewer copies of T than does La, contrary to 
the hypothesis concerning La. Hence any connected region that contains 
all the points of Ca, must contain the two copies of T of L, that are adjoined 
along h. Hence any connected region that contains all of the points of Ca, 
must contain each copy of T of La. In particular, L, contains all the points 
of Ca, and hence contains La. 

The set of all copies of T of all regions La, for all positive integers n, 
will accordingly constitute a linear set, which we denote by L. Any point 
of the given curve is contained on every curve ‘C, for sufficiently large 
values of n, and hence is contained in L. We will now prove that L is an 
unending linear set. 

As seen earlier in the proof, the two linear sets into which Lẹ and hence 
L is divided by any boundary piece h, common to copies of T. of L, each 
contain points of the given reduced curve that are not on h. Since a 
reduced curve never returns to a copy of T which it has once left, the removal 
of h divides the given reduced curve into just two continuous portions, which 
lie respectively in the two linear sets into which L is divided by k. But each 
of these continuous portions of the given reduced curve will contain an 
infinite number of different pieces of the set H, so that each of the two 
linear sets into which L is divided by A, must contain an infinite number of ` 
different copies of T. We conclude that L is an unending linear set. 

Any second linear set that contains L, would have to contain each of the 
linear sets Ln, hence every copy of T of I. Since there is but one linear 
set joining any two copies of T of M, any linear set containing all the copies 
of T of L, is identical with L. ° l 

The two results of this section may be combined in the following funda- 
mental theorem: 

THgOREM I. There is a one to one correspondence between the set of all 
unending reduced curves, and the set of all unending linear sets of M; in which 
each reduced curve corresponds to that linear set in which it is contained. 


44 Morse: A One-to-One Representation of Geodesics. 


Parr IT. 


Some General Properties of Geodesics on M. 


§ 14. Hadamard ptoved that there is on S one and only ong geodesic 
joining two given points, and deformable into an arbitrary curve joining 
the two given points, and that this geodesic is shorter than any other recti- 
fiable curve deformable into the given curve joining the two given points. 
With the aid of the results of sections 9 and 10, Hadamard’s result becomes 
the following theorem. 

TseEoreM II. There exists on M one and only one geodesic jointng two 
given points, and this geodesic is shorter than any other rectifiable curve joining 
the two given points. 

Corotiary I. On M two geodesics can intersect in but one point. 

COROLLARY II. On M a geodesic can have no multiple points. 

§15. On a surface representable in the manner in which the given 
surface is representable, there exists one and only one geodesic through a 
given point, and tangent to a given direction. 

DEFINITION. A point on the surface, and a direction tangent to the 
surface will be called an element, and will be said to define that sensed geodesic 
that passes through the initial point of the given element, and is such that 
its positive tangent direction at that point agrees with the direction of the 
given element. 

If u and v are parameters in any representation of a part of the surface, 
and if 6’ is the angle which a given tangent direction makes at the point 

~(u'v’) with the positive tangent to the curve u = wu’, then (u’v’6’) will 
represent an element of the given surface. We shall understand by each 
statement of metric relations between elements, the same statement of 
metric relations between the points-in space of three dimensions, obtained 
by considering the complex (u’v’@’) as the Cartesian coérdinates of a point. 
$16. Let G be any geodesic segment.lying on the original uncut surface. 
G is an extremal in the Calculys of Variations problem of minimizing the 
arc length, from which theory we can readily obtain the following theorem 
that describes the nature of theevariation of @ with variation of its initial 
element.* 

Corresponding to any positive constants, e and h, there exists a positive 
constant d, so small, that if any two elements, with initial points on the 
bounded surface S, lie within d of each other, and if a second pair of dlements 
lie respectively on the two geodesics defined by the first two elements, and 
if further the initial points of this second pair of elements lie respectively 
at a distance, measured along the given geodesics from the geodesics’ initial 


* Cf, Bolza, Vorlesungen über Variationsrechnung, 1909, p. 219. 
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points, that is the same in both cases and that does not exceed h, the second 
pair of elements will lie within e of each other. 

§ 17. According to Theorem II, § 14, any given geodesic on M is shorter 
than any ether rectifiable curve joining its end points. According to the 
theory of the Calculus of Variations, this is a case where there exists on the 
given geodesic on M no ‘point conjugate to a given point on the given 
geodesic. A particular consequence* of this result, as given in the theory 
of the Calculus of Variations, is that, if we vary the end points of a given 
geodesic segment, there exists further geodesic segments joining these end 
points fnd varying continuously with the end points, both in position and in 
length. We have seen that there is no more than one geodesic segment 
joining any two points on M, Whence we may say that the length of the 
geodesic segment, joining two points on: the surface M, is a single-valued 
continuous function of the position of these points. In particular we have 
the result: , 

There exists a finite upper limit to the lengths of all geodesic segments 
joining pairs of points lying on a closed set of points on M. 

§ 18. The following statement, of importance in the developments that 
are to follow, may readily be proved as a consequence of the development 
given by Hadamard. 

Corresponding to two arbitrary positive constants, e and d, there exists 
a positive constant h, so large, that if on M each point of a first geodesic 
segment G, of length h, lies within a geodesic distance d of some point of 
a second geodesic segment, then this second geodesic segment has at least 
one element within an e of that element of G which lies at the mid point of G.” 

$19. The Network H Replaced by a Network H of Geodesic Segments. 
We denote by H’, " the set of all geodesic segments on M each of which 
joins two end points of a piece of the set H, defined in § 12. 

We shall prove the following lemma: 

Two pieces of the set H’ arising from two different pieces of H, can hive 
no points in common other than one end poiné. 

Let P and Q, P’ and Q’, be respectively the end points of two different 
pieces of the set H. Denote by h the geodesic segment that joins P to Q, — 
and by h’ the geodesic segment that j joins P’ to Q’. All cases are included 
in the three following cases: 

CasE I. The two given pieces of the set H have an end point in common. 

In particular suppose P = P’; if P = P’, it follows from the nature of 
the construction of the surface M, that Q + Q’. Hence, if P = P’, the 
geodesic segments, h and k’, have P as a common end point, and are not 
identical, since Q + Q’. With the aid of Corollary II, § 14, we conclude 
that h and h’ can have no other point than P in common. 
ec Bolza, loc. cit., p. 307. 
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Case II. P + P’, and Q + Q’, and one or both ‘of the geodesic seg- 
ments, k and h’, form a piece of the geodesic boundary of the surface M. 

hand X are not identical, since P + P’, and Q + Q’. In case h were a 
piece of the geodesic boundary of M, h’ could not meet .A in other than an 
end point without passing off from the surface at that point, contrary to 
the result of Theorem II, § 14. 

Case III. P + P’, and Q + Q’, while ‘thes h nor h’ form a piece of, 
the geodesic boundary of the surface M. 

According to the result of § 7, there exists on M, a simply connected 
region, bounded by a simple closed curve, and containing the tw8 given 
pieces of the set H and the geodesic segments h and h’. This region, which 
we denote by R, we will suppose taken so lange that no points of the two 
given pieces of the set H, nor of the-geodesic segments h and h’, are boundary 
points of R unless they are boundary points of M. 

P, Q, P’, and Q’, all lie on the boundary of M, and hence on the boundary 
of R. Since P + P’, and Q + Q’, the two given pieces of the set H have no 
points in common; it follows that P, Q, P’, and Q, lie on the. boundary of 
R in the circular order named. 

On the other hand, it is an hypothesis of this case, that neither h nor 
h’ are a piece of the geodesic boundary of M; it follows that neither h nor 
h’ have points other than their end points on the boundary of M, and hence 
of R. A particular consequence is that h divides R into two regions. If 
now h’ crossed h, its end point P’ would lie in one of the two regions into 
which R is divided by h, while its remaining end point, Q’, would lie in the’ 
other such region. P, P’, Q, Q’, would thus lie on the boundary of R in the 
circular order named. From this contradiction we infer the truth of the 
lemma in this case. The proof is thus given in general. 

§ 20. We seek now to render the original surface simply connected by 
means of cuts made along geodesics. ` . 

In accordance with the result given in § 14, the end points of each one 
of the cuts by means of which the original surface was rendered simply 
connected, can be joined on the original surface by a geodesic segment 

deformable into the given cut. With the aid of the result of § 9, it appears 
that these geodesic segments correspond on M to the geodesic segments of 
H’, and further that two of these geodesic segments arising from, different 
cuts correspond on M only to different members of the set H’. From the 
result of the preceding section we conclude that no two of these geodesic 
segments have any points in common other than their end points. l 

If now the original surface be cut along these geodesic segments, the 
resulting surface, which we denote by U, will be simply connected. The 
infinitely leaved surface M can be formed by joining together copies of U 
‘in the same manner as it was formed from copies of T. 
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_ We define a reduced curve of the set H’, and a linear set of copies of U, 
by replacing H and T in-the definitions of sections 11 and 12, by H’ and U, 
respectively. In the same manner, we obtain from the results of sections 
11 and 18, the following results in terms of H’ and U. ` 

(A) If U’ and U” are any two copies of U of the copies of U that make 
up M, there exists one and orily one linear set of which U’ is the first and U” 
the last member. 

(B) There is a one to one correspondence between the set of all unending 
reduced curves of the set H', and the set of all unending linear sets of copies of 
U, in®which each reduced curve corresponds to that linear set in which it rs 
contained. l l 

Seodesics Lying Wholly on M. 

§ 21. Let G be a geodesic lying wholly on M. G cannot become infinite 
in length in any one copy of U, as follows from the result of section 17. 
In leaving a copy of U of M, G cannot be tangent to any one of the geodesic 
segments that separate that copy of U from. the remainder of M. For in 
such a case G would coincide with that geodesic segment, and pass off from 

` M at its end points. Further, it follows from Corollary I, section 14, 
‘that G can have but one point of intersection with any of the geodesic 
segments that separate the different copies of U of M. Hence G never 
returns to a copy of U of M which it has once left. Since G cannot become 
infinite in length in any one copy of U, it follows that either of the two 
portions into which G may be divided by an arbitrary one of its points, has 
points in common with an infinite number of different copies of U. 

From these last two results, it follows by a proof, which except for 
terminology, may be given as a repetition of the proof of (B), section 13, that 
a geodesic lying wholly on M, is contained in one and only one linear set, 
which set must be an unending linear set. 

§ 22. As a converse to the preceding result, we have the following: 

If there be given any unending linear set, there exists one, and only one 
geodesic contained wholly in the given linearsset, and this geodesic has at least 
one point in each copy of U of the given linear set. 

Let an unending linear set of copies of*U be given as follows: 


3 U2, Ua Uo, Ui, Uz, see 


Let gn be a geodesic segment joining any interior point of U_, to an interior 
point of Un. The set of copies of U which gn passes through, is seen to 
form a linear set joining U_, to U,. But from the result of section 11, it 
follows that there is but one such linear set joining U_, to Un.. The linear 
set, 

Uns Unyi cme Uo, aa Unıt ny 
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is one such set; we conclude that this is the set of copies of U through which 
Jn passes. 

Denote by En an element on that part of gp that lies in Uy. The set 
of all elements Æ, will have a limit element. Let @ be the geodest defined 
by this element. We will first show that G has a point in each copy of U 
of the given linear set. 

Let r be any positive integer. For integers n > r that portion of gain 


(1) Uzr U_+41; vty Uo, SSRS U,-1U,, 


is according to the result of section 17, less in length. than somé fixed 
quantity independent of n. Now a finite segment of a geodesic varies 
continuously with its initial element. It follows that G possesses a finite 
segment, say G,, which has a point in each copy of U of (1), and which is 
wholly contained in the set (1). . From the fact that G, has a point in each 
copy of U of (1), we may conclude that G has a point in each copy of the 
given linear set. 

We seek to prove that Gi is wholly contained in the given linear set. 
Any finite segment of any geodesic on M has points in not more than a finite 
number of copies of U. Cf. section 7. We may conclude that, for r sufi- 
ciently large, any given segment of G that begins with a point of Uo, is 
included in one of the two portions into which G, is divided by that point. 
Thus every point of G lies on some segment G,. But every point of Gr 
and hence every point of G lies in the given linear set. 

If there were a second geodesic, say G’, contained in the same linear set 
as G, it would follow from the result of section 18, that every element of G 
would be a limit element of elements on G’. This is impossible, since G’ 
can never return to a copy of U which it has once left. 

The results of this section and the preceding, are summed up in the 
following: ° 

Tueorem III. There is a one-to-one correspondence belinin the set of all 
geodesics lying wholly on M, and the set of all unending linear sets, in which 
each geodesic corresponds to that linear set in which it is contained. 

A similar theorem is now obt&ined from (B) in § 20. 

Turorsm IV. There is a one-to-one correspondence between the set of all 
geodesics lying wholly on M, and the set of all reduced curves of the set H’, in 
which each geodesic corresponds to that reduced curve that 1s contained in the 
same linear set. ; 
l Congruent Curves. 

§ 23. Derinition. Two curves on M that correspond to the same curve 
on S will be said to be congruent. 

The first statement of the following theorem serves as an ease proof 
for closed geodesics on the original surface. ` 
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(A) If a reduced curse on M consists of successive mutually congruent 
portions, the geodesic that les in the same linear set as the given reduced curve, 
consists also of successive mutually congruent portions. Conversely, if a 
geodesicelying wholly on M consists of successive mutually congruent portions, 
the reduced curve that lies in the same linear set, consists also of successive 
mutually congruent portions. 

Suppose the given reduced curve consists of successive mutually con- 
gruent portions. Let the configuration, consisting of the given reduced 
curve and the geodesic lying in the same linear set, be carried as a whole 
into that congruent configuration in which one of the successive mutually 
congruent portions of the given reduced curve is carried into the succeeding 
congruent portion. Denote this transformation by T. 

The given geodesic is carried into itself by T. For otherwise there would 
exist two different geodesics, namely the given geodesic and the geodesic 
into which it is carried by T, both lying in the same linear set as the given 
reduced curve. This is contrary to the result of Theorem IV, section 22. 

Now let P’ be any point on the given geodesic. Let P”.be the point 
in which P’ is carried by T. P” lies on the given geodesic, since the given 
geodesic is carried into itself by T. The successive images of the geodesic 
segment P’P” which result through repetition of T and its inverse, will be 
successive mutually congruent portions of the given geodesic, all of whose 
points can be reached by a sufficient number of such transformations. 

The converse statement of the theorem can be proved in a similar 
manner. 

In the same manner also, the following can be established. 

(B) Let there be given a first reduced curve and geodesic contained in a 
single linear set, and a second reduced curve and geodesic that are also contained 
in a single linear set. If the two given reduced curves are congruent, the two 
geodesics must also be congruent; and conversely, if the two given geodesics are 
` congruent, the two reduced curves must also be congruent. 


Variation of Geodesics with Their Initial Elements. 

§ 24. The following statement depend’ upon the result given in section 
18. ; l 
(A) Corresponding to any positive quantity e, there exists a positive 
integer n, so large, that if any two unending linear sets have in common a 
region U, say U’, together with the first n regions U succeeding U” in either 
sense in the given linear set, then there exists in U’, and on.each of the two 
geodesics that pass respectively through the two given linear sets, at least 
one element that lies within e of some element on that part of the other 
geodesic that lies in U”. 
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. The converse statement depends upon the property of continuous 
variation of a geodesic with its initial element, as given in section 16. 

(B) Corresponding to any positive integer n, there exists a positive 
constant e, so small, that if on each of two geodesics there exists some 
element within e of some element on the other, then the two linear sets 
through which the two given geodesics respectively pass, possess in common 
that linear set that contains the region or regions U, in which the two given 
elements lie, together with n regions U succeeding these regions in either 
sense. ; 

By virtue of the relations between unending reduced curves and ĉorre- 
sponding unending linear sets, ‘as given in the proofs of, section 138, the 
statements of (A) and (B) of this section become the following: 

` Turorem VI. Corresponding to any positive constant e, there exists a 
positive constant k, so large, that if two unending reduced curves possess in 
common a continuous segment of length exceeding k, the two corresponding 
geodesics each have at least one element within e of some element on the other, 
and with initial point in the same copy of U as the mid point of the common 
reduced segment. Conversely, corresponding to any positive constant k, there 
exists a positive constant d, so small, that if on each of two geodesics there 
exists some element within d of some element on the other, the two corr esponding 
reduced curves possess in common a segment of length k, with mid point in m 
same copy of U as the initial point of either of the two elements. 

§ 25. Derinirion. Two elements E’ and E” of.a set of elements E 
on M, will be said to be mutually accessible in E, if corresponding to any 
positive constant e; there exists in the set E a finite ordered subset of ele- 
ments of which the first element is Æ’, and the last element E”, while each 
element of the subset, excepting the last, lies. within e of the following 
element. 

TuerorEem VI. In the set of all elements on a closed region of M, and 
on geodesics lying wholly on M, no two elements lying on different geodesics 
are mutually accessible. ° 

Let G’ and G” be two different geodesics lying wholly on M. Let E’ 
and E” be two elements lying réSpectively on G’ and G”. Let R be any 
closed region of M, in which the initial points of E’ and E” lie. We will 
show that E’ and E” are not mutually accessible in the set of all elements 
on R, and on geodesics lying wholly on M. 

G’ and G” are different geodésics, and are accordingly not contained in 
the same linear, set of copies of U. There therefore exists some geodesic 
segment, of the geodesic segments that separate different copies of U-of M, 
that G” crosses and that G” does not cross. Denote this geodesic segment 
by k. Denote by B’ the set of all elements on R, and on geodesics that lie 


oy 
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wholly on M and cross h. Denote by B” the set of all elements on R, and 
that lie on geodesics that lie wholly on M and do not cross h. 

B’ is a closed set. For it follows from the result of sections 16 and 17, 
that a lingit, element of elements of the set B’, defines a geodesic, say G, 
lying wholly on M, and that is either tangent to h or else crosses h. . But G 
cannot be tangent to h without passing off from M at the end points of h. 
Hence G crosses h. Thus B’ is a closed set. In a similar manner it follows 
that B” is a closed set. 

From their definitions it follows that B’ and B” can have no elements in 
common. There accordingly exists a positive constant d, such that no 
element of B’ lies within d of any element of B”. Hence Æ’, which belongs 
to B’, and E”, which belongs to B”, cannot be mutually accessible in the 
set of elements comprising the elements of B’ and B”. But the elements of 
B’ and B” comprise all the elements on geodesics lying wholly on M, and 
with initial points in the region R. 

` The theorem thus is proved. 


HARVARD UNIVERSITY, 
June, 1917. 


CONJUGATE SYSTEMS WITH INDETERMINATE AXIS CURVES. 
By Ernest P. Lane. 


I. INTRODUCTION. 


The general projective theory of congruences may be studied* in connec-. 
tion with a completely integrable system of partial differential equations 
of the form 

Y = MZ, Zu = ny; 


D) Yu=aytbet+oyt+dy, 
Zw = a'y + bz + C'Yu + d'z, 


where the subscripts indicate differentiations. In order that system (D) 
may be completely integrable, its coefficients, which are assumed to be 
analytic functions of the two arguments u and v, must satisfy the following 
integrability conditions: 


c=fy @=fy b== dh dfi, a= — cu ofu mn—cd= fu, 
Muu + dw + dfs + dofo — fumu = ma + db’, 
noo F Cuu F C'fuu + Cafu — fotty = nb’ + c'a, 
2mun + mn, = ay + fumn + a'd, 
myn + 2mn = ba + fomn + be’, 


where f is an analytic function of u and v. Then system (D) has exactly 
four pairs of linearly independent solutions, (y, 2), (= 1, = 4), 
such that the general solution’is of the form 


y= YT edy, T g5 > og, 
i=l i=l 
e 
where c™, .-+, c are arbitrary constants. If y,---, y@ and z®, «++, 2 
are interpreted as the homogeneous codrdinates. of two points P, and P, 
of three-dimensional space, these points will describe in general, for variable 
wand v, two surfaces S, and S,, but the possibility is not excluded that these 
surfaces reduce to curves. The line P,P, describes a congruence whose 


* E. J. Wilezynski, “Sur la théorie générale des congruences.” Mémoires publies par 
la classe des Sciences de l'Academie Royale de Belgique. Collection en 4°. Deuxième 
série. Tome II (1911). This paper will be cited hereafter as Brussels Paper. 
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focal surfaces are S, and S,, and whose developables are obtained by 
equating either u or v to a constant. 
The form of system (D) is undisturbed by the group of transformations 


(T) y = Mu), =20)2Z, t=a(u), d= 8B), 


where A, u, a, 8 are arbitrary functions of the arguments indicated. Among 
the invariants of this group are the four coefficients m, n, c’, d. It is easy 
to verify that I and / are also invariants, where 


a 
Muu 


b w 
l=a out — l=s+—. 
F m’ an n 
Five fundamental covariants are y, z, p, 7, e, where 


ay ty ga te ea 
P = Yu mv? = By n” Pu Ps 
and 


m = m| mn — a log m 


The axis of a point P on a surface has beer defined,* with reference to 
a given conjugate system of curves on the surface, to be the line of inter- 
section of the osculating planes at P of the two curves of the system which 
pass through P. The axis congruence of a surface is composed of the axes 
of all its points. An axis curve of a surface is a curve such that the axes of 
its points form a developable of the axis congruence. 

The curves u = const. and v = const. form a conjugate system on Sy. 
For convenience of reference we quote here some results,j concerning the 
axis curves of S, defined with reference to this conjugate system. The 
axis curves are given by the equation 


(1) diu? — mldubv — e’dmiv’ = 0, 
where 


i= d(ed- 5 a aated): 
If the function 7 be defined by 
(2) T= lz +p, 
then the point P, is the point of intersection of the axis of P, with the line 
P.P,. The foci of the axis are determined by factoring the covariant 
(C) cdi? — mIyr — dmz*. 


* E. J. Wilczynski, “The General Theory of Congruences,” Transactions of the American 
Mathematical Society, Vol. XVI, No. 3, pp. 311-327. This paper will be cited hereafter 
as Congruences. 

« t Congruences, § 2, 
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It has been remarked* that the axis curves are indeterminate if 
(3) dı = mI = c'dm = 0. 


' It is the purpose of this paper to pursue the consequences of this remark, 
and to study those surfaces upon which there exists a conjugate system with 
indeterminate axis curves. 

, The author takes advantage of this opportunity to express his apprecia- 
of the many helpful suggestions so kindly given him by Professor Wilczynski 
while this paper was in process of preparation. > a 


I. FUNDAMENTAL THEOREM. 


We shall now assume that the axis curves on S, defined with reference 
to the parametric conjugate system, are indeterminate. Then the equations 


(3 bis) dy = mI = c'dm = 0 


are valid. If the surface S, does not reduce to a curve, the invariant m 
does not vanish.+ Similarly, if S, is not degenerate, n + 0. Moreover, if 
S, is not a developable surface, d + 0. We shall assume from now on 
that we are considering only those surfaces S, which are nondegenerate and 
nondevelopable, and surfaces S, which at least are nondegenerate. Under 
these assumptions we shall proceed to find formulas for the coefficients of 
system (D). ae: 
Equations (3) may be replaced by the equivalent equations 


2 
SOS ie ey NG, 


@) Oude 
As an immediate consequence we have 
(5) d= UV, 


where U and V are nonvanishing functions of u alone and of v alone, repsec- 
tively. i l 

When use is made of equations (4) and (5), the integrability conditions 
' may be written in the form 


c= fu, X = fr b = — UV’ — UF f, a = 0, 
mate VS Vint Vife= V0, tee — forte = nbl, 
2myn F Mnu = dy + fumn, 
mon + 2mn, = b, + fomn, 


* Congruences, p. 317. 
+ Brussels Paper, p. 28. 


\ 
i 
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where V’, V”, etc., denote derivatives. On eliminating'b’ between the 
sixth and ninth conditions, on making use of the ee condition, and on 
integrating with respect to v there results 

(6) E n= UV e, i l 

where U; is an arbitrary nonvanishing function of u alone. By means of 
(6) and the fifth and eighth conditions we find, after integrating with respect 
to v, 


- U 
m l a= 4 -hT fi- Ua 


where Uz is still another arbitrary function of u only. i 

Let us now regard the functions f, V, U, U1, U2 as given functions, and 
let us consider the possibility of defining the coefficients of a system (D) 
by the following formulas: 


f uv et 





m = UT’ n= UVet. 
a = fun — he — fi — Us, b = — UV’ — UVy},, 
(7) e = fu, d = UY, | 
ka eke y” 
a =O, y : bY = y + fo + y hes 
c’ = 0, d = fy. 


When. the coefficients thus defined are substituted in the integrability 
conditions, all of them are found to be satisfied identically except the sixth. 
This condition is found to be equivalent to I = 0. When it is written out - 
in terms of the given functions, it becomes 


Jeus _ 3fu fum ud: uuv _2 U; 2U; fun» uuv 
Sur a Thee 
(8) U; Ui 2 UY 
Z4 B ETS = 
+ 47+ 2(F) g, + Us 
Therefore if the functions f, U1, U2 satisfy equation (8), formulas (7) furnish 
the coefficients of a system (D) which satisfies all of the requirements. 
Our results may be summarized in the following fundamental theorem. 
Let U, Ui, and U, be arbitrary functions of u alone such that UU, + 0. 
Furthermore let f be a function of u and v statisfying equation (8) and such 


that fus + 0. Finally let V be an arbitrary nonvanishing function of v alone. 
Then formulas (7) furnish the coefficients of the most general system of the form 


— Bfuu + 3ft 


5 

4 
1 
+ 
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(D) for which S, ts nondegenerate and nondevelopable and $ z nondegenerate, 
_ and for which the axis curves on Sy, defined with reference to the parametric 
conjugate system, are indeterminate. The integrability conditions for such 
a system (D) are all satisfied identically. e 


III. A SIMPLIFYING TRANSFORMATION. 
All transformations of the group (T) are without geometrical signifi- 
cance; we shall therefore employ this group to simply our analysis. The 
effect of (T) on (D) is to transform (D) into another system of the same 


form, of which the coefficients have the following values.* ° 
ee aes 

m= yam, Se. 
Beh Xu Aww >t r Hv y Hov 
eaha) Tegl + tae), 
p ip My ees eMMy 

(9) b= (0+ a), s -aa(et¥e) 
ERL Au _ Zuu T PE a) 
=i (c-2¥-S), aap (a2), 
Ja Bob ar Ou 
d= ay i= ao: 


In the first place we observe that the product UV is reduced to unity by 
a transformation of the group (T) for which 


A= U, uV =a = B = 1. 


When this transformation has been made the coefficient d of the transformed 
system beocmes equal to unity, and the integrability conditions reduce to 


c= fu; d = fy, = — fo a’ = 0, 
mn = fury V =f, nw = fo + nb, 
2myn + MNu = ay + mnfu, 
myn + 2mhy = b+ mnfy. 


On eliminating b’ between the sixth and ninth conditions, on making use 
of the fifth condition, and on integrating with respect to v, there results 


n = Uie. 


The largest subgroup of the group (T) which preserves the condition 
d = 1 is given by the relations í 


. 


aA = Beu = const., 
* Brussels Paper, Equations (16) and (22). 
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where à and y are still arbitrary functions. The effect of this subgroup on 
the coefficient n is given by 


= v _ Be 
n=-n Uie’. 
e ate ak 


Therefore the function U; is reduced to unity by a transformation for which 
one fpel WSO, pest. 


When this transformation has been made, the fifth integrability condition 
gives , 


m = fuel, 
and then the relation J = 0 becomes 
: uuu 3 uJ uuv kd 


‘Now regarding f as a given function, we consider the possibility of 
defining the coefficients of a system (D) by the following formulas: 
m = fue, n =e, 


= LUUT fufas = 2 = — 
a= Fa Fun Juu + fis b os 


(11) e =f, d = 1, 
a’ =O, b = fos 
rd = 0, ` d' = fo: 


When the coefficients thus defined are substituted in the integrability 
conditions, all of them are found to be satisfied identically except me eighth, 
which becomes 


(12) fas UUUVV 3f uf. uupy foun TEE ENT T Sfefuvalure _ — 6f, uuv + 6f: ufa w = 0. 


fu fæ fa Gaa) 


Therefore if Y satisfies equation (12), then formulas (11) furnish the coeffi- 
cients of a system (D) such that the axis cyrves of the parametric conjugate 
system are indeterminate. 
The apparently formidable equation (12) can be very much simplified. 
On rearranging the terms ‘and integrating with respect to v, we obtain 


(13) fes fest _ fu + 32+ Us = 0, 


where U: is an arbitrary function of u alone. If equation (13) be multiplied 
through by fuv, it can be integrated with respect to v, giving 


(14) 5 Junu = Bfufuu +R + Uafu = U3, 
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where U; is another arbitrary function of w.alone. Finally we introduce 
the function F by the definition 
(15) = — log F, 


whereupon (14) reduces to the linear homogeneous equation 
OF oF 

(16) Ja T Oia + U3F = 0. 

We remark that as a consequence of (15) we have 


Efu + FF x men FF, = 0. 


We may now state the following theorem. Let U, and U; be arbitrary 
functions of the single variable u. Let F be a function of u and » which is a 
solution of (16) but which is not a solution of FFE» — FF, = 0. Let the 
Junction f be determined from f = — log F. Then the most general system 
(D) which is of interest in the theory of indeterminate axis curves can be 
reduced, by means of transformations of group (T), to the system: 


Yo = faez, Zu = ely, 


(A) Yuu = (= fae Sus + 2f) y= foz + fuYu + Ros 


T Bw = forz + Folo. 


The integrability conditions for system (A) are all satisfied identically. 
We shall base our further theory on this system. 


IV. Tue First LAPLACE TRANSFORMED CONGRUENCE. 

-In the theory of indeterminate axis curves, the first Laplace transformed 
congruence, whose focal surfaces are S, and S,, and the original congruence, 
` whose focal surfaces are Sy, and Sz and whose equations are system (D}, 
are equally important. We shall need to set up the system (D;) of equations 
of the first Laplace transformed congruence. But before doing so let us 
define a new function g by the equation . 


(17) g = 2f — log fa. 


As thus defined, g plays the same rôle in the theory of the first Laplace 
transformed congruence that f plays in the theory of the original congruence. 

By means of equation (17) it is possible to write (13) in the symmetrical 
form 


(18) fit gu — fuu — Gs u — fugu + U2 = 0. 
Differentiation of (18) with respect to v yields 


{19) 2fufuv + 29uJuv = fun — Guu T fungu = fuGur = 0. 
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Now the sum of the first, third, and fifth terms of this equation is easily 
shown to be zero, by using equation (17). Therefore, if we suppose gu, + 0, 
an assumption whose geometrical meaning will be made clear later, we have 


(20) fa = pe — 
We obtain, on integrating with respect to u, 
(21) f = 29 — log gw + log V, 


whete V is an arbitrary function of » alone. 
We may make a transformation to reduce V to unity. It is readily 
verified that all transformations of the group (7) for which 


(22) A= au @=hy=1, 


leave the form of system (A) unchanged, although f is thereby transformed 
according to the formula 


(23) a .  f=f— loge 

Moreover, g is transformed according to the formula 

(24) -  G=9—Blogn, 

as is seen upon using equation (17). If then we choose 
(25) A=], p=V4 a=1, B= Vs, 


the conditions (22) are satisfied and we find, on making the necessary 
calculations, that 


Í = 29 — log Jæ 
so that the transformed V is unity. Equation an) may now be solved for 


f in the form 
(26) f = 2g — log gu. 

When f is eliminated from equation (14), the result is 
(27) Guu ~~ 39uguu + g + Ugu = U: + UV; = 0. 
Let us introduce the function G by the definition 
(28) g = — log G. 

, Then (27) is equivalent to 
29 E = Oe 20 
( i ) aw + 2 ðu u ( 2 3) aan eee 


‘It will be observed that this equation is the Lagrange adjoint of equation 
(16), which is satisfied by F, the derivatives in both aequations being taken 
~ with -respect to the variable u only. 


60 Lane: Conjugate Systems with Indeterminate Axis Curves. 


It is interesting at this point to see that F and G satisfy also certain 
equations in which differentiations occur only with respect to the variable v. 
The truth of the equation 


Bofav + 29vJuv mS Tra — Ovu T fugo — Guze = 0 


is established by observing that alternate terms taken together form two 
sums, one of which vanishes in virtue of equation (17), and the other in 
virtue of (26). Upon integrating with respect to u, we obtain ` 


PA g — foo — gov — fogo + F= 0, , 


where V» is an arbitrary function of v alone.” When f is eliminated from this 
equation, there results 


vvvu 3 vývvu p 
a — “Gabe agn + B+ Va = 0. 


Upon integrating with respect to u again, we obtain 
(30) Jovy T 39oJov + gi + Fogo =o Vs, 


where V; is a function of v only. Equation (80) is equivalent to 
aG ðG 
Similarly, if g is eliminated from (30), there results 


fow = Sfofov +f + Vofo Ha V: + V3 = 0, 


. and this equation is equivalent to 
aF OF. . 
(32) aT Ve t (Vi — VF = 0. 
Equation (32) is the Lagrange adjoint of (31). 
Making use of the function g, let us place* 
(33) P=y—(fu-gqly, E= ery, 


and find the system (Aj) of equations of the first Laplace transformed con- 
gruence. On differentiating (33) and employing system (A), we find that 
p and £ satisfy 


Po = eff, Su = eS, 
(Ai) Puu = JuuP + JuPus 


Soo = — Gup + (Guo aes tov = Fogo +E + Pu + Joko- 
* Brussels Paper, pp. 66-67. 
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V. GromErRicaL THEOREMS. 


The three covariants p, o, e for system (A), when written in terms of f 
and g, are 


(34) £ P = Yu — (fu — gu)y; T = Zy — fod, € = Pu T Jup. 


These equations, together with systems (A) and (A:) will now be used to 
deduce a number of geometric propositions. , 

From the first of equations (34) we find, by differentiation with respect 
to u and use of system (A), that e = e. Moreover we find oa = oy = 0. 

Pherefore, if the axis curves of a conjugate net are indeterminate, the second 
and minus second Laplace transforms of the net are identical and reduce to a 
single fixed point. l 

The third equation of system (A1) shows that the lines v = const. on 
S, are straight lines, while the third of equations (34) shows that these 
lines all pass through P,. Therefore the surface S, is a cone with its vertex 
at P.. In the same way we conclude from the fourth equation of system 
(A) that the lines u = const. on S, are straight lines, and from the second 
of equations (34) that these lines all pass through P,. Therefore, if the 
axis curves of a conjugate net are indeterminate, the first and minus first 
Laplace transforms of the net are on two cones with a common vertex at the 
fixed point into which the second and minus second Laplace a i de- 
generate. 

Inspection of the covariant (C), namely 


(C bis) dy? — mIyr — dm, 


shows that, when the axis curves on S, are indeterminate, the foci of the 
axis of P, coincide at the point P,. Moreover equation (2) shows that P, 
coincides with the point P,. Therefore if the axis curves of a conjugate 
system on a surface are indeterminate, the axis congruence reduces to a bundle 
of lines with its vertex at the fixed point into which the second and minus second 
Laplace transforms of the surface degenerate. 

Let us differentiate twice with respect to v the first equation of system 
(A). From the equations thus obtained let us eliminate z, 2, and Zee 
using the fourth equation of system (A). There results 
(35) Your + (29» n Bfo)Yov + (Jw + g + 2f? = 2fov = Ifogo)Yo = 0, 
the equation of the curves u = const. on S,. Since this equation is of the 
third® order we conclude that the curves u = const. are plane curves. 
Similarly we differentiate once with respect to u the third equation of 
system (A) and eliminate z, z, and Zw to obtain 


(36) Yuuu — Satur + (Guu >= 2fuu + fugu = Yu 
+ (uuu ao Piani + fuJuu + Gufuu = 2guJuu)y z 0, 
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the equation of the curves v = const. on S,. These curves are also plane 
curves. In this way we see that, if the axis curves of a conjugate system are 
indeterminate, this conjugate system consists of two one-parameter families 


of plane curves. è 


VI. INTEGRATION OF SYSTEM (A). 


It has been shown that, for system (A), the two surfaces S, and S. 
reduce to the same fixed point, which may be denoted indifferently by P, 
or P,. Since the fundamental tetrahedron of reference is arbitrary, let 
us choose it so that P, may have (0, 0, 0, 1) for its codrdinates. They the 
second of equations (34) frunishes 


W — f,2 = 0, (k = 1, 2, 3), 
ZY — fox = 1. 
After integrating with respect to v, we obtain 
2H = oDer, 


zO = Mel + of f olde, 


where the four functions ¢ are functions of u alone, and are as yet arbitrary. © 
By the indicated quadrature, we mean the definite integral from a fixed 
lower limit to a variable upper limit, u being regarded as fixed. 

We now use the second equation of system (A) to determine four values 
of y, and obtain 


yO = gf + g, 
PO fu H +h f ed — f e~ fudv. 


ll 


y 


When corresponding values of y and z are substituted in the first and fourth 
equations of system (A), these equations are found to be satisfied identically 
without restriction on the functidns y. But when corresponding values 
of y and z are substituted in the third equation, it is found that the functions 
¢ must be solutions of certain ordinary differential equations. In fact 
(y, 2), (k= 1, 2, 3), constitute three pairs of linearly independent 
solutions of system (A) tf, and only if, the o™ are three linearly independent 
solutions of the equation® í 2 

By 


de 
(37) da + Gt Ug =.0, 


*Since the second derivative is missing, the Wronskian of any three linearly inde- 
pendent solutions is a constant, which may be supposed to be unity. 
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and (y2, 2) are a pair of solutions of system (A) if, and only if, o° is a 
solution of the equation 


Ë d 
BI Jat Vat Use = 1. 


Equations (87) and (16) are to be compared. 
Let us denote the three second order Wronskians of the o” by U™, 
so that, for instance, 


UD = ppd — pp. 


e 4 
Then the functions U™ are solutions of the Lagrange adjoint of (37), 
namely 


2U g: ; 
(39) Te i U: Tu + (U2 az dee = 0. 


This equation is to be compared with equation (29) which is satisfied by G. 

We remark further that comparison of (37) and (88) shows that o 
can be expressed in terms of the g™ by the well-known method of variation 
of parameters. We find in this way 


(40) oe = >> ( f Udu + e® ) gp, 


k=l 


where the ce‘ are arbitrary constants, and the indicated quadratures 

denote again definite integrals from a common fixed lower limit to a variable 

upper limit. 

In the process of ERT system (A) we have used the second of 

equations (34), but we might just as well have used the third. This equation 

gives : 
p% — Gu oo = 0, (k = 1, 2, 3), 


pe ag gup =]. 
On integrating with respect to u we obtain® 
p) = ye, 
p = YP er + o f edu, 
‘where the functions y are functions of v alone, and are as yet arbitrary. 
The first equation of system (A1) gives 
CH) = yo + gy”, 
CO = pI F gy + g, f edu — f Ig du. 
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Then the second of equations (38) furnishes four values for y, and the first 
of system (A) furnishes four values for z. 
` We find that the y are solutions of 


‘ / 
by 

(41) za t n% + Vab = 0, 

and ¥ is a solution of 
d 

(42) Mt VW a1. : 


We denote the three Wronskians of the y™ by V“, so that, for instance, 
VO = YOYO — yoy, 
Then by variation of parameters we find 


(43) y9 = > (f V®dy + oo ) yen, 


k=l 


Equation (41) should be compared with equation (31) which is satisfied by 
G, while the V‘ satisfy the Lagrange adjoint of (41), namely 


By dV f 
l (44) J T Pay t (V2—V3)V = 0. 


This equation is to be compared with (32), which is satisfied by F. 

We are able to express F and G in terms of the functions ¢ and py. 
In fact, F is a solution of (16) and (32), while G is a solution of (29) and (81), 
Now, reference to (87), (39), (41), and (44) shows that we have 


(45) F= 3 Vp, G= >> UOYD, 
k=l . k=l 


where the V and U™ are the Wronskians previously defined. 

Recalling then that f = — log F, g = — log G we can show that the 
values obtained for y by both methods of integrating system (A) reduce to 
the following: 


` 


Fy® = VOVO — VOVO, 
Fy® = U®V® — VOVO, 
(46) Fy® = YƏV® — yoyea, 


ty = >(f Udy + f VOdy + a ) y, 
k=l 
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The values for z, obtained by both methods, reduce to 


RO=, (b= 1,23) 


3 
124 = =f Udu + a + ce ) 2, 
k=1 « 


wuile the values for p reduce to 


Gp = yp, (k= 1, 2, 3), 


1p = > (J Udy + f V@®dy + ce ) p, 
k=l 


VII. GEOMETRICAL APPLICATIONS. 


We shall now proceed to apply formulas (46), which were obtained by 
integrating system (A). These formulas give the coördinates of an arbitrary 
point P, on the most general surface S, which has the property that the 
axis curves of the parametric conjugate net are indeterminate. 

Let us first deduce the equation of the plane tangent to S, at P,. This 
plane is determined by the three points y, yu, and yy, and when its equation 
is found in the ordinary way, it turns out to be 


3 » 
(47) 4 = > ( | Udu + f VOdo Pes). 
k=1 « 


This equation has the same form as the last of (46). As is well known, this 
plane osculates at P, the curve u = const. through P, on the cone Sp, 
and also osculates at P, the curve v = const. through P, on the cone S,. 
The two families of curves, u = const. on Sp, and v = const. on Sz, may 
then be said to have the same set of osculating planes, namely the set of 
tangent planes of Sy. 

If we differentiate equation (47) with respect to u, we obtain 


3 
(48) <7 a, = 0. 
k=l e 


This plane cuts the surface S, in the curve u = const. which passes through 
P,,, and moreover is tangent to the cone S, along the corresponding generator 
u = const. In the same way, we obtain by differentiating equation (47) 
with respect to 2, 
3 

(49) ~ Vx, = 0. 

o k=1 
This plane cuts S, in the curve v = const. which passes through P,, and is 
tangent to the cone S, along a generator » = const. 
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The functions U“ are the codrdinates of the enveloping plane of the 
cone Sz and the V“) are the codrdinates of the enveloping plane of Sp., 
Reference to equations (46) shows that the codrdinates of P, depend only 
on these six functions and the three arbitrary constants ec. So then, 
except for these three constants, the surface S, is determined when the 
cones S, and S, are given. 

Let us ga for a geometrical meaning for the constants c, To this 
end, letus consider the following projective transformation: 


e 
wr} = vı : ; 
wta = Ve > 
me 23 = . & 


? 
wry = Pag + aBer, + agr; + ay. 


This transformation is completely characterized by the property of leaving 
invariant the point (0, 0, 0, 1) and every stright line through this point. 
It therefore leaves P, and the cones S, and S, invariant. But it changes 
the surface S,, so that the first three codrdinates of P, remain the same as 
given by (46), while the fourth becomes . 


yO = D(f Umdut f vod p e 4 g® Jyo. 
k=l 

Therefore assigning various values to the constants mc) merely amounts 

to making projective transformations of the simple type (50). In other 

words, the surface S, is determined by the cones S, and S, up to a projective 

transformation of this type. 

We may now summarize our results. Let there be given two cones with 
a common vertex. Then there exists a three-parameter family of surfaces, 
each surface having the following properties: 

1. The tangent planes of the two cones cut the surface in a conjugate system. 

2. The axis curves of this system are indeterminate. 

3. The axis of every point or the surface, defined with reference to this 
system, passes through the common vertex of the given cones. Moreover, the 
family of surfaces has the property that any surface of it may be obtained from 
any other surface of it by means of the projective transformation that leaves 
invariant the common vertex of the two given cones and also every line ‘through 
` this point. 


VII. A SpecraL Case. 


We have assumed throughout this work that gufu + 0. The fifth 
integrability condition, when ¢’ = 0 and Sy, is nondegenerate, shows that . 
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fue = 0 if, and only if, S- degenerates into a curve. This curve would be 

a straight line, since S; is also a developable. By analogy, gu = 0 if, 
and only if, S, reduces to a straight line. Now it happens here, as it 
often does happen, that the essential results of the investigation are true 
independently of certain restricting hypotheses used in deriving them. For 
example, equations (46) are valid, even if one or both of the two cones do 
reduce to straight lines. 

Let us now specialize the six functions and three constants appearing 
in (46) so as to obtain a very simple surface which has on it a conjugate 
system with indeterminate axis curves. In the last of equations (46) we 
shall take the lower limit of integration to be zero both for u and for v. 
Then we shall take 


y2 = 


U® = — 1, 0, U9 = u, 
VO=u 0, VƏ®=-—-1], Fë= 2, 
co = 0, c= Q, ce) = — 4. 


In this way equations (46) reduce to 
FyY®=-u  FyY®=-2, Fy =—1, 
ee Fy® = zhe + + 1). 
Let us introduce nonhomogeneous codrdinates by the equations 
e= yy, y= yy, z= yP’. 
Then from (51) we obtain . 


2u 2v l 2 


2 = — r =~ aÁ 
2) @=— pep YTTRAT 








Eliminating the parameters u and v, we obtain 

(53) e+y+t eH. 

At the same time equations (48) and (49) reduce to 
. v= Uz, Yy = w, 


Therefore, the unit sphere, tangent to the æy-plane at the origin, is a 
surfacé on which there exists a conjugate system with indeterminate axis 
curves. The pencil of planes through the a-axis cuts the sphere in the 
curves » = const., and the pencil of planes through the y-axis cuts the sphere 
in the curves u = const. The cones S, and S, are simply these two co- 
ordinate axes. And the axis of every point on the sphere passes through 
the origin. 
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The generalization to quadric’ surfaces is immediate. At any point P 
on any quadric surface select any two tangent lines separating harmonically 
the two generators through P. Wath each of these tangents as axis, construct a . 
pencil of planes. The planes of these two pencils cut the quadric in two one- 

. parameter families of plane curves which constitute a conjugate system with 
indeterminate axis curves. . The axis of every point on the quadric, defined 
with reference to this system, passes through P. . š 
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BOUNDARY VALUE AND EXPANSION PROBLEMS: ALGEBRAIC 
BASIS OF THE THEORY.* 


By R. D. CARMICHAEL. 


1. Introduction.—Linear problems in various forms have been central 
in the evelopment of extensive chapters of mathematical analysis. Many 
of the profound phenomena of nature are subject to laws whose expression 
in mathematical form gives rise to fundamental linear problems of several 
kinds. Logically the simplest and historically the first to be treated in 
detail of theslinear problems of pure mathematics are those having to do 
with.systems of linear algebraic equations. And these hold the place of 
greatest importance both on account of their simplicity and complete 
development and on account of their suggestiveness in other linear problems. 
- In fact it is true that a wide and important range of transcendental linear 
problems emerge from a direct consideration of the natural limiting cases 
of algebraic systems under the guidance of current problems of transcen- 
_ dental analysis. 

The deep-lying connection between algebraic and transcendental prob- 
lems of linear character has often afforded a useful help in the investigation - 
of the latter, particularly in the case of integral equations. The object of 
-© the present investigation (of which the first portion is here presented) is to 
treat a considerable range of transcendental boundary value and expansion 
_ problems in close connection with certain algebraic problems of which they 

are the limiting cases. 

It is necessary first of all to formulate and solve the E problems 
with special reference to theirt use as a heuristic guide in discovering truths 
and their proofs for the limiting cases which are matters of prime interest. 
From the outset classic theorems for certain transcendental cases throw a 
light back upon the algebraic questions anceare of great value in formulating 
and in solving the-algebraic problems. Thus we have from the outset a 
valuable interaction between the algebraic problems on the one hand and 
the transcendental problems on the other. The great intimacy of this 
interaction becomes increasingly apparent as the investigation proceeds. 

In ‘his researches on integral equations, integro-differential equations, 
functions of lines, and permutable functions, Volterrat has made frequent 

* Presented to the American Mathematical Society, April, 1920. 
f See his “Le cours sur les équations intégrales et les équations intégro-différentielles,” 


1918, where an exposition of his work is given with references to his earlier memoirs. 
: : 69 
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and consistent use of the guide to the transcendental problems afforded by 
looking upon them as limiting cases of algebraic problems. . This seems 
to be the first instance of the systematic and profound use of the principle 
of guidance which in a modified or extended form is made to lead the way 
in our study of boundary value and expansion problems. The same 
general principle served Fredholm* as a heuristic guide in his fundamental 
memoir on integral equations; and Hilbert} carried through the limiting 
processes which served Fredholm merely as a guide and deduced his results 
as limiting cases of algebraic propositions when the number of vagiables 
becomes infinite. 

Though the guide to transcendental problems afforded by the DEn 
of algebraic equations has attracted the greatest attention in the field of 
integral equations and the closely related matters, it was not here that the 
method was first employed heuristically. It is indeed the unpublished 
method which Sturm employed in his fundamental researches on differential 
equations of the second order. The differential equation with boundary 
conditions may be looked upon as the limiting case of a corresponding 
diference equation with boundary conditions, the latter being but an 
abbreviated form of a certain restricted system of algebraic equations. 
The passage to the limit from the difference equation to the differential 
equation may be carried through rigorously in the case of several boundary 
value problems, as was shown by Porter in 1902 (more than two years before 
Hilbert took a similar step for integral equations).t 

An examination of the previous study of differential equations from the 
point of view in consideration brings out the fact that a given differential 
equation with boundary conditions may be realized in an infinite number 
of ways as a limiting form of algebraic systems. The investigator must 
therefore exercise care in choosing that algebraic system of which a maximum 
number of properties persist if he is to obtain the greatest advantage 
from the interaction of the two problems. The results in § 6 of the present 
paper were suggested by classic theorems for differential equations; success 
in arriving at them required first the choice of a particular form of algebraic 
system to yield the differential equation and the generalization of this form 
so as to maintain the requisite characteristics. The scaffolding by whica 
the results were discovered has not been reproduced in the section. 

Similarly, one may look upon partial differential equations, integro- 








* Acla Mathematica, 27 (1903): 365. 

t Gottingen Nachrichten, 1904, p. 49. 

į For references and a fuller discussion of iaitérs referred to in this Satereon the ` 
reader may consult Bécher’s lecture before the Fifth International Congress of Mathe- 
maticians and his “Les méthodes de Sturm.” 
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differential equations, and various types of mixed equations, each as a 
limiting form of appropriate algebraic systems. Moreover, one may con- 
sider sets of algebraic systems and their limiting forms of such sort as to 
furnish guidance in the study of systems consisting of differential equations, 
difference equations, integral equations, and so forth, and any one of many 
combinations of thesz. The algebraic theory developed in the present 
paper is of such sort as to furnish guidance in the investigation of boundary 
value and expansion problems associated with each of these various types 
of equations and systems, as I shall make clear in later papers recording 
the results of the presant general investigation. . 

The matter developed in this paper may be outlined as follows: In § 2 
are recorded preliminery considerations relative to sets of adjoint algebraic 
systems involving a finite number of parameters subject to determination 
so as to render the systems consistent. The conjugate character of the 
solutions of these syszems is treated in § 3 and properties are established 
similar to those of ortaogonality and biorthogonality in the theory of func- 
tions. These results are applied in §4 in deriving the ‘expansions’ of 
sets of constants in terms of conjugate sets. A certain graphic representa- 
tion of solutions is defined and analyzed in §5 and is employed in §6 in 
deriving and extendirg certain theorems analogous to the Sturmian zero 
separation theorems for linear differential equations of the second order. 
In §7 there is a discussion of the general character of a fundamental 
limiting operation (which is to be employed frequently in analyzing the 
transcendental problems which are the goal of the investigation); and in 
§ 8 a second type of limiting case is briefly treated. Variation of parameters 
and Green’s functions for algebraic systems are the topics discussed in § 9- 
Finally, in § 10, a method is given for the condensation of the algebraic 
expansions of § 4 into contour integrals, the methods and the results being . 
analogous to those which Birkhoff (see reference in §.10) has developed for 
a certain class of differential systems. ; 

2. Adjoint Algebraic Systems.—Among the natural ways of introducing 
the so-called adjoint algebraic system in çonnection with a given algebraic 
system is one which is intimately related to the usual method of introducing 
the adjoint differentiel expression in connection with a given differential 
expression. We recall that the differential expression M(v) which is adjoint 
to a given homogeneous linear differential expression L(u) is gotten by 
seeking a v such that an indefinite integral of vL(u) can be written as a 
homogeneous linear differential expression in u of order one lower than 
that of L(u). Following up the analogy and employing a sum as to 7 in 
place of the integral used in the case of differential expressions, we are led to 
seek the conditions on y1, Y2 **', Yn such that for given æy the coefficients 
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Bs; exist of such sort that we have 


5i Yi py Qijtj = È Bist 


i=l , 


for each k of the set 1, 2, -++,n. We see w we must have 
> aixi =0 
for every k. Thus with the fest, of the two sets of linear forms . 
> Qijtjs £ jY is i= 1,2, >n, 
į=1 j=l 3 


we are led to associate the second. If we start with the latter it is clear 
that we shall be led in the same way to the former. The two systems of 
forms are said to be adjoint each to the other. 

As an analogue of the classic Lagrange identity [involving vL(u) 
— uM(v)] in the theory of adjoint differential expressions, we have the 
readily verified identity 


kid 


n n 
2 l Yi 2 Qij; — z Lavan | = 0, 
i=l j=l j=l 


which will be found to serve us in a fundamental way as a guide to the 
method of approach to numerous problems. 

Let us now consider the r homogeneous linear algebraic systems in the 
unknown quantities 2, 


(1) > (aoni + Mtini + Atari H eee Array) Ung = 9, t= 1,2, +++, nhs 
j= 


a separate system being formed for each value h of the set 1, 2, +++, r. 
Here Au, Az, «++, Ar are r parameters by the choice of which the simultaneous 
consistency of the r systems is sto be secured. With these systems let us 
associate the adjoint systems 


(2) 2 (aorji + Mainzi F Atri H + F Nrtrnji) Ya = 0, T= 1, 2, +--+, nr 
A necessary and sufficient condition that each of the r ‘systems in (1) 

shall. have solutions not identically zero is that each of the equations 

(3) [aonig + Marny +++ + Nti) = 0, h= 1, 2,--+,7 


` shall be satisfied, where for a given value of h the first number is a deter- 
minant of order n, whose element in ith row and jth column is that which 
is written out explicitly. Obviously we have the same necessary and 
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sufficient condition that each of the r systems in (2) shall have solutions 
not identically zero. 

A set of (finite) values of M, M2, +-+, A, for which (1) [(2) ] has for each 
h a solution not identically zero will be called a set of characteristic values 
for (1) [(2)]. We have just seen that (1) and (2) have the same sets of 
characteristic values, since the sets of characteristic values are the (finite) 
solutions of system (3) considered as a system of equations for determining ` 
An Ag tty Ae 

We shall suppose that the coefficients a are of such sort that each of the 
exparfied determinants in (3) has explicitly present at least one of the 
parameters A. Then system (8) is a set of algebraic equations r in number 
and involving r unknown quantities. We assume furthermore that the 
coefficients a are such that these r relations are independent in such wise 
that we have only a finite number of sets of characteristic values. 

These sets of characteristic values we shall then denote by 


N 
AP, rp, aaa | rn? 


for varying values of p, the two ordered sets being distinct for two distinct 
values of p. The corresponding solutions of (1) and (2) we shall then denote 
by 

(4) R aff, YE j = 1,2, +++, nh, h= 1, 2,» 


3. Conjugate Character of the Solutions of (1) and (2). With the notation 
adopted in the preceding section for solutions of (1) and (2) we have relations 
which may be written in the form 


Ah 

(5) > (aonig + NPr + +++ + AP arnih = t= 1,2, +++, ma, 
j= 
nh 

(6) »» (Gongs + Parag + +++ + MP arm Y 


+ ap 3 AD — Naani =0, i=1,2, e, nr 
systems being formed for each value 4 of the set 1, 2, +--+, r. For fixed h 
and.i let us multiply the former of these equations member by member 
by 45 and the latter by — 2‘, and let us then add the two resulting equa- 
tions member by member. Still holding h fixed in the relation so obtained, 
sum as to i from 1 to n}. That part of the first member of the resulting 
equation which comes from the first member of (5) and the first line of the 
first member of (6) balances to zero’ and we have a relation which may 
readily be reduced to the form 


r ny, Na 
D LOP- AW) DY aus =0, k=l, 
$= ze = 
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Here we have r equations involving the r quantities N° — ®, s = 1, 2, 

r, these being not simultaneously zero when p and ç are different. 

Hence the determinant of the coefficients of these quantities in (7) must 

have the value zero. If we employ different summation variables i and 7 

for the different rows in this determinant, the relation may be put in the 
form 


na Ph 
( 
D aara R] = 0, p + T, 
inr=l jamt 


where the element written explicitly is that in the sth column and the Ath 
row. Itis easy to see that this relation may be put into the following more 
ccnvenient form: 


a n Ny 
(8) 2 2 S > Dan. sa LL a = 0, p F T, 
hsl j= 


ipl j=l 


where D,,;,...43, denotes the determinant 


Mihi Aahh tt Arihi 

Det voce = | Th “Agnia ** Orjat 
Qa trle 

Qirji, Arji," * Uerj.i, 


This relation for varying p and a, expresses the fundamental conjugate 
character of the solutions of (1) and (2) with respect to each other. 

In (8) let the Ay, ---, A, be replaced by the set of characteristic values 
xP, +++, MP. For a given h let a, denote the cofactor of the element in 
the ith row and jth column of the determinant in the resulting first member. 
Then, if for each k some one of these cofactors is different from zero, we 


have a relation of the form 


(p) (P) enaa + p m Afr) D ee = 
Ui iti | 2 Un, T Oi $ Oia 2 > Okin" 
Similarly, we have ' . 
ys ee eee M = n (M soy. (p) 
P: yR: ‘ia, = Oy 1 Otay ` i ns, 


Employing & and n as the (necessarily non-zero) factors of proportionality, 
we have 


(P) — <p) (oe) — (p) 
te = Eriw Yir Niy 


If we denote the first member of (8) by S(p, e) we have then | 


S(p, P) 
(9) Il -5 ae > 2 Daju trir I off? Os 
dt Exh 
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Now the second’member of (4) depends only on the coefficients in equa- 
tions (1) and (2). If ʻi and j exist so that this second member is different 
from zero we have S(p, p) + 0. 

Since we shall be interested in these algebraic results primarily for their 
use as a heuristic guide in certain transcendental problems we shall naturally 
exclude from consideration such exceptional cases as are complicated or 
otherwise fail to serve our purpose. ‘Consequently we shall suppose now 
and usually henceforth that the coefficients of (1) and (2) are of such character 
that the second member of (9) is different from zero for every p. Then we have 
the following result: 

The first member of (8) is equal to zero when p + o and is different from 
zero when p = o. 

In the special case in which (1) is self od joe and the z’s and the y’s, 
for a given p, are taken to be the same, it is clear that the condition that all 
determinants in (8) shall have the same sign (excluding therefore zero values) 
is a sufficient condition for the non-vanishing of the first member of (8) 
when p = «a. 

In order to bring out clearly the nature of the conditions of conjugacy 
which we have just established let us consider the special case in which 
r= 1. Systems (1) and (2) may then be conveniently written in the form 


(10) È (atib, Di (Ge + Mbyyy= 0, isl, 0+ 
j=1 > j= i : 
The conditions of conjugacy reduce to 


te) | = Oifo + p, 
(11) . eee) ee” 
If we have the more special case in which ba = bi bi; = 0 if 7 + 4, these 
conditions become 
(12) Etap wl 6 oit 3 a s 
When b; = 1 for every 7 these become RT the usual conditions of bi- 
orthogonality; and these in turn reduce te the usual conditions of orthogon- 
ality in case the two systems in (10) are identical and the same solutions 
x and yý are taken for the two systems. From this it is seen that our formule 
give extensive generalizations of classic elementary relations of wide use- 
fulness. 

Let us consider a special case of equations (1) and (2) giving a rather 
simple generalization of the results in the preceding paragraph. Let us 
suppose that each system in (1) contains but a single parameter, say that A, 
is the only parameter in the system for a given value of h. Then the r 
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equations (3) involve each a single one of the r paranfeters M, ---, Ar, SO 
that the possible values of any given parameter are obtained by solving a 
single equation explicitly given. All possible combinations of solutions 
are allowable in forming the various sets of characteristic values. The 
determinants in (8) reduce in the present case to their diagonal elements, 
so that we have for this case the simpler conditions of conjugacy 


= Oif ; 
(13) 5 + > 5 (Danset) +0 A : T A 


ù=] j=l i=l jal 


If for a given subscript k no characteristic value of Ax is equal tù zero 
we may divide systems (1) and (2) by Ax and so introduce a new set of -r 
parameters 1/A,, M/A for 7 + k. These enter linearly and in the same 
way as the original parameters. It is easy to see that the solutions a and 
y are the same as before. Consequently we have new sets of relations 
similar to (8) and (18) and differing from them only in having arhi Te- 
placed throughout by aoai;. 

4. Expansions by Use of Conjugate Sets—Let m be the number of sets 
of characteristic values of M, ---, A, and let us suppose that the constants 
Zai., for in varying from 1 to n, for each h may be “expanded” in the form 


(14) Rizigeei, = È chat, ea ee 


where the c; are independent of the subscripts ŭa. Then the properties of 
conjugacy developed in § 3 are available for an immediate determination 
of the values of the ¢,—much after the manner of determining the coeffi- 
cients of a Fourier expansion. For this purpose we multiply both sides of 
equation (14) by yf} -y$ times the determinant D,,,,...:;, explicitly 
written in connection with (8) and in the resulting equation sum as to the 
-a4and the j. In view of the conditions of conjugacy the resulting quantity 
in the second member depends on only one of the constants cx, namely c; 
and we then have 


r 





(15) c = n A fe 
E a wet Alf.) 
i=l pe i=l j=l 


It is easy to obtain broad sufficient conditions for the validity of the 
“expansion” (14) for any given set 2i,i,...1, Of mime +++ my constants. We 
suppose that m = nın: +--+ n, so that the number of distinct solutions of (3) 
is equal to the product of the degrees of the several equations in that system. 
If then we look upon (14) as a system of m equations for determining 
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junction of n points in our figure, one on each of the axes, the ith one being 
on the ith axis and at a distance |2;| from the original segment and above 
it or below it according as w is positive or negative. Now join by straight 
line segments the point on each interior axis to the points on the two adja- 
cent axes. We thus obtain a broken line. We shall say that this broken 
line is the graphic representation" of the point (urus +--+ Un) in n dimen- 
sions or of the set of constants U1, Uz, -+-, Un. The points at which (values 
of s for which) this broken line cuts the original line segment (viewed as the 
axis of s) we shall call the zeros of the set w; in analogy with the usual ter- 
minology for the zeros of a function u(s). 

Now let us suppose that the same set of axes is used for the representa- 
tion of the n sets z, k = 1, 2, ---, n, and the set z; of equation (16). . 
Let x (s), k = 1, 2, +++, n, and 263) denote the functions of the continuous 
variable s represented by the broken lines corresponding as indicated above 
to the foregoing sets of constants. Then we shall show that 


(20) 20) = È exe), 


where the constants c, have the same values as in (16). For this purpose 
it is sufficient to consider the graph between two consecutive vertical 
axes, say between the ith and the (i + 1)th. Let s; and s,,1 be the values 
of s at the intersections of these vertical axes with the s-axis. Then between 
the two vertical axes in consideration we have 
ms 3 $ (K) KS) O a 
a(s) = eb Bi zi), (e) = a eters ~ (ah — a’), 
O Sip si 
E = 1, 2, 


From these relations and from (16) with the subscripts 7 and z + 1 it follows 
that (20) is valid for the interval in consideration. Hence (20) is valid 
for all values of s on the range a = s = b of the original line segment. 

Let us consider the like matter for functions of two subscripts and 
expansions of the form (19). For the representation of uy for 1 = 1, 2, 
+++,p,and 7 = 1, 2, ---,», we shall start fyom v planes, one for each value of 
j. In each of these we use for e the same range a = s = b and place the 
planes in order 1, 2, ---, v for j each directly in front of the preceding one 
and arrange the vertical axes so that the axes in any one plane are.the ortho- 
gonal projections on that plane of the axes in any other plane. Then for 
fixed j we extend the u; to u (s) by linear interpolation as before. Then 
for each value of s we connect the points u;(s), j = 1, 2, +-+, v, by straight 


* Essentially the same graphic representation has been employed by M. B. Porter in 
Annals of Mathematics (2), 3 (1901), p. 56. 
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equations the relations 














c Um Ut Uk U 
(24) Ax = + Ani ; 
Um VI VE V 
and, in particular, the relations 
Uki Wee. Uk Wkyl 
Ak k+1 =A 1 2 k=1,2,---,n 
Urpi Bars k+l k+ Dk Vrp 3 3 as , 














Hence, if A; i+1 for a given range of consecutive values of the integer is 7 
of one sign (excluding the value zero), then the determinant w,, 


Uy Wit 








Wi = , 
Vi Vipi 
is of one sign for every 7 of the same range. It is obvious that this result 
also may be appropriately extended to the more general case mentioned in 
the preceding paragraph. . 

Let us now prove the following theorem: 

Suppose that Aj, 41 for a given range R of consecutive values of the 
integer t is of one sign (and hence not zero). Let k and lbe two integers of 
this range, and suppose that us and uzp are not of the same sign and that 
if either of them is zero it is ux (in which case uzp is certainly different from 
zero). Suppose again that u; and wz41 are not of the same sign, and that 
Lis the smallest value of the subscript greater than k for which this is so. 
Then an integer h exists, k = h S1, such that v, and vwy are not of the 
same sign. Moreover, there are not two such values of h except possibly 
for the pair h = k, h = l. 

The last statement follows readily from the preceding part of the 
paragraph; for, if it were not true, the earlier part of the theorem could 
be applied with u and v interchanged so as to show that the consecutive 
character of up and w is not maintained. 

For the given range R of values of 2 the determinant w; is of one sign, 
as we have already seen. Without loss of generality we may suppose that 
w; > 0, since if it were less than zero we should merely have to change the 
sign of every u; or of every v; Then we have 


Util > Uj4.104. 


Let us first consider the case in which up = 0. Then vz is of the opposite 
sign to Uz41. Without loss of generality in argument we may (and we will) 
take wx41 positive and v, negative. Then trp ---, u are all positive while 
u is zero or negative. If vis zero or negative we see from the inequality 
Udi. > Unt that vı is positive. Hence either a; or vı is positive. 
Hence there is a change of sign in the sequence Vr, 0411, +++, V141 SO that the 
statement in consideration is true for the case when us = 0. 
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If uz + 0 we may take it to be negative. Then r+ «--, uz are positive 
and um is zero or negative. From the inequality wyoiz1 > User, We see 
that if vz is positive then vp is negative and the truth of the statement in 
consideration is granted. It remains to consider the case when vz is nega- 
tive. Either the statement is verified or we have 0,11, ---, % all negative. 
In the latter case we see from the relation wi. > unm that the second 
member is zero or positive and hence that 2411s positive. Hence » and 
vy are of different signs and the statement is verified in this case. 

Thig completes the proof of the statement in consideration. 

Let us now consider the relative distribution of the zeros of the functions 
u(s) and »(s) gotten from the set of constants u; and v; by linear interpolation 
after the method of §5. As in the immediately preceding discussion we 
confine attention to a sequence of consecutive intervals corresponding to a 
range R of consecutive values of the subscript 2 for which As, ¿1 is of one 
sign. From the results just proved in the foregoing paragraphs it follows 
that there is a zero of v(s) between two consecutive zeros of u(s) except 
possibly for the case when the h of these paragraphs has the value k’or l. 

Let us consider the case when h = k. We have 


UkVk I > UE LAV, 


while vz}: and v; are not of the same sign and are not both zero. If u, = 0 
we have a case when »(s) has a zero between the two given consecutive 
zeros of u(s). Then consider the case when wu, + 0. Then ur and Urp 
are of different signs; and we may take the former to be negative and the 
latter positive without loss of generality in argument, and this we do. If 
in the interval joining the points corresponding to k and k + 1 the zero of 
o(s) is to the right of that of u(s) we have a zero of (s) between the two 
consecutive zeros of u(s). We then consider further the other case, namely, 
that in which the zero of v(s) in the interval in question is to the left of 
that of u(s). In this case v41 + 0. Ifv is positive we have 


eid De ea 

Weer Opp’ 
which is contrary to the present hypothesis that the zero of v(s) in the inter- 
val in question is to the left of that of u(s). Hence we must now have 
Yez1 negative. Then either o(s) vanishes between the two consecutive 
zeros of u(s) or v is negative. We consider the latter possibility. Now u: 
is positive. Hence from the relation uwus > urw we have 


Vii U1 
vr UL i 
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- From this and the fect that u: and un, are not of the same sign it follows 
readily that the zero of o(s) in the interval from / to l -+ 1 is to the left of 
that of u(s) in the interval, and hence in this case that a zero of o(s) occurs 
between two consecutive zeros of u(s). We have now exhausted all the 
possibilities for the case when 4 = k and have found that in this case a 
zero of o(s) certainly occurs between two consecutive zeros of u(s). 

The case when h = 1 may be treated in a similar way, with the, same 
conclusion. , 

From this it follows that there is ates at least one zero of o(s) between 
two consecutive zeros of u(s) on the interval in consideration. There can 
not be more than one; for, if so, the result could be applied with u and v 
interchanged so as tc lead to the conclusion that u(s) should have a zero 
between two consecutive zeros of the same function. 

The result thus obtained may be formulated into the following TEAN ; 


THEOREM. Let Aj, i1 for a given range R of consecutive values of the _, 


integer i be of one sign and let I denote the interval of the s-axis corresponding 
to this range of iin the cense of the treatment in'§ 5. Letu: and v; be two linearly 
independent solutions of system (22); and let these solutions be extended by the 
_method of linear interpolation employed in § 5 to the functions u(s) and o(s). 
Then on the interval I the zeros of u(s) and v(s) separate each other. 
Let us now consider more generally a system of equations 


(25) 2u Vij; = 0, i= l, 2, cee, Ny 


in the n + A unknown quantities 2, v2, ---, @nin, where h 2 2; and let 
us suppose that the matrix of this system is of rank n.’ The s system then 
has h linearly independent solutions; we designate such.a set by 

aP, a, +=, a0, 


Let D; be the determinant of order n of the square matrix gotten from 
the matrix of coefficients in (25) by striking out k consecutive columns 
beginning with the tth let R be a range of consecutive values of the subscript | 
i for which D; is of one sign (zerg values being excluded); and let Z denote 
the interval of the s-axis corresponding to this range of t in the sense of 
the treatment in § 5. 

Now let w; denote the determinant 


(l) sn 1 (1 mas Lp fl 

P fa ee af, rt fag? AP oo Aap 
Go | Pa o aa) m [PP abt) 

af of are Wy i a? Ag? . » Aly) 


` where A, A*, ---, A’, in the last form of the determinant, denote the bout 


- 
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second, ---, (k — 1)th differences of the x; with respect to the variable 7. . 
-It is obvious that the two forms of the determinant have the same value. 
Since D; is of one sign for í on R it follows from the earlier work in this 
section that w; is of one sign for ¢ on R. Let us consider the matrix of any 
m rows of the first [second] determinant form for w; in (26) and let 
Aimi Cimi], 7 = 1, 2, +++, Jm be all the m-rowed determinants formed from 
this matrix. Let Bimi[Dinj l,j = 1, 2, +++, jm, be the corresponding alge- 
braic complements. By means of the Laplace development for determi- 
nants gve then have _ ; 3 
$ Im Ím 
(27). wi = 2 Aims Bis = 2 CimiD imj. 
Suppose that k is a value of ¢ on the range R such that Bim; [Dimi] is 
of one sign or zero for each j of the set j = 1, 2, ---, jm; and suppose that 


Lis a value of ¿ dlso on R for which these quantites are of the opposite sign - 


_or zero. Then, since w;is of one sign for i on R, it can not be true that all 
of the quantities A imj, Aims LC rmi, Cim] are of one sign for the fixed value 
of m and for j varying over its whole range or indeed over just that part 
of its range for which the corresponding Bim; or Bimi LD km; or Dimj | has.a 
value different from zero. 

‘In particular, if Bim; and Bim; [Dim and Dimj] both have the value 
zero except for a single value p of j and for this value have different signs, 
then Aig, and Aim, [Cum) and Cim,| have opposite signs. Hence the 
function Asm, [Comp] obtained from Aime CCimp] by linear interpolation as in 
§ 5 has a zero on that part of the s-axis which corresponds to the range of 4 
from % to J inclusive. 

Let us now consider the first determinant in (26) for the case when m is 

‘unity and the one row singled out is the last one. Then the Ans, for 
varying j, are the elements of the last row of the determinant and the By; 
are. their cofactors. If for i = k these cofactors are of one sign or zero and 
for 7 = | are of the opposite sign or zero, where k and l are both on the 

` range R of i, then not all of the quantities 2, 21, ---, e.21 are of one 

sign. Hence if we form the function z(s) by ‘linear interpolation from 
x this function 2(s) has at least one zero in the interval corresponding 
to the range of «from k to l+ h — 1. Thus for the cases when our results 

apply we are able by means of h — 1 linearly independent solutions of (25) 

to define an interval for 7 and a corresponding interval on the s-axis such. 

that every solution 2¥) of (25) which is linearly independent of the first 

h — 1 solutions gives rise by linear interpolation to a function a (s) which 

vanishes on the interval of the s-axis in question. It will be observed that 

this result is a direct generalization of a portion of that obtained above for 

‘the case e when h= 2. 
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Let us consider the second determinant in (26) for the case when m 
is unity and the one row singled out is the last one. Then the Ca; for 
varying j, are the elements of the last row and the Dj; are their cofactors. 
If the latter for i = k are of one sign or zero and for t = Lare of the opposite 
sign or zero, where & and / are values of 7 on the range R, then the quantities 
2, Aa, ---, Ag, for the two values k and | of 2, can not all be of the 
same sign. In particular, if they are all positive for i = k, then one at least 
of them must fail to be positive at 7 = l; so that at least one of them changes 
sign or becomes zero in the interval in question. 

We may look upon the modification of the first determinant in (26) to 
produce the second as a single instance of a great variety of transformations 
of that first determinant, each being made by replacing columns in that 
determinant by various linear homogeneous combinations of columns (the 
coefficients being constants or functions of 7) in such wise that the non- 
‘vanishing of w; on a range R implies the non-vanishing of the modified deter- 
minant w; on the same range R. For every such w; we may obtain a se- 
quence of theorems of the sort just brought to light in the treatment of the 
two forms given in (26). Such properties as are thus indicated will be 
useful to us later in the study of certain transcendental problems which are 
limiting cases of the algebraic problems now in consideration. 

Solutions of (25), ror a given value of h > 2, may also be studied by 
means of similar systems for a smaller value of h, this smaller value of h 
being not less than 2. For this purpose we adjoin to (25) one or more 
additional equations in the same unknown quantities, these equations being 
linearly independent of each other and of those in (25). In particular, the 
system may thus be replaced by a new system of the same form but with 
only two linearly independent solutions. The foregoing results for such a 
system, when applied to this, yield properties of those solutions of (25) 
which satisfy the auxiliary conditions, the latter being somewhat analogous 
to boundary conditions for differential equations. A considerable hold 
can thus be gotten on « class of solutions of (25). This obvious remark will 
serve a useful heuristic purpose in studying certain properties of differential 
equations with boundary conditions. 

In this section we have confined ourselves principally to that part of the 
range of ¢ for which D;is of one sign. We propose the problem of investigat- 

‘ing the matter for the whole range of 2 from 1 to n and thus of associating the 
zeros of D; and of certain combinations of the solutions of (25) for the whole 
range of 2 from 1 to n. 

7. General Character of a Fundamental Limiting Operation.—It is: well 
known, as we have already pointed out more fully, that several important 
types of functional equations, such as linear differential equations, linear 


i 
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integral equations, ete., can be exhibited as limiting cases of algebraic 
systems. In a large range of limiting cases the conjugate character of the 
solutions of (1) and (2) which we have discussed in § 3 and the expansion by 
use of conjugate sets treated in § 4 are carried over to the limiting problems 
in such a way as to afford a definite suggestion of properties to be expected 
and of methods of analysis for examining them. We shall now consider 
the general character of the limiting operation in question with reference 
to the properties just indicated. 

The graphic representations employed in $5 afford a starting-point. 
Let us take a fixed interval a = s = b of the real s-axis and let us associate 
with certain points of this interval the discrete values of ¢ and 7 in equations 
(1) and (2). For the Ath equation in either system we take on (ab) a set of 
points n» in number including the points a and b; and we interpolate Xaj 
into a function 2,(s) by linear interpolation as in § 5. Similarly, a function 
Gxnij is interpolated into a function az,(s, t) by a method also described in § 5. 
Equations (1) and (2) may now be looked upon as establishing relations 
among the functional values of these functions of s and t at certain points 
only of the axes of s and t; and so of defining the solution functions at these 
points and these alone, their definitions being completed by the method of 
interpolation agreed upon. 

The limiting processes described consist essentially in this: let the various 
numbers n, (or at least a part of them) increase indefinitely; and as they 
increase let the functions x,(s) pass through a corresponding sequence of 
changes. Various limiting processes are thus set up in the original equations 
and in their solutions. If these lead to replacing the original equations by 
well-defined equations and their solutions by well-defined functions, we 
have in the process a suggestion of a heuristic guide to probable solutions 
of the limiting problems and to certain probable fundamental properties 
of these. . As we proceed it will be seen that this guide has great usefulness 
in a considerable range of problems. 

We shall usually require that the distribution of basie points on the 
interval (ab) of the s-axis shall undergo change in such wise that the maxi- 
mum distance between two consecutive points shall approach zero as na 
becomes infinite. This suggests that the sum as to j in (1) and (2) may 
sometimes be replaced by an integral as to ¢ from a to b; and, when this is 
to be done, it is desirable that the coefficients aza; shall be replaced each by 
a product one factor of which is to correspond to the differential in the 
limiting case. [If the basis points on the s-axis (or f-axis) are equally 
spaced one may introduce this needed factor simply by multiplying the 
equation through by As (or At), the distance between two consecutive basic 
points. This is perhaps the easiest way to make the modification in ques- 


-” 
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tion. | In fact such a form has frequently been employed in setting up a 
limiting process to guide one to the theory of integral equations, first by ` 
Volterra and later by others. In numerous ways (of which that just men- 
tioned is one of the most important) one may subject the coefficients in 
(1) and (2) to subsidiary conditions such that the limiting process in con- 
sideration shall lead to desired forms of functional equations as limiting 
cases, whether differential equations or integral equations or equations of 
other type. 

The several systems in a single set of systems (1) or (2) are indepgndent 
of each other in such wise that the limiting processes may be applied to 
each with a certain measure of independence of the others, so that we might 
have for instance an ordinary differential equation and an integral equation 
to make up the limiting system of two equations for the case of two param- 
eters \. Numerous other combinations are logically possible; and several 
of them are interesting for the results to which they give rise. In a second 
paper we shall give a precise characterization of several problems to which 
we are led in carrying out the limiting operation in a variety of ways or 
combinations of ways. 

It remains here to note certain characteristic results for the finite case 
which persist (in modified form of course) in a great variety of limiting cases. 

The property of ccnjugacy expressed by the equations of system (8) is 
an important one which persists after certain of the limiting processes just 
indicated have been carried out. It takes a large number of forms owing 
to the great variety of ways in which the limiting process may be set up. 
One of the simplest and at the same time most useful of these is that in 
which the determinant D,,;,...4, in (8) becomes a function D(s1, t, +--+, 
Sr, t) and the summation in (8) is replaced by an integration, the algebraic 
system having first been taken in a form which is convenient for passing 
to the limit in a manner to realize such a result. The property of conjugacy 
may then be expressed by the relations 


: b b b r 
(28) f f e f Dsus ty, 5, Sry te)» [Xs ya) -dsidty- - -ds,dt,= 0, 
ava a e A=1 
p Fo. 


For a wide range of cases we have in the limiting problem an infinite 
number of sets of characteristic values for the parameters \ and hence an 
infinite number of sets of functions 29s), y(t), h = 1, -+-, r, for varying 
p, for which relation (28) is valid. 

One of the most frequently occurring and important special cases of 
(28) is that which corresponds to equation (12), namely, 


t 


b 
S Ods =o oto 
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When we proceed in the second paper to certain important instances 
of the theory here sketched roughly in a general sort of way we shall find 
that equations essentially like (28) or special cases of it appear in a great 
variety of forms; but a little examination of each system will show that 
its equations arise in a natural way as limiting cases of the equations in 
(8) and that one is led to them by the guide afforded by the general con- 
siderations barely outlined here. 

Now if the repeated integral in the first member of (28) has a value 
different from zero when p = ø (a condition which is realized in a wide 
range of important cases, as we shall see) and if a function f(s, 8, -+-, $r) 
has an expansion of the form 


W 
Flen 825 +++, 3) = D cpa P (e1) P (s2) o P(S), 
p= 


where the c, are constants and the values of p correspond to the various 
sets of characteristic values of the parameters A, then the coefficients c, 
are readily found by a method analogous to that by which the Fourier 
coefficients for a function are found; and we have in fact 


f f f f(s, Sa, ett $r)D(s1, his t3 Sry tr y(t) y¥ (te) 
y?(t)dsidty -« * + derdi, 


Sf fo f Dls, hy, tet, Sry ty) + Tse (en)ule): dsydty r - ds,dt, 


In each instance of our theory this formal expansion or the requisite modi- 
fication of it is used to set the basic expansion problem associated with the 
instance in consideration. 

In the foregoing discussion the number of variables in the function f to 
be expanded is equal to the number of parameters in the algebraic problem 
from which we passed to the transcendental problem. This correspondence 
is not essential to the nature of the process involved. The desired extension 
can best be brought out by starting from the particular expansion (19). 
We may carry out our method of linear interpolation as at the close of § 5 
and obtain the expansion (21). If now we proceed to the limiting case in 
‘such wise that u and v simultaneously approach infinity and if we require 
that the distribution of axis points on the s-axis and the t-axis shall have the 
usual property of condensation and if the number of distinct characteristic 
values approaches infinity during the process, we shall be led heuristically 
to an expansion of the form 


f(s, t) = a cpa (s, i), 
i kmal 
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where the 2’s are now solutions of the limiting problem. It is easy to see 
that the properties of conjugacy are maintained (under appropriate circum- 
stances) and that formule are therefore easily found for the values of the cz. 
We do not attempt to investigate in general the range of validity of these 
results. We shall later find in them a useful heuristic guide to problems in 
partial differential equations; and for the cases involved in such applica- 
tions we shall analyze the matter of range of validity. 

In a similar way we may obtain numerous modifications of the foregoing 
expansion of f(s1, 82, ---, sa) by starting from the modifications of equations 
(14) suggested by the method of the preceding paragraph for the simplest 
special case and proceeding in a similar manner. 

Another method of proceeding from (19) to a limiting case will be very 
useful to us in dealing with a system of ordinary linear differential equations. 
In this method we suppose that the passage to the limit is effected in such 
way that u remains fixed so that 2 is always a discrete variable ranging 
over the finite set 1, 2, ---, u, while » becomes infinite and the variable j 
passes in our usual way to the continuous variable s in the limiting equation. 
Then expansion a passes over into the form 


E = D cre), i= 1,2, -+4 
k=1 


a form which may be looked upon as affording the simultaneous expansion 
of u given functions f;(s) of a continuous variable s in terms of u sets of 
functions 2;(s), the coefficients c being the same in each of the two expan- 
sions.* Obviously, numerous more general forms of like expansions of 
systems of functions of one or more variables may be obtained by passing 
from the general relation (14) to limiting cases in the various ways suffi- 
ciently suggested in the foregoing instances. 

The details of the matters suggested in the three preceding paragraphs 
will be developed only in connection with the instances of certain tran- 
scendental problems to which they afford the requisite guide. 

It is doubtless true that many other properties of the algebraic systems 
can be carried over to certain of the important limiting cases. In fact 
certain of the zero separation theorems of § 6 can be utilized to suggest like 
theorems for the solutions of certain transcendental problems. Moreover, 
the interaction of the two types of problems may well be made to work 
in both directions. A part of the results in § 6 were indeed suggested by 
classic properties of the solutions of linear differential equations of the 

* A special case of expansions of this sort first came to my attention in the dissertation 


of Dr. C. C. Camp (a manuscript copy of which he was kind enough to lend me); and the 
suggestion afforded by it has been very useful to me in the present investigation. 
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second order. Onée in hand for the simpler cases these results were easily 
extended to other cases of algebraic systems and then afforded a new guide 
to certain related transcendental problems. There is thus a repeated 
mutual reaction between the two types of problems which is useful in the 
development of the theory of each. 

8. A Second Type of Limiting Case.—Let us now consider the r homo- 
geneous linear systems in the infinite number of unknown quantities 2, 


(29) 2 (Gonig E Maing ot + H Nrltrhij tn = 0, 4=1,2,3, ++, 
j= . i 


a separate system being formed for each value h of the set 1, 2, ---, r. 
With these systems let us associate the r adjoint systems 


8 
(30) 3 (Gongs + Maini tH +++ + Narniya = 0 il, 2p, o 

Here M, Ae, «++, Mr are r parameters by the choice of which the simul- 
taneous consistency of the r systems in either set is to be secured. For these 
infinite systems a great variety of possibilities may be realized by special 
methods of defining the coefficients a; and a comprehensive analysis of all 
mutual possibilities would require the examination of a great many cases. 
Consequently we shall confine our attention to a range of cases in which the 
theory may be set forth in the simplest manner. 

A set of values of M, ---, A- for which (29) [(30)] has a solution not 
identically zero will be called a set of characteristic values for (29) [.(30) ]. 
In the case of the finite problem of § 2 we saw that the sets of characteristic 
values for the two adjoint problems were identical. For the infinite case 
of this section we shall consider only those systems for which this property 
is maintained. It is clearly maintained in cases in which those character- 
istic values can be determined by determinantal equations analogous to 

` equations (3) of § 2. If this method of determining the sets of characteristic 
values is not suitable we may proceed as follows for a certain range of cases 
of equations (29) and (30); omit from each system r equations, one for each 
value of h; solve the remaining equatigns as non-homogeneous equations, 
after having assigned a value to one of the unknown quantities (an operation 
which can be carried out by known processes in a wide range of cases), and ` 
suppose that this solution is unique (as indeed it is in a wide range of known 
cases); now substitute into the equation omitted from each system the 
values of the unknown quantities so obtained; thus we have for system (29), 
and also for system (30), r equations involving the r parameters; their 
solutions give the sets of characteristic values. 

Now, we shall suppose that the sets of characteristic values, however 
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determined (whether by one of the methods indicated or by another), is 
denumerably infinite and we shall denote them and the a 


solutions by 
NP, ap, yP, p= 1,2 ay 3, OS 


Several of the properties developed for the corresponding algebraic problem 
are now readily carried over to these solutions of a limiting problem, at 
least in a formal way. Since our present interest in the general procedure 
arises from intended applications of it to relatively simple instances we 
shall not undertake an analysis of the range of validity of our results, but 
shall content ourselves with little more than an exhibition of the formal 
processes. 

If we proceed by a method in all respects similar to that employed in 
$ 3 and if we have before us a case in which the order of infinite summations 
may be interchanged in ways now needful in carrying out the same method, 
we come through to certain equations analogous to (8) and expressing the 
fundamental conjugate character of the solutions of (29) and (30), namely, 
the equations 


(81) 2 a r o> 2D Yj, + e MR = 0, P + T, 


i=l j= 


~ 


where Dzj;,.--¢3, 18 notationally the same determinant as that which is 
represented by this symbol in equation (8). 

. Following still the method of § 3 it would be possible to name conditions 
on the coefficients a which are sufficient to insure that the first member of 
(31) shall have a value different from zero when p = o. Since we have no 
need for the explicit form of these conditions we shall not take the space 
to derive them; we shall merely assume that we have before us a case in 
which the first member of (31) for p = ø is always different from zero. 

It is obvious that we have particularly simple forms of the conjugacy 
conditions (31) for cases corresponding to those involved in equations (11), 
(12), (18); and that we may have modifications of all of the conjugacy 
conditions analogous to those indicated briefly for the finite case in the 
paragraph following equation (13). 

We are now led to consider the problem of the expansion of a function 
Zizi +z, Of r discrete arguments, each on the range 1, 2, 3, ---, in terms of the 
solutions of one set of systems, the expansion being of the form 


(32) Heian = Dewalt a) +» of, 


where the coefficients c+ are independent of the variables ti, ---, te If the 
function z has an expansion of this form and if certain changes of order of 


- — 
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summation involved in the obvious process of reckoning are legitimate, we 
obtain readily for the coefficients c, the values 


a ao W r 
t3 
Fal 2 a pa 4 , Dijo tiiin i, LD vi, 
qs = y=l j= = 
(33) c; = > o > k=1,2,3, ©% 


æ% œ @ 2 tots 
2D 2 Dah- ii, LER 


The discussion associated with equations (17) and (18) affords sugges- 
tions for the formation of special cases or for modifying the form of expansion 
in (82) and (83). . 

Even in this transcendental case one may usefully employ a graphic 
representation of the sort described in § 5. One probably takes most natur- 
ally for an s-axis the real axis from 1 to infinity and erects perpendiculars 
at the points 1, 2, 3, --- on this axis, these perpendiculars to serve as the 
axes of coérdinates. One may then fill in the function by linear interpola- 
tion as in § 5 and so make a function of a continuous variable. One might 
conceivably carry out now a limiting process by which the number of 
perpendiculars in any finite stretch increases indefinitely and the greatest 
distance between two which are consecutive decreases to zero. One has a 
limiting case which may be employed to afford suggestions for dealing with 
differential equations of infinite order. Various modifications and exten- 
sions of this graphic representation are suggested by the foregoing treatment 
for the finite case, particularly that in § 7; but we shall not now pursue the 
matter further. ` 

Besides the generalization of the problem associated with (1) and (2) 
to that associated with (29) and (30) one might treat also that in which the 
number of parameters \ becomes infinite while the number of a’s and hence 
of y’s remains finite or that in which the number of Ns and the number of 
vs and y’s simultaneously become infinite; but it appears unlikely that 
such generalizations will be as useful as that which is indicated in the fore- 
going paragraphs. ; 

A rather important problem, upon the resolution of which we shall not 
enter, may be suggested here, namely, the problem of the relative distribu- 
tion of the zeros of linearly interpolated golutions of infinite systems. 

9. Variation of Parameters and Green’s Functions for Algebraic Systems. 
—Let us consider a system of n non-homogeneous linear algebraic equations 


ath 
(34) 2 diju; = bi, t= 1; 2, vey Ny, 
j= 





and the corresponding homogeneous system 
nth 


_(35) >, aie; = 0, 4=1,2,---,n, 
g=l 
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each in n -+ h unknown quantities, h being a positive integer, and let us 
suppose that the rank of the matrix {|a,;|| is n. ; 

In what follows next we shall assume that the notation is chosen so 
that the determinant of the square matrix made up of the first n columns 
of ||a:;|| has a value different from zero. If the equations in each system 
are taken.in a suitable order (and we shall suppose them to be so written 
already) it is obviously possible to combine them into a new equivalent 
system in the same unknown quantities in such way that the new coeffi- 
cients a;; have the value zero when 7 <2. We shall now suppose further 
that the original, and hence the new, matrix ||a;;|| has the propefty that 
the determinants of order 1, 2, 3, +--+, n in its lower right-hand corner are 
all different from zero in value. Then it is possible to make further com- 
binations of equations in either system so as to replace the system by an 
equivalent system in the same unknown quantities and in such wise that 
when all this is done the systems (34) and (35) take the forms 


h i r 
(36) Dias, trite = bi, Dai, irtir = 0, i= l, 2, rey nN, 
r=0 r=0 A 


where a;, ; and @;, ¿r are different from zero for every i. For the equations 
in this normal form we have a ready method of obtaining the solutions of 
the non-homogeneous system in terms of a fundamental system of solutions 
of the homogeneous system analogous to, and indeed abstractly identical 
with, the classic method of variation of parameters in the theory of differen- 
tial equations, the latter being in fact a limiting case of the former. This 
method for the algebraic systems we shall now develop in a brief treatment. 
Let us denote by l 


{l 2 h je ES E 
w, P, S ey = 1, 2, eent h, 


a fundamental system of 4 linearly independent solutions of the homo- 
geneous system in (36), and hence of that in (85). Then we seek a solution 
of the non-homogeneous system in (36), and hence of that in (84), in the 
form ` 


(87) 


ye 2 (2 A) D 
ine = CL, He Pal, + --- + Pall, 
P20 “eS aa, 


where the functions c? are to be determined. The equations in the system 


h 
2 Eef E q Vag: 
(38) 


li 


0, t=0,1,-:-,k-2, += 1,2, ++-,n, 


h B: 


Dh — P 





I! 
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are now obtained as follows: those in the first line come from (37) by 
comparison of that equation for a given value i -+ 1 of 7 with the equation 
gotten from (37) when ¢ is replaced by t+ 1; those in the last line are 
obtained by substituting the value of u from (37) into the non-homogeneous 
system of (86), the value of 2:1, for t = 0,1, ---, k — 1 being written as in 
(37) while that of u:_, is taken in the form : 


h 
2 Ya Rh) Ch ky (3 Ae 
Uith = cf aa ++ P, + ae asm — cf E, 
k=l 


We look upon equations (38) as furnishing a system for the determination 
of the functions c®. 

The condition that (38), for every value 7 of the set 1, 2, +--+, n and for 
_ every f: shall serve for the determination of the quantities in the square 
brackets is that the determinant A;, 


a), a, fe. a, 


a 2 h 
oon as is ws nines atla 
A ? 


M, g2 w 


Tig Cian ~e Maa 


shall be different from zero for every i of the set 1, 2, ---; n. But in §6 
we saw that these inequalities are equivalent to the conditions that the 
determinant of every matrix of order n obtained from ||a.;|| by striking 
out h consecutive columns shall be different from zero. These are then 
necessary conditions for it to be true that every system (34) may be solved 
by the given method of variation of parameters in terms of a fundamental 
system of solutions of (35). These conditions, together with those already 
named in connection with the reduction to the normal systems (86), are 
also sufficient conditions for it to be true that every system (34) may be 
solved by the given method, as we shall now show by actually effecting 
the solution under the named hypotheses. 

If we denote by AY the cofactor of the element in the kth column and 
last row of A; we have from (88) the relations 


h 
(k) 8; Ay? J 
CS oe 


Pe as — = wee he i= ses 
(89) Cit Qis ith A; 2 k 1, 2, , h; t 1, 2, sh 


If we assign to c®, or to c®,, an arbitrary value c, the equations (39) 
serve by recursion to determine uniquely the c\” in terms of these arbitrary 
values; and in fact ¢? for fixed k and varying 7 is the arbitrary element 
ce plus a determinate function of i depending only on ‘the b; the a; and 
the solutions of the homogeneous system. On substituting these values 
of the e’s into (37) we have the general solution 2; of the nga-omogenegus 
sys stem in (36), and hence of system (34). 
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This solution of (84) may obviously be written inthe customary form 
(40) ws = PaP + eaP + --- + ceMaP +a, 1=1,2,---,n+h, 


where ū; is a particular solution of (34) and the ce, ---, e are arbitrary 
constants, this form of solution being of course always realized under the 
hypotheses of the first paragraph of the section. 

If we take systems of the form (36) where 2 runs over the infinite set 
1, 2, 3, --+ instead of the finite set 1, 2, ---, n, it is easy to see that we have 
a process in every respect identical with the foregoing except that the re- 
currence relations which replace (38) are now to be solved by taking the 
first cf only (since there is no last), namely cf", as arbitrarily defined. 
Such a system is intimately connected with the theory of difference equa- 
tions. . 

Let us now consider the question of adjoining linear conditions to the 
systems (34) and (35), these new conditions to be thought of as being 
analogous to the boundary conditions associated with differential equations 
for instance. Let these new conditions be taken in the forms 


neh nth 


(41) Ð ayuy = ba, Yagap=0, t=n+1,n+2,---,n+9,6Sh. 
j=l j=l 


The question is on the possibility of choice of the c in (40) and of the g 
in the relation 

Uy = END fees + GMQM 
so that systems (41) shall be satisfied; that is, it is on the possibility of the 
systems 


h n+h nth k nth 
(42) >, eM 2 ayap F 2 aij = b; 3 gE) D aie? = 0, 
k=l j=l j=l k=l j=l 
t=nt+,---,n+¢. 


In case $ < A the latter system always has solutions é™. It may also have 
solutions when s = h. When it has solutions the former system may or 
may not have a solution; its having a solution depends on the character of 
the ii; and hence on the character of the b; in (34) and also on the character 
of the new ay and b; in (41). If se= h and if the last system in (42) has no 
solution except that for which the é are all zero then the first system in 
(42) has a unique solution. This last algebraic theorem (essentially obvious 
in its character) has for an analogue a fundamental theorem in the theory 
of differential equations (one which is not obvious in character).* 
Let us now consider the system 


(43) © D agy = ca, t= 1,2,-°,n, 


* Bôcher, “Les Méthodes de Sturm,” pp. 19ff. 
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where the determinant A of the coefficients, A = |as], is different from zero. 
Then the customary solution (which is unique) may be written in the form 


(44) tj = 2 Gizei, j 7 1, 2, cry Tn, 
sa 


where 


Aj being the cofactor of the element in the ith row and jth column of A. 
The furfetion G; has been called the Green’s function* for the homogeneous 
system 2a.;v; = 0 corresponding to system (43). For fixed 7 it satisfies 
every equation of this system except the ith, the first member of the ith 
equation having for this value v; = A,,/A the value 1 instead of zero. Thus, 
by means of the homogeneous system, which is incompatible, we can define 
a Green’s function G;; of such sort that the solution of (43) for every set c; 
is expressible in the form (44). If the homogeneous system is not in- 
compatible it is easy to see that no function G,; exists having with respect 
to (43) the named property. l 

If H; is the Green’s function of the system adjoint to system (43) in the 
sense of § 2 it is obvious that Hj; = Gy. 

This obvious matter for algebraic systems is mentioned here for its 
use in suggesting the requisite procedure for analogous properties of certain 
functional equations to be treated in later papers and especially for its 
use in transforming the expansions of § 4 into the form of contour integrals 
in § 10 immediately following.: l 

10. Condensation of Algebraic Expansions into Contour Integrals. Let 
us consider systems (10) with a single parameter \ and suppose that the 
determinant A(A) of the first system has n distinct simple roots A®, »\®, 
--+, \™ and that to each root corresponds a unque solution of the system 
(except for a constant factor). Denote by A;;(A) the cofactor of the element 
in the ith row and jth column of A(A). Then the Green’s functions Gy) 
and H;;(d) for the two systems in (10) are respectively ` 


Ay) Aji) 
AQ) ’ AQ) ° 
These Green’s functions are analytic in the complex variable \ except at 


the zeros of AQ), that is, except for characteristic values \“ of systems (10). 
Now we may write the Green’s function GA) in the forms 


Rij 
Gu) = hat SW, b= 1,2, m, 








Gyu) = HyQ) = GQ) = 











* Bécher, Annals of Mathematics, (2) 13 (1911), pp. 71ff. 
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where Sz:;(\) is analytic in ` at A= AM and Ruy is the residue at 
>= ™ of Gu) considered as a function of the complex variable ^. 
We propose to evaluate the residue Rz: in terms of the solutions of systems 


(10). 
In the first place. we have 


Ai NC?) 


where A’(A) denotes the value at A = \ of the derivative of AQ) with 
respect toà. The quantities 2; = R,,;, for fixed k and øe, afford a solution 
of the first system in (10) for A = . Likewise, the quantities y; = Ryp 
for fixed k and p, afford a solution of the second system in (10) for A = ‘> 
But all solutions of these systems for \ = \™ are constant multiples of a9? 
and y” respectively. Hence we have 


= k K 
Rig = yal W, 


where yx is independent of i and j. It remains to evaluate yx. 
Now we have 
lim {A — A)G A) — vray} = 0; 


a=) 


whence it follows that 


(45) . lim amw D Cuba — vaP Sos pp) = 0. 


ASAE i—i j=l j=l 
But 


< n 
x (ci + Abaja = A — rm) > byat, 
so that from the fundamental property of the Green’s function we have 


of? = D Gu MAAD) D dual. 
= 2 


Putting this value.of xf into (45) we have readily 


I- nd Èb yP = 0. 


With the value of y; afforded by this relation we have for the residue Rp 
of GA) at ` = \ in the complex plane the value 


ay ey 


(46) Rr =n a o. 
> X boty 


p=l g=l 
From this result we have for the kth term in the expansion of z; in terms 
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of a? by (16) and aT the value 


> D bjia im n ` n n 
oe oe wp = PS 2 Rag bys = == 2 > Gy (A) dyad, 
2 Èt Py f i=1 j=l ee 1 I Jr, i=l j= 


where I, is a contour about A inclosing-no other characteristic value of 
system (10). Then, if T is a contour inclosing all the characteristic values 
of systems (10), we have 


a m= a È 2 Gldbjzdd, t= 1, 2, 1, n. 
Thus we replace the expansion for z; by a contour integral. It is clear that 
any set of terms of the expansion may likewise be replaced by the same 
integral taken about a contour inclosing appropriate corresponding zeros 
of AQ). =: 

Contour integrals of this character were first employed by Birkhoff.* 
They served admirably in the convergence proofs associated with the 
expansions of functions in terms of functions defined by differential systems» | 
these systems being of such character a'to be realized as limiting cases of 
the algebraic systems here in consideration. We shall find of fundamental 
value in our general investigation various limiting forms of the contour 
integrals developed in this section. 

It is possible (but not important for our purposes) to modify und extend 
the foregoing analysis so as to avoid the restriction that the zeros of A(N) 
shall be distinct. 

Let us now pass to the more general systems (1) and (2). For any 
given fixed value of f let Ar (A1, `z, «++, Ar) denote the determinant in the 
first member of (3) and let Ans; (Ax, Az, «++, Ar) denote the cofactor of the 
element in the ith row and the jth column of this determinant. Then the 
Green’s function Ga; of the Ath system in (1) has the form 


G Pe = Ang, de, ~ =) A) 
2y Arr, A2 is Ar) 2 


We assume for the present purpose that systems (1) [and also systems (2) | 
are so restricted that the solution of each for characteristic values of the )’s 
is unique (except for a constant factor) and that 


Arr, re, ae: Ar) 


m 75) 
MEND, wos, MEND Ar — An 








* Transactions of the American Mathematical Society, 9 (1908): 378-395. 
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exists and is finite, where \{”, <- +, AP is any set of characteristic values for 
systems (1) and (2). Then the function 


i F t9 
Gry AP, SEN aP May MAG, eae | rx ) 


of the complex variable ^, has a pole of the first order at the point A, = A. 
Let its residue at this point be denoted by Res. 

In order to evaluate the residue Fyri; we apply the earlier result of this 
section for Rp; to the system which results from the hth system in (1) on 
replacing each ^; except An by the corresponding characteristic value AP. 
Thus we have 


We), (Re) 
Rar = Y enep yE 


where yi, is independent of è and j. Then we have 


k U9) 
Tt Ririn = = Yk II UY EA 


where y+ is independent of the 7 and the j. 
Then if we write 


Lg 
Gih- eii 5,4, Az ESI Ar) = H Ghir An Ao, see Ar) 
t=. 
we have 


(Ar — AY) oe On — AP) Gag oe eg, Oty 0 We) = nia, EAE 


lim 
MEAW, s, A 5A 


whence it follows that 


(48) im Or — NP) + Or AD) 
DPHALM, eee, Apea Ap A) 
nı ny 
x 2 2w f Žž > Gane Din- usa let, 
NS) N= pel j=l 


= re TL af hey 2 boa 3 © Das *Fply TL, 


=1 j=) i=l j= 


Employing the hth system in (1) and proceeding by the method used 
earlier in this section for evaludting 2‘ in terms of the Green’s function, 
we have 
ae, = 3 (Ae a do) È > Oori haC hit Ai eee Ar), h — 1, 2, cre te 

n= = š 
From this we may form the product 
0) pE) H 


Visser, °° Vee i 


and simplify its expression by taking the limit for any convenient approach 
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of’\i, «++, A, to the characteristic values AP, ---, M. Then, in a certain 
range of cases (if not always) it turns out that the value of the product in 
-` question is that of the first member of equation (48). We confine attention 
to the cases in which this new condition is realized. Then we have 


n 


1 = yk 5 ye Ga > Diin sell oi 


i=l j=l i=l j= 


Thence it follows a 


2 ; 

NEA 

5 lim Ora As FAS `) = ny . 
A a y > ee D? 5 Dine’ « Orpr I oO) yO) 


yaa pi=l oil pr=l gp=l 





From this result we have for the kth term of the expansion of 24.1, 
afforded by (14) the, value 


y dido wee ddr; 


where Tas ( = 1, 2, ---, r) is a contour in the A,-plane about the point 
. AP and containing in its interior no other characteristic value of ^+. If 
we replace the contour Pas (h = 1, 2, ---, r) by Ta a contour which includes _. 
within it all the characteristic values of Xa, and perform the same multiple © 
integration about such contours, we shall have the value of the function 
Zanti It is clear that we may form:similarly the contour integral for 
any given partial sum of the series for zan., afforded by relation (14). 


University or ILLINOIS, 
September, 1920. 


ALGEBRAIC THEORY OF THE EXPRESSIBILITY OF CUBIC FORMS 
AS DETERMINANTS, WITH APPLICATION TO 
DIOPHANTINE ANALYSIS. 


By L. E. Diexson. 


1. It was proved geometrically by H. Schröter” and more simply by 
L. Cremonat that a sufficiently general cubic surface f = 0 is the locus of 
the intersections of corresponding planes of three projective bundles of 
planes: 


khi + Mi + ulhs = 0, Klay + Mas + ples = 0, kla + Maz + ulss = 0, 


where x, \, p are parameters and the l; are linear homogeneous functions 
of 21, +++, 24. Hence the surface is expressible in determinantal form 
|l] = 0. Solving the three equations, we get 


ti i tg i wz i ta = fis for fe: fa, 


where f; is a homogeneous cubic function of x, A, u. We thus secure a para- 
metric representation of the points of the surface, which is therefore uni- ` 
cursal. i 

In case all of the coefficients of the /;; are rational, we have the complete 
solution in rational numbers of the Diophantine equation f = 0. However, 
there exist cubic equations f = 0 whose rational solutions involve three 
parameters homogeneously such that f is not expressible rationally in 
determinantal form (§ 12). 

With the application to Diophantine analysis in mind, I here discuss 
algebraically the problem to express a given cubic form f as a determinant 
|l;| of the third order. Since we are interested ultimately in the case in 
which the coefficients of the l; are rational and since three linear functions 
of four variables vanish for values not all zero of the variables, we shall 
assume that f vanishes at a known rational point. Then the coefficients 
of the l; are shown to be expressible rationally in terms of a root of an alge- 
braic equation whose leading coefficient is not zero if f = 0 has no singular 
point. The existence of a rational root may be decided by a finite number 
of trials. 

The corresponding binary problem is solved by the identity 


* Journal fiir Mathematik, Vol. 62 (1863), p. 265. 
ł Ibid., Vol. 68 (1868), p. 79. Cf. Clebsch, ibid., 65 (1866), p. 359. 
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az + by y 0 
aa? + bay + czy + dy? = TY z yj 
dy 0 g 


In the ternary case we obtain simple geometrical criteria that a cubic 
curve with a rational point be expressible rationally in determinantal form. 
There exist determinants of the third order which vanish for no rational 
point, for example, the determinant A(é) of the general number 
E= x+ y+ zt of the algebra having the units 1, 9, ¢ = 6", where 9 is a 
root @ a cubic with no rational root.. But ternary forms without rational 
solutions have little interest in Diophantine analysis and will not be treated 
here. 

Given one representation of a form as a determinant, we may derive an ` 
infinitude of representations by the familiar operations which leave a 
determinant unaltered in value. The more definitive problem treated here 
is to find a representative of each class of equivalent matrices with linear 
elements which have a given determinant. This raises the question of the 
number of classes of such matrices. 

In another paper* I prove that every binary form,” every ternary form, 
and every quaternary quadratic form are expressible in determinantal form; ` 
while, apart from these and the quaternary cubic, no further general form 
has this property. The rarety of such forms justifies the present investiga- 
tion of cubic forms with attention to rationality. The theory covers every 
cubic form, not merely a sufficiently general one. 

2. The given rational point on the locus can be transformed rationally 
into (1, 0, ---, 0). Then the locus is f = 0, where. f = fı + zfs + fs, 
where f; is of degree j in y, z, ---. If fiis not identically zero, we take it 
as the new variable y. Then by adding to a a suitable linear function of 
Y, 8, +++, we may delete rationally from fz all terms with the factor y. 
Hence 


(1) f= ey t+ afe t fa, 


where the quadratic fs is free of x and y, and the cubic f; is free of x. But 
if fı = 0 and f: + 0, we may transform fz into ay? + q, where a + 0 and q 
lacks y. By adding to a a suitable linear function of y, z, +++, we may 
delete rationally from fs the terms with the factor y? and obtain 
f = ey’ + q) + yr + s, where q, r, s lack both x andy. Taking av asa 
new v, wehavea = 1. Interchanging x and y, we obtain a form of type (1). 

3. Let the form (1) equal to a determinant of the third order whose 
elements are linear forms with rational coefficients. We may assume that x 
occurs in the first element of the first row and that its coefficient is unity. 


* Transactions Amer. Math. Soc., April, 1921. 
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The remaining elements in the first row and first column may be assumed 
to be free of xv. By interchanges of the last two rows and last two columns, 
we may assume that the second element of the second row contains 2; 
its coefficient may be made equal to unity: Hence we may take 


v + h ly ls 
(2) f=| 4 ath bj, 
l ls Yy 








where each l; lacks x. After subtracting multiples of the last row and last 
column from the remaining rows and columns, respectively, we may assume 
that ls, ls l7, lg lack a and y. Thus by the terms linear in 2, 


(3) L + ls = 0, , = hly = lels = fo 


The interchange of the first two columns and the first two rows of (2) 
corresponds to the substitution 


S = (his) (lala) (ale) (Urls). 
The interchange of rows with columns corresponds to 
= (lala) (lal) (Isls). 


Add the products of the elements of the second row by k to the elements 
of the first row and then subtract the products of the elements of the 
first column by k from the elements of the second column; we obtain a 
determinant of the same form with the same l4, Js, l7 and with 


k= i+ kh, h = a — kl, + kh — kl, Is = ls — hls, 
, b = Is + kl, k = lg — kl. 
Proceeding as before with the words first and second interchanged, we, 
obtain a like determinant with the same Js, lz, ls and with 
=h- kh; W=k+hkhh—-hkk—-Ph, l= l; + kl, 
Ig = Ig + kis, Ll, = ly — kl. 


The last result may be obtained by transforming (4) by S. 
4. For 3 variables (1) becomes 


(6) f= y+ ezz +0, C= a t Byz t yyt 62. 


The coefficient of 2* in the Hessian of (6) is — 8e. Hence (1, 0, 0) is a 
point of inflexion of f = 0 if and only if e = 0. If e + 0, we multiply y 
by e? and « by 1/e and obtain a form of type (6) with e = 1. We seek the 
conditions under which (6) can be expressed as a determinant (2), where 
ls, ls, dy, lg are multiples of z. 


(4) 


(5) 


Dickson: Expressibility of Cubic Forms as Determinants. 105 


First, let either J; = l = 0 or l, = l = 0. Then (2) is the product of y 
by a quadratic which evidently vanishes when x = — h, l = 0. Hence 
(6) must be the product of y by a ternary quadratic q which vanishes at a 
rational point. Conversely, the product of such a q by a rational linear 
form J can be transformed* rationally into one of i 


l 00 l 0 0 
Key — k) =|0 g zl, Way? + byz + cz) =|0 ayt bz z 
O kz y 0 — ez y 


Howéver, the product of a linear form, say y, by an arbitrary ternary 
quadratic form Q is expressible rationally as a determinant. If Q lacks 2”, 
it vanishes at (1, 0, 0). In the contrary case we may delete the terms in 
ay and xz by a transformation on x and use identity (7). — : 
Second, let Js, ls, lz, ls be not all zero identically. Since S, T and ST 
replace l} by ls, ls, ls, we may take l; = 0. Hence we may set l; = z. By 


(4), we may take l = 0. By (8), — lz = ez, whence l = — ez. 
We first treat the case e = 0. Then kh = ls = 0, l = z. Hence shall 
ly kL 0 
C = l — ly ‘Ig ) 
z 0 y 


where ls is a multiple bz of z. Ifl = ay, C = y(— i — ayl + abe’), which 
requires ô=0 in C and is then satisfied if a=1, h=0, b= y, l= —ay— pz, 
so that we have the identity t 


; x y 0 
(7) ya? + ay? + Byz + 2) = |— ay — Bz x ya}. 
. z 0 y 


Next, let l contain z, whose coefficient may be divided out of the second 
column of determinant C and multiplied into its second row. Then 
l = z+ cy. By (5), we may delete z from hu and set l; = ay. Write 
la = gy + hz, lg = tz. Then shall 


ay z+ cy 0 


C=|gy+ hs — ay tz|” 
z 0 y 
— (a + eg)y® — (g + chjyz + (ct — h)y2? + te, 
whence 
t= ô, h=ci—y, g= — ch— 8, &@ + eg = — a. 


The last relation furnishes the condition 


* Dickson, “Algebraic Invaridnts,” 1914, p. 24. 
f If (6) with e = 0 has any linear factor, it has the factor y. 
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(8) —atpe-ye+ie=a, * 

which is solvable in rational numbers if and only if (6) with e = 0 contains 
the rational point* (a, 1, — e). The latter may be any point not on the 
inflexion tangent y = 0; if 6 + 0, it is any point except (1, 0, 0).. 


Next, let e = 1, whence l = — z. We have l = kz. By (5), we may 
take l = 0. Thus (2) becomes 
xv + A l om 
(9) ls vn hL 0 = y + a2? — yl? + lala) S zh. 
- z 0 y 


Identify this with (6). By the terms in 2°, we see that h = ay — 62. 
Set l = cy + dz, la = gy + hz. Then the conditions are 


eg = —a— a, dg + ch = 2a6 — B, dh = — y — & — a. 
Also, dg — ch = 2r must be rational. From. 
(dg — ch)? = (dg + ch)? — 4cg-dh, 
we obtain the condition that 
(10) — 4a — 4day — 4ala + BS) + B? — 4aly + 8) = 4r? 


shall have rational solutions a, r. Then we have rational values of dg = A, 
ch = B, dh = C, eg = D such that AB = CD. If A +0 or C +0, we 
may take d= 1, g = A, h= C, c = D/A or B/C. If B+0 or D+ Q, 
we may take c = 1, g = D, h = B, d = C/B or A/D. 

To interpret (10), replace a by lı = ay — 6z in (6) with e = 1, and re- 
move the factor y. We obtain a quadratic in y: 2 with a rational roott 
if and only if (10) has rational solutions. Then (6) has three rational 
points of intersection with « = ay — 6z for some rational value of a, i.e., 
for some line other than y = 0 through (— 6, 0,1). The.latter point is the 
tangential of P = (1, 0, 0), i.e., the new point in which the tangent y = 0 
at P to the cubic curve meets the curve. 

Turorem. Any reducible cubic curve is expressible rationally in deter- 
minantal form. An irreducible cubit curve with a rational inflexion point is 
expressible rationally in determinantal form if and only if it contains a further 
rational point. A cubic curve with a rational point P not an inflexion is 
expressible rationally in determinanial form if and only if it has three rational 
points of intersection with some line, other than the tangent at P, through the 
tangential of P. 

5. For four variables, we may set fo = az? + bw? in (1), where b = 0 
~* For which x = l, h = 0, whence the elements of the second column of (2) are all. zero, 

t Which makes ls = 0 in accord with the aon column of (9). 
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ifa=0. First, leth, Is, lr, lg be not all free of z, the contrary case being 
treated in $9. In view of substitutions S and T of § 3, we may assume that 
i, contains z; its coefficient may be made unity by removal of factors from 
the last row and last column of (2). By (4), we may assume that ly = ow. 
We here take v + 0 (treating v = 0 in § 10). By dividing the elements 
of the second column by v and multiplying those of the second row by v, 
we have lj = w. Then by (5) we may take ly = z. Hence,* by (3), 














l = — az + gw, l = — gz — bw, 
s v + h l ls by ly ls 
(11) f = ls vm L ls = ay + (az? + bw?) + la = L ls è 
nR w y z w y 
Set 


(12) h= cy + dz +ew, l= hy + jz + kw, k= my + nz + pu, 
(13) fs = Ay? + Byz + Cyw + Dy + Eyzw + Fyw? + Gz 


: + Hew + Jew? + Lu’. 
Then (11) is identical with (1) if and only if 


—e—Ihm= A, — 2cd — hn — jm = B, — 2ce — hp — km = C, 
— d — jn — gh— ac = D, — 2de — jp — kn + 29c — am — bh = E, 
(14) — e — kp + be + gm = F, —ad— gj = G, 
. 2gd — an — bj — gk — ae = H, 
bd + gn + 2ge — ap — bk = J, be + gp = L. 


We shall designate these equations as (A), ---, (L). l 

First, leta = b = 0. If g= 0, then l; = J, = 0 and (11) is the product 
of y by its minor. Postponing this case to the end of § 11, we have g + 0. 
Let dg = 5, eg = e. Then equations (L), ---, (D) give 


gp=L, gj=—G, gn=J—2e, gk=26—-H, g'm=e+-9F+L(26—H), 
gh=—P—PD+G(J—26),  2ge=g E—LG—HJ+2:H+28J— 28e. 


Inserting these values into the product œf (B) and (C) by g*, we see that 
the terms of the third degree in ô and e cancel, giving 


(15) 8S + 28H + 3A + 8(E — 3LG — HJ) + (28D — 4GJ) 
+ gB— g@(FG+ DJy+ GJ? + GHL = 0, 
(16) 3L + 28 + eH + 3(2g°F — 4HL) + (gE — 3GL — HJ) 
+ fC — @(FH + DL) + EL+GJL= 0. 


*Tt is proved in § 13 that no further normalization of our determinant is possible 
and that the two excluded cases are truly exceptional. 
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Multiplying (A) by 39°, we obtain an equation whose terms of highest 
` degree are — 68L — 66%eJ — 66H — 62G. Hence by adding to it the 
product of (15) by 2e and the product of (16) by 25, we obtain the quadratic 


6(@°F —5HL+3.2) + e(g2D—5GI-+3H?) + be(g’E—21GL+5HJ) 
+ d[2¢C-+ g (8EJ—2FH—8DI)+5GJL+2R?L—3J°H] 
+ [29'B-+ 9?(83EH—2DJ—8FG)+5GHL+260?—3H27] 
+39°A+3(gE—LG—HJ)?—3(g2D—GJ)(92F — HL) =0. 


The true resultant of three ternary quadratic forms u, v, w in a, Y, 2 is 
known” to be the determinant of the coefficients of 2”, xy, xz, 4°, yz, 2° in 
U, V, W, Jay Jys Jas Where j is the Jacobian (functional determinant) of u, v, w, 
while j, is its partial derivative with respect to z. The resultipt is of the 
fourth degree in the coefficients of each form u, v, w. To find the degree in g 
of the resultant R of our forms (15)-(17), we shall determine the terms of R 
of highest degree in g. Writing the functions (15)-(17) homogeneously in 
ô, e, 7 and retaining in each coefficient only the term of highest degree in g, 
we have 

PJ + 2eH + 3G + Srey’ + Qerg’D+ 7g'B,- 


BRL + 28e + CPH+ Wry + erPH+ r40, 
g (&F + E+ eD+ 267g°C + erg’B + 37°gtA). 


Thus R = (g*)*r, where r is the resultant when the factor g? is omitted 
from the last form. We make the transformation of variables 6 = w, 
e = 2, g’r = y and obtain the partial derivatives of fs, given by (13), with 
respect to 2, w, y, respectively. Hence the resultant of the final forms is 
the discriminant A of fs. Let J denote the Jacobian of these derivatives, 
and j denote the Jacobian of our forms having the resultant r. By a general 
theorem, j equals the product of J by the Jacobian g? of w, z, y with respect 
to 6, e r. Now J is independent of g’. Hence the exponent of M = g’ in 
any coefficient of j exceeds by unity the exponent of r in the term. This 
is therefore true also of the derivatives js, Je while in j, the exponent of M 
in any term exceeds by 2 the exponent of r. We remove the factors M, 
M, MP from the last three functions. We now have six quadratic forms in 
ô, e, r, such that M does not occur as a factor of a coefficient of 8, de, *, 
while M (but not M°’) is a factor of the coefficients of ôr and er, and M? 
(but not M?) is a factor of the coefficient of 7?. Their determinant thus 
has the factor M+, but not M5. Hence r= M+. M*A. But R= M*r. 
Hence R = M¥A. Thus g’ is a root of an equation of degree 12 whose 
leading coefficient is the discriminant of fz. 


* Salmon, Algebra, § 90. 
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The constant term of this equation is not identically zero. It is in fact 
not zero when J= H=0, LG+0. For, then equations (15)-(17) 
become for g = 0 


8G(@ — ôL) = 0, 3L(°-—«G)=0, 3LG(— 78e + 4LG) = 0. 


By the first two, ĝe = 0 or LG. Hence the resultant is not zero. 

The coefficients in (15)-(17) are independent of g if and only if Æ, B, 
C, D, E, F are all zero. If they are zero the resultant is free of g and, as 
just shown, is not zero if J = H =-0, LG + 0. 

THEOREM. The problem to express xy + fs rationally in determinantal 
form, where f; is a cubic form in y, z, w, depends completely upon the deter- 
mination of a rational square which satisfies an equation of degree 12 whose 
_ leading confient is the discriminant of fs and whose constant term is not zero 

identically. “The equation reduces to its constant term if and only if fs lacks y. 
In particular, if LG + 0, xy + G2 + Lu? is not expressible in determinantal 
form under our present assumptions (cf. § 10). 

The equation for g involves only even powers since this is true of (15)- 
(17). A more fundamental reason is given in § 14, where there occurs an 
example in which the equation for g? is a cubic, the discriminant of fs 
being zero. ae 


To give another example, take , = w, h = — y, L= 0, g= 1. Then 
2 —y w 
w we — 2) = ryt wit wy t yz, 
z w y ~ 








with no rational singular point. Since C = D = L = 1 and the remaining 
coefficients of fs are zero, (15)—-(17) become 


2e =0, 38 = P — gf, ge’ + (2g — 897)6 = 0. 


We desire that g + 0. The only real solution is ô = e = 0, g? = 1. Hence 
the only rational representations as a determinant of type (11) are the 
above determinant and that obtained by changing the signs of the elements 
other than a in the first two rows. 

6. We now discard the assumption that a = b = 0, but assume that 
g+0,A=¢+ ab +0. It will prove convenient to introduce di = Ad, 
eı = Ae in place of d and e. The last four equations (14) give l 


gAp = AL — be, gAj = — AG — ad, 


gAk = 29d, + ae; + ò, gân = bd; — 2ge1+ €, 
where 


=— gH + g(bG—al)—oL, ¢= GJ + glal — bH) + BG. 
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In (D), (E), (F), the determinant of the coefficients of Å, m, cis 2gA. Hence 


QgAh = aN + Bag — ya’, a=—D—@#-—jn, N = ab + 29°, 
2gAm = — ab? + Bbg + YN, = — E — 2de — jp — kn, 
2ghc = aby — BP + yag, y=F + e+ kp. 


Replacing p, j, k, n by their values, we get 
Aa = di(ab — g?) — 2dyeyag + di(AbG + ae) — 2e,AGg + AGe — ADe, 
PAB = — 2dibg + 2diei(g? — ab) + 2efag + di(ALa — bô — 2g6) ° 

+ e,(2gô — ae — AGb) — õe — A?Eg? + ALG, 
PAY = e&(g — ab) — 2dierbg + 2d,ALg + e(ALa — bd) + ALS + AFg?. 


Mulitplying equation (B) by 2g‘A* and inserting the preceding values of 
h, m, ¢, n, j, we obtain 


(18) 2d?Aab* — 2dieAabg + 2de? Aab — 2e%Aa’g 
+ di{A(Gb'7 + 3Gab* — 2Lag? — 4La*bg + 3abe) + 29°(bd + ge)} 
+ 2dye1{(ALa? — 6N)(g? — ab) — 2AGbgN — 2a*bge} 
+ e{{2ALa*’g + (AGN + ea?) (ab + 397) — 26gaN} 
+ di{— 3A°LGgN — ALa*(ge + 2b6) + 2A2Eg® — 2A°F aby? 
— 2A°Dbg?N + AGH + 4AGbEN + AGDg + abe 
i + (29° — abg) de} 
+ eif (aĝe — ALGa) (ab + 49") + LAa?(296 — ae) + 2FA% 93a? 
+ 2A*Hag* + 2A?DgeN — AGD — 4AGgeN + AGab?d — age} 
+ 2A‘g!B + (A°Gb? + AeN)(Ge — ADg?) 
+ (age — AGbg) (ALG — A*Eg? — be) 
— (A°GN + Aae) (Lè + AFg’) = 0. 


Similarly, from (C) we obtain an equation 


(19) — 2diAb?’g — 2dieAab? — 2dyej{Aabg — 2e?Aa’b+ ---, 
which may be deduced from (18) by the substitution” 
(20) - (BC) (DF) (GL) (HJ) (ab) (di, — e1)(g, — 9); 


which leaves A, E, A, N, 8 unaltered and induces 


* (d, — e) replaces d by — e and e by — d. 
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(3, ~ €)(@, — Y) (e, — 0) (hm) (ken) (jp). 

These substitutions and (zw) interchange J, with l4, lą with l, and change 
the sign of l}, and hence interchange the first two rows and first two columns 
of the initial determinant (11). 

There remains the first equation (A) in (14). Its product by 49A® 
may be written in the form l 
(21) 4g8AP A — gtAt(ab — ya)? + gA + tay) = 0. 
Its terme of the highest degree in di, e, are (3g? — ab)A, where 

A = A(dib? + 2djejab + efa?). 

The terms of the fourth degree in bd,(18) — ae1(19) are 2ab\; those in 
gé1(18) + gdi(19) are — 29. Hence by adding multiples of (18) and (19) 
to (21), we may cancel the terms of the fourth degree. Hence we have 
three cubic functions of d,, e1, whose true resultant R is known to be express- 
ible as a determinant. 

We proceed to find the terms of R of maximum degree in g. From the 
aggregate of terms in (18) which multiply each diei we omit all terms not of 
the highest degree in g, remove the common factor 2 and obtain 


(22) dig’ab? — dieig’ab + dyeigra’d — eig’a® + dig’ + 2dier.g’H 
l + 3e + dig + 2e19°D + g?B. 
Applying to this the substitution (20), we obtain 
(23) — dig*b? — diesg’ab? — dyeig*ab — eig’ab + 3dig®L + 2dierg® 
+ eig H + 2dig@F + ag? + g®C. 


The resultant of these two functions and a third function T of di, e1 is 
the’same as the resultant of their sum and difference and T. Hence we 
may omit the terms involving only g*. Remove the factors g*, make the 
functions homogeneous in di, e1, 7 and set g*r = $; we get the forms free of g: 


(24) — dieab — eia? + diJ + 2dieidH + 3eioG + dig? + 2e,¢°D + gB, 
(25) — d0 — dyetab + 3026L + Qdherbd + eH + dF + PE + BC. 
In (21) the terms of maximum degrees in g are . 
(26) 3digtb® +- 6de2g*ab + Seigta? — 8d?g’L — Bdeg J — Sdeigi'H 
— 8eig'G — 4dig’F — 4dieig® E — 4eig’D + digi(4JE — SLD) 
l + agt (4HE — 8GF) + 4g®A. 


The terms in g" near the end do not contribute to the part of the resultant 
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of highest degree in g, since by omitting them (or‘replacing them by g? 
with the coefficient zero), we shall obtain a resultant not identically zero. 
Also divide by 4gt, make homogeneous in dy; ex, 7, and set g°r = ¢ as before; 
_ we get the form free of g: 


(27) 3dib* +A de?ab + Zeja? => 2 oL = 2de =, QdheioH = 2e3bG 
— PF — dep E — ei¢’?D + pA. 
Now (24) and (25) are the partial derivatives with respect to e1 and dy of- 
(28) Ap + Berd? + Chig + Deig? + Edep? + Fäi + Gel + Adip 
+ Jdied + Ldio — įdib? — Zdiejab — feta? 
= ofal, ĉi, dı) >. £(dib + eia)?, 
where f(y, z, w) is given by (13). To (27) add the product of (24) by cı and 
the product of (25) by dı; we get (28). Hence the resultant of (24), (25), 
(27) equals the resultant of (28) and its partial derivatives, i.e., the dis- 
criminant of (28). This discriminant is not zero for all values of A, ---, 
L, a, b. In fact, the general quartic curve becomes 2K — 2%y? = 0 when 
referred to a triangle of reference whose side z = 0 is a bitangent and whose 
sides x = 0 and y = 0 are any lines through its two points of contact. 
Evidently (28) is of this form if x, y are the factors of 4(djb + eja). 


The quartic curve (28) is a plane section* of the tangent cone tá the 
cubic surface (1), viz., 


(1’) ah + a(act + bd?) + fale, es dr) = 0 


whose vertex is @ = dı = 4 = 0, = 1. A point on (1’) will be a singular 
point if the partial derivatives with respect to 2, e1, dı. vanish: 


2ab + ae? + bdi, Qaxer +3 h, 2ubdy +57 ae 


Let ¢ + 0 and substitute the value of x for which the first function vanishes 
into the others and (1’), and multiply each result by ¢; we get 


(29) — ae;(ae; + bdi) + oF, — bd;(ae} + bdi) + $b, 
— laei + bdi)? + @fs, 


which equal functions (24), (25), (28), respectively. Since a general cubic 
surface is reducible to (1’) by §2, and has no singular point, we. again 
conclude that the resultant of (24), (25), (27) is not identically zero. . 


* Miller, Blichfeldt, Dickson, Finite Groups, 1916, p. 352. 
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Multiply the first function (29) by e; and the second by dj, add and apply 
Euler’s theorem 2e,0f3/0e1 = 3f3; we get 
i 9 pA ð 
€:(24) + di(25) = — (aei + bdi + ¢ (2: = ot) . 
Subtract this from 4 times e:(24) + d,(25) + (27) = (28), given above. 


Hence 
- ô 
3e1(24) + 3d1(25) + 4(27) = ¢ eee ; 
Hence we may replace (27) by the cubic function 0(¢f3)/d¢. This may 
therefore be obtained by deleting the factor g* from 


3eig(22) + 3dig(23) + (26), 


after the three functions are abridged as above by omission of terms in g? 
and g. We also deleted the factor g° from each of the abridged cubics 
(22), (23). But the resultant is of the ninth degree in, the coefficients of 
each form, and hence equals the product of (g*)°(g*)°(g*)® = g® by the re- 
sultant r of the three cubic forms homogeneous in dy, e1, 7. Their Jacobian 
j equals the product of the Jabocian J of the equivalent forms in di, é1, 
@ = gt, by the Jacobian g? of di, ex, @ with respect to di, e1, 7. But J is 
independent of g. Hence the exponent of M = gë in any coefficient in j 
exceeds by unity the exponent of 7 in the term. The same is therefore 
true.of the derivatives jg, and je, while in jẹ the exponent of M exceeds by 
2 the exponent of r in any term. We remove the factors M, M, M? and 
obtain three quintic functions in which the exponent of M in any coefficient 
equals the exponent of 7 in the term. The same is true of each of our three 
cubic forms. If we multiply each of them by dj, diei, ef, dit, eir, T°, we 
obtain 18 quintic forms. The determinant (of order 21) of the coefficients 
in these and the former three quintics is known* to be the resultant p of the 
three cubics. In each of the three equations obtained by use of the multi- 
plier 72, the exponent of M in any term is 2 less than the exponent of 7; 
we multiply these equations by M°’. Similarly we multiply by M each of 
the six equations obtained by use of the multipliers di7, exr. Now in all 
21 equations the exponent of M in any term equals the exponent of 7. 
Hence in the new determinant the elements of any column contain the same 
power of M as a factor, viz., the exponent of r in the corresponding term 
dier”, L+ m+ n = 5. Hence the total exponent of the power of M 
which divides the determinant is 5 + 4(2) + 3(3) + 2(4) + 1(5) = 385. 
But our new determinant equals po( M°) M5. Hence. p is the product of 
M/M? = M” by a constant A + 0. Thus, accounting for M* removed 


* Salmon, Algebra, § 90. 
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above, r = M?™A. Hence the resultant of our initial equations is of degree 
90 + 3-27 = 171 ing. 

Turorem. When the quadratic form fı in z, w does not have rational 
factors, the problem to express y + af, + fs rationally in determinantal form 
depends completely upon the solution of an equation of degree 171 whose 
leading coefficient is not zero if the surface has no singular point. 

Perhaps this equation is reducible since its degree is high in comparison 
with the degree of the equation upon which depends the determination of 
the 27 ruled lines on the surface. 

Material simplifications arise if G= H= J= L=0, whence y is a 
factor of fz}, and y = 0 cuts the surface in ruled lines. Since ô = e= 0, 
(18) and (19) have no quadratic terms. Dividing bd,(18) — ae:(19) and 
€,(18) + di(19) by 2, we get 


(30) Aab(d?b + ea)? + d2A%g*( Eg’ — Fa? — DEN) 
— &A%g(Eqea + FEN + Dab?) + 2dye,A%g'(Eab — Fag + Dbg) 
ES ~ e,Ca) = 0, 
(31) — oe + ea) + djA?g?(— Egb fle FN + Db’) 
eiA? (Ega + Fa? + DN) + QdyesA? g'(Eg + Fa — Db) 


+ Atgt(diC + eB) = 0. 
Dividing (30) + ab(31) by A’, we get ' 


(32) (bd? — ae?) E(g? — ab) + 2Fga — 2Dbg] 
+ 2dye[2Eabg + (g — ab)(Db — Fa)] + Arbdi(gB + Ca) 
+ Aae(Bb — Cg) = 0. 
We obtain a second quadratic from [ (21) + (80) + 39(31) 1/A?¢’: 
(33) diL2Ebg!-+ Fo +D(ab*— pb Hef — Eag +P (ab gat) + Dp] 
+2dieig | E(g?+3ab) — 2Fag+2Dbg |+-dA?g?(8Cg+ Bb) 
+ e,A29?(3Bg— Ca)“}- A2g*(E?—4FD-+4A A) — Ag?(Db+ Fa)?=0, 


where p = ah? + 5abg? + 29%. Here the coefficients of di and ej will be. 
proportional to b and — a, as in (82), if and only if aF + bD = 0, and then 

the same fact holds in (80) and (81). If also B = C = 0, no first degree 

terms in dı, €; occur in our equations. Then (32) and (83) give 

(bdi— ae?) Q= 4A[ Eatg— (g?—ab)Fa]Sg?, dieiQ=Al— E(g’?—ab)~—4Fag 8g, 


Q = (9 — 3ab)t, t= E44 a/b, S= 2AA + dt. 
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From the squares of these, we get (if* ¢ + 0) 
(bdi + aei)? (g — 3ab)Q = 4abA‘y!S?, 
We obtain a second expression for the left member by use of 3(30) + g(31): 


— (bd? + a03)*(g? — 3ab)A + (bd? — ae?) Ay! | 229 $ + (6ab + z | 


+ deiA’g[2E(g? + 8abg) — 8Fag?] = 0. 


Multiplying this by Q, inserting the preceding values, and cancelling the 
common factor — 2A*g*, we get either S = 0 or 


g (tabd + t) T 2abg?(4abA — i) + ab? (4abA + 1) = 0, 


whence l í 
{g’(4abA + À + ab(4abA — H} = — 16b At. 


Hence the number of rational values of g° is 3 or 1 according as — abAt 
is or is not a rational square. If also A= D=—1, E=2, F=], 
a=b=1, then g=+1,+ 1+ v2, + 1 — v2, and the surface has no 
singular point. se 

7. In §§ 7-11 we shall treat. the special cases which were excluded in 
§§ 5-6. In each case the determinantal surface has a known ruled line 
whose equations are so simple that its occurrence on the given surface can 
be detected by inspection. When the given surface has the line as a ruling, 
its representation as a determinant is a much simpler problem than that 
treated in §§ 5-6. Accordingly one should first ascertain whether or not 
the given surface falls under one of these special cases. 

Consider the case g? + ab = 0 which was excluded in §6. If a = 0, 
then b = 0 (§5) and g = 0, J; = J, = 0, so-that (11) is the product of y 
by its minor, a case treated at the end of § 11. Hence let a +0. We 
first treat the case 6 + 0. Then 


az’ + bw? = bZW, Z= w+“, W = w=, ls = gW, l = — bW. 


Introduce Z and W as new variables in place of z and w and let the new fs 
be given the same notation (13). We have therefore to consider a form (1) 
in which fa = bzw. Interchanging z and w if necessary, we may assume 
that, in (2), ly contains z. Proceeding exactly as in § 5, we may set l = w, 
=z. By (3), lb = tz, h = (1 — w. But l; and l must be dependent 
and hence one of them zero. Applying substitution S, we may take lẹ = 0. 

* If t = 0, either Sg? = 0 or E = F = 0, since the determinant of the coefficients of 
E and F equals — A%.- For E = F = B = C =0, D = 0, (83) gives A = 0, and f has 
the factor 2. 
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2 
+ 


p Thus we have (11) with l = 0, l = w. It remaing to identify the Anal 
determinant in (11) with fs. Set l = cy +^, = myt M. By the 
terms free of y, 


ww + 2A) = G+ Hew + Jzw? + Lu’, 


whence G = 0, M = Lw + nz, M = Hz + (J — n)w. From the remaining 
terms we remove the factor y and have 


— EF — hl + wlwm + ze) = Ay? + Byz + Cyw + Dz? + isis + Fu. 
The resulting conditions (A), ---, (F) are : 
—ct—mh= A, —2cH —mj—nh=B, — 2(J— n) — mk ~ Lh = 0, 

E a T E E E E e E E T aa S 


ry 


First, let n + 0. From (D), (F), (B), 
-N P+ en R —B-~2cH ae Z) 





JE n 5) k= 2 ? a h= ——— + 2 n ne 


n? ne’. n n 


where 


N=D+ = P = LN — n(E + 2HJ) + 2Hn’, 

; = wF + (J — nr? + LP. 

To’ clear the denominators of n e multiply (A) by nê, (0), by n‘, and use the 

abbreviations l 
N=D+H, S=E+2HJ, T= B+ P+ SLU, Ar 


R= nt — wJ + èT — nS + IN. on 
Tence: 


434) e(në — 2ntLH + i2L°N) + CREN — H) — LB 
l + REN — RrëB + nbd = 0, 
(35) PwL++ o(— n? + wT — LS + BIALN) + R(2n?H — nS + 2LN) 
| . i — niLB + WC = 0. 
Retaining in each coefficient only the highest power of n, we get ~ 
en’ — 2en'H + nN = 0, en L — en? + 2n'H = 0, 


whose resultant is n*N. Hence n satisfies an equation of degree 24. ` 

Second, let n = 0, L +0. This case occurs only if G = 0, D = — P. 
Use the abbreviations S = E + 2HJ, B= F+ J?. Then (E), (F), (C) 
give 
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see WSR TRS HOS oe Rhee i. 


By (B), c= Ay, X= — BL+ S(8 + Lk), p= 2HL + 6+ Lk. Then 
(A) becomes a quintic in k, the coefficient of kë being — LZ. 

Third, if n = L = 0, (F) and (E) give mande. Ifm + 0, (C), (B), (A) 
give k, j, h, so that there is an unique rational solution. 

8. There remains the case b = g = 0, a +0. Multiplying æ by 1/a, 
and y by a’, we may set a = 1. Hence we examine conditions (14) when 
b=g=0,a=1. 

First, let J + 0. Replacing w by w — 2H/(2J), we have H = 0. Then 
equations (14), other than the first two, give 

L=0, p=—d, n= — e, d= — G, k= (e + F)/J, 
c=je—@— D, m=Jj+2Get+hke—E, h=(C+ 2ce + km)/ J. 


We retain the abbreviations k and p = 2Ge — E + ke, whence m =-Jj + p. 
Equations (B) and (A) of (14) become 
Jp — Ej +a=0, a= B+ 2G(G+ D) — (Ce+ 2ce?)/J — kep/J, 
(2e + PP + Bt+y=0, B= 2wk+ C+ ce — 2e(G+ D), 
y= At (Œ+ DP + (CH 2ce)pfJ + koJ. 
If in each coefficient of these two quadraties in j we retain only the term of 
maximum degree in z, we find that their resultant becomes 5e'*/J®. Hence 


e is a root of an equation of degree 16. 
Second, let J = 0. Then equations (14), other than the first three, give 


L=0, p=0, n=-e-H, d=-G, @=-—F, 
c= jle + E- eD, m = k(e + H) + 2Ge — E. 
The possibility of a (unique) solution with e = — H is easily decided since 
equations (A), (B), (C) determine uniquely h, j, k if m +0. When 
e + — H, e + 0, we express the unknowns in terms of k and e, retaining 


the abbreviation m. By (0), c = (—'G— km)/(2e). Equating this to 
the above value of c, we get 7. Then (B) gives h. Hence (A) becomes 


4Ae(e + HP + (C+ km}?(e + H} + 4Bme?(e + H) 
+ 4(C + km)Gme(e + H) + 2m’e{2(G? + D)e — C — km: = 0, 
which is a quartic in k, the coefficient of kt being (H + e)°(H — e). 
9. Consider the case, excluded in § 5, in which ls, le, lz, lg are all free of z 


and hence are multiples of w. Postponing to the end of § 11 the case in 
which (11) is the product of y by its minor, we may assume, in view of the 
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substitutions S and T of § 3, that J; is the product of w by a constant, not 
zero, which may be removed as a factor from the last row and multiplied 
into the last column of (2). Thus } = w. We may take l= 0 by (4). 
Then — kw = a2 + bw? by (3). Thus a = 0 and hence b = 0 by §5. 
Then J; = 0. Then i = 0 and by removing its coefficient from the second 
row and multiplying it into the second column, we may set l = w. Hence 


x + Mi 1, 0 | 
f = l, Hie! L w = y = yi + lla) + ula. 
w 0 y 








For y = 0, f reduces to wd, if l = hy +A. Hence in 
f= —yQt+K, Q = Ay? + 2Byz + 2Cyw + D2? + 2Ezw + Fw, 


the cubic function K of z, w must have the factor w’, the quotient being 
A = ja + kw. Further, Q must be of the form lf + il, — kw?. ` We shall 
examine the last question independently of our main problem. If 7 = 0, 

“we introduce the known function \ as a new variable z; let Q become 
Q = Aly’ +--+. By (5) we may subtract a multiple of l = hy + 2 from 
lı and assume that L = cy + ew lacks z. When Q’ is divided by l to give 
a remainder free of z, the quotient gives /, and the remainder must be 
li — hw*. Hence the latter must equal the value of Q’ for z = — hy, the 
conditions for which are 


c= A’ — 2B'h + D'h, ce = C’ — E’h, e= h+ F. 
Hence the cubic 
(A’ — 2B'h + D'A (h+ FY) = (C — Eh)? 


must have a rational root h such that h + F’ is a rational square Pe 

, Next, let j = 0. Then & + 0 since we assume that y is not a factor of f. 
We may take lı = cy + dz free of w by (15). When Q and į — hw? are 

divided by l, the remainders must be equal and a comparison of the quo- 

tients determines l4. Thus the function obtained from Q by replacing w 

by — yhfk must be identical with (ey + dz} — n whence 


Eh 
œ= D, d=B-F> ee eee a + Fata. 
10. Consider the case v = 0, excluded in § 5, in which l = 0, ly = 2 + uw. 
By (8), l = — a(z — uw), b = — av’. 


If a = b = 0, determinant (2) now equals 


(36) ey EL) ba 
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This shall equal f = a*y — yQ + K, for Q and Kasin§9. Thus K = Mih. 
We postpone to § 11 the simple case K = 0. One of the factors of K deter- 
mines ly = z + uw. The other two factors determine à and J, up to constant 
factors; but our determinant (86) is not altered when ls and l4 are multiplied 
by t + 0 and l = hy + ^ is multiplied by 1/t. Hence we may regard i, 
ls and J; as fully determined. We introduce \ as a new variable z and 
proceed as in § 9. Í 

Next, let a + 0. In view of (5) we may take ls = rw. If r +0, we 
apply*the substitution (lala) (lal) (lels), which corresponds to the interchange 
of rows and columns, and have the case v + 0 treated in §5. Ifr = 0, the 
determinant is identical with (1) if 


= ¥E + bl) — aly(z + uw) (z — uw) = fs, 


a condition which is exactly of the type last discussed. 

11. Consider factcrable cubic forms yQ, hitherto excluded. If Q itself 
has the factor y, yQ equals a determinant whose elements outside the 
diagonal are all zero. In the contrary case, we may take Q = ca?+ ---, 
where c + 0, after applying a linear transformation on 2, z, w with rational, 
coefficients. Replacing cy by a new y, we have yQ, the coefficient of 2” in 
Q being unity. Making a suitable addition to 2, we obtain Q = 2?+ q, 
where q is a quadratic form in y, zg, w. Thus y@ is of the form (1) with 
fo = 0, fs = yg. 

First, consider equations (14) when a=b=G=H=J=L= 0, 
g +0. The last seven give at once 


p=j7=0, k= 2d, n= — 2e, gm = F+ e, gh= —-D—d, 2ge = E — 2de. 
Multiplying the first equation (14) by — g° and the next two by g, we get 
dE + 2D + gB = 0, 2dF+ eh4+ gC =0, PFH D+ deE = Ap + 7A, 


where A = Æ — 4DF. Multiply them by e, d, — 2, respectively, and add. 
We get ; 
2fA+ geB+ gdC = — $A, 


B+ 2geD + gdE = 0, 
GC+ gel + 2gdF = 0, 


the last two being our first two equations multiplied by g. The determinant 
of the coefficients of 72, ge; gd is 8 times the determinant ô of 


(37). q = Ay? + Byz + Cyw + De + Ezw + Fu’. 


Hence 86g? = — 3A'— A). Thus if 6 +0, A +0, the equations have 
solutions g, e, d with g + 0, and g will be rational if ô is a square. If A = 0; 
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the equations have no solutions with g + 0 if any two-rowed minor is not 
zero. But if those minors are all zero, there is a solution with g + 0 
except when g = Ay”, A +0. Hence the cubic y(a?+ q) has a rational 
determinantal representation of the type in § 5 only when the determinant 
of q is a rational square + 0 and its minor E? — 4DF is not zero, or in the 
trivial case when q is a perfect square. If we make the substitution 
2=Z+6eY,w=W+dY, y = gY, we see that q becomes DZ? + EZW 
+ FW? — 4AY? and that our determinant of type (11) reduces to the 
product of g by (88), which is the value of the initial determinant®when 
d=e=B=C=0,g=1. 

Milder restrictions are imposed by the method of § 10 for a = b = 0, 
K=0. Thus M4 = 0. If i, = 0, the determinant equals the product of 
y by its minor, a case treated below. Hence X = 0, l = hy. The case 
h = 0 is of the type just postponed. Writing hl, as a new J, in (36), we 
may take h = 1. In view of (5) we may assume that |, is free of y. Our 
cubic is of the form (36) if q= — lj — yl + Isl. Hence, by. (37), 
— l, = Ay + Bz+ Cw. It remains to choose 


l, = dz + ew, ls = rz + sw, lı = ve + ww 
so that Dz? + Ezw + Fw? = — 1} + [gly The conditions are 
or = d+ D, ur + vs = 2de + E, us = e+ F. 
These are linear equations in r, s, — 1, the determinant cf whose coefficients is 
wd? + D) — w(2de + E) + P(e? + F) = 0, 
—wWD+ wE — YF = (ud — ve). 


The problem is solvable if we can choose rational numbers u, v, not both 
zero, such that the left member* is the square p? of a rational number. 
Then rational values of d, e may be chosen so that ud — ve = p. Hence 
yl + q) has a rational determinantal representation of the present type 
if and only if £? + q vanishes at a rational point having y = 0. 

If our cubic is of the form in § 9, we must have A = 0, and 


= — li — hyl + huf, 


where we may assume that h + 0 and that l is free of y (as in the preceding 


- ease). Thus — hyl, equals the sum of the first three terms of (37) and 


— li + hw’ equals the sum of the last three. The conditions onl, = dz + ew 


are d? = — D, 2de = — E, h= e + F. These determine d, e, h rationally 
if — D is a rational square + 0, and are satisfied if D = E = 0. In the 
* That this condition is necessary is seen by taking z = u, w = — v in the proposed 


identity, whence l; = 0. 
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respective cases, t+ q vanishes at a rational point having y = w = 0 or 
tr=yruw=0. 

It remains to consider the frequently postponed case of the rational 
representation of a product of a linear form l and a quadratic form Q as a 
determinant in which the elements of a row or column are 0,0, 1. Thus Q 
is to be represented as a two-rowed determinant. An evident necessary > 
condition is that Q vanish at a rational point. Then, as in § 2, Q can-be 
transformed rationally into zy + q¢(z, w) or q(y, z, w). Any two-rowed 
determinant equal to the former may be given the form 

e 


z+A B 
C y 


where B and C are free of x and y, whence A = 0, q= — BC. Similarly, 
if q(y, z, w) equals a rational determinant, it vanishes for rational values 
not all zero of y, z, w, and is rationally equivalent to yz -+ kw? or to a binary 
form. In the following summary, the various cases are presented in reverse 
order. ; 

THEOREM. A product of a linear form l and quadratic form Q in four 
variables wiih rational coeficients can be expressed as a determinant whose 
elements are linear functions with rational coeficients only in the folowing 
cases: (i) Q is expressible rationally as a two-rowed determinant if it represents 
a cone which vanishes at a rational point not the vertex, or if Q vanishes at a 
rational point P and the tangent plane at P cuts the surface in rational lines. 
(ii) Q and l both vanish at the same rational point. (iii) IQ is rationally 
equivalent to y(& + q), where q is the ternary form (37) whose determinant is 
the square of a rational number + 0 and its minor A = E? — 4DF is not zero; 
the resulting representation is derived from the special case 

x+4EY ~DY W 
(88) Yæ + DZ + EZW + FW?—ł44AY) =| FY x—ł4EY -Z 
Z W Y 


by a linear substitution of type z= Z+eY, w= W+eY,y= gl. 
CoRoLLARY. If A, D, F are rational numbers for which 


Q= 2+ AY? + DZ + FW? 


vanishes at no rational point, YQ is representable rationally as a deter- 
minant if and only if ADF is a rational square. 

I have found a simple proof of this Corollary independently of the 
present theory. 

12. In view of §§ 5, 9, 10, zy + Gz? + LW’ is expressible rationally in 
determinantal form only when Gz? + LW? is a product of three factors with 
rational coefficients whence GL = 0. But if K is any homogeneous cubic, 
a’y — K(x, z, w) = 0 evidently has the solutions 


3 
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=p, y=pK(4,B,C), z=pæB, + w= pA, 


and no further rational solutions when æ +0. For, if A is any ratioral 
number + 0, we may define p by 2 = pA’, B by z = pA?B, C by w = pA’; 
then y has the value specified. 

These solutions do not imply a determinantal representation of tae 
surface since there do not exist three linearly independent linear relations 
between xv, ---, w with coefficients linear in A, B, C, provided K does not 
have the factor x. In fact, all such relations are linear combinations of 
Bz — dz = 0, Cx — Aw=0. Butif K = y’z, for example, we may gecure 
such relations by taking new parameters A, B, D= A?/C; then, for 
p = 0D/A’, 

z= oAD, y = cB, z= oBD, w= oA’, 
Bz — Az =0, —Ax+ Dw=0, — Bz+ Dy = 0. 


13. The question whether the special cases postponed in § 5 are really 
exceptional is best answered by a different approach to the problem of 
normalizing our initial determinant. Its matrix is d¢=2A+yB+2C+wl), 
where, by (2), 


1 0 0 t b O0 
A= G 1 0 , B= ts —4 0 3 


CG 0 0 0 0 1 


t; being the coefficient of y in l. To further normalize M, we have available 
any constant matrices P and Q, whose determinants are not zero, such that 
in PMQ the coefficient of x is our A, while that of y is a matrix B’ of type B 
with t; replaced by ¢;. Thus PAQ = A, PBQ = B’. Set R= P~. Then 
AQ = RA, BQ = RB’, which are easily seen to require that 


a B 0 
R=Q=sy7 6 0 
0 0 p 


Thus PMQ = RMR, so that the normalization of M must arise by trans- 
formation by a matrix È of the form just given. Let ¢,; and d;; denote the 
elements of C and D in the ith row ‘and jth column. By (2), €33 = dzs = 0, 
Cog = — C11, do, = — dy}. 

The first case postponed in § 5 is that in which c13, C23, ¢31, and ¢32 are 
all zero. Since RICOR then has the same four elements zero, this case is 
truly exceptional. Excluding it, we may take* c31 + 0. By choice of p, 

* For æa = = 0, 8 = y = p = 1, transformation of C by # interchanges ci; and Coz 
c31 and ¢32. We also allow passing to the transposed matrix (with rows and columns inter- 


changed), thus treating one of two similar problems. Note that the transposed matrix 
cannot be obtained from C by transforming by a matrix of the specal form R. 
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we may take c3, =. 1. Transforming by R witha=6=p=1, y= 0, 

= — C32, we may now have c3 = 0 as well as cs: = 1, ¢33 = 0. If also 
the last row of R-'CR is 1, 0, 0, we must have 8 = 0,a = p. The last row 
of RDR is then : 


Ea -+ ae a z ig 0. 
p p 


Hence the special case in which daz (denoted by v in § 5) is zero is truly 
exceptional. Excluding it, we may choose y/p and'`ô/p so that ds = 0, 
dzs = el- Then if R is such that the last row of RDR is still 0, 1, 0, we 
have y = 0, 6 = p, so that R is a similarity-matrix having the diagonal 
elements equal and having the remaining elements all zero. Thus R 
transforms every matrix into itself and no further normalization of B, C, D 
is possible. 

14. The difficult part of our problem is to identify the final determinant 
in (11) with any given- ternary form (13) in y, z, w. The matrix a that 
determinant is M = yY + zZ + wW, where 


ec hkh 0 d j —a fe k g 
Y=įm —c 0|, Z=|n —d —9|ļ}, W=jļjp —e —b}. 
lo 0 1 1 0 0 0 1 0 








Let Y’, Z’, W’ denote the similar matrices in c’, ---, g’, but with the same a 
and same b. . Do there exist matrices P and Q with constant elements of 
determinants not zero such that PMQ = M’? If so, the determinants of 
M and M’ differ only by a constant factor which we may assume is unity. 
It is more convenient to treat MQ = RM’, where R = P~. There are 
really several questions, depending upon what is assumed to be given. 

First, let only the determinant of M be given and require all matrices 
M, M’, --- of our special form and investigate their equivalence. Since 
this is our initial difficult problem with a supplement, we will illustrate the 
facts by means of an instructive example. Let |M| = wè — 23 — yzw, 
so that E = G= — 1, L = 1, while the remaining coefficients of (13) are 
zero.* Thus (15)-(17) become 


— 3e + (3 — g) =0, 38+ €(38— g= 0, 5e(21 — g*) + 201 — 9’)? = 0. 
By the first two, ôe = 0 or — (3 — g*)9/9. If de = 0, then g = +1, 

=e=0. If d6+0, (P — DAP — 9/4) = 0. If g= 43, 6= — 2, 
e= 2. Ifg = + 3/2, ô= 1/4, e= — 1/4. The equations preceding (15) 
become 

gp = 9 = 1, gn = — 2e, gk = 26, gm = & +- 26, 
gh = 2e — &, 29ge = 1 — g? — 2òe. 
* The only singular point of zy + t, = 0 is (0, 1, 0, 0). 
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Changing the sign of g merely changes the signs of he elements of the 
first two rows of M. Hence we take g = 1, 3, 3/2 in turn and obtain 











000 01 0 001 
Y= Y’=/j000), Z=|/00-1/}, .-W=([1001; 
001 10 0 010 
-4 4} 0 1-4 3 
z=|-4 ł-3|, w=]}-4 0], 
“1 0 0 0 1 0 
Hyt u), Hoyt det Qw), gw 
M” =) y+ 22+ 4w), yzett, — gzl. 
2 w y 
The conditions YQ = RY’, ZQ = RZ’, WQ = RW’ are satisfied if and orly 
if 
1 -2 0 = 2 —6 
R=r|-2 1 0l, Q=r| 2-1 6l, 
2 2 3 0. 0 3 





so that M and M’ are equivalent. But in M” the coefficient Y” of y is 
of rank 2, while Y is of rank 1, so that M and M” are not equivalent. 
Hence two matrices of type M with the same determinant may or may 
not be equivalent. 

A second question relates to a possible simplification of our initial 
problem i in advance of its solution. Let a and b be given, while the remain- 
ing parameters c, h, ---, g in M are indeterminates. Can we find matrices 
R and Q with elements independent of c, ---, g such that MQ = RM’ fer 
suitably determined elements c’, ---, g’, a, b of M’? If we can find suca 
matrices R and Q not both similarity matrices r7 and qI, we can employ 
them to normalize M formally in advance of its computation. Denote th2 
elements of the ith row and jth column of R and Q by r; and q: respectively. 
By the third columns of YQ = RY’, 


egi + hges = 113, Magis — CGo3 = T23, 


identically in c, k, m. Hence qius = Q23 = 113 = fas = 0. By the thirc 
elements of the third rows of ZQ = RZ’ and WQ = RW’, 


— arzı — 9'T32 = qu = 0, gra — braz = goa = 0. 


By hypothesis, their determinant ab + g” isnot zero. Hence rs = fa = 0. 
Then by the third rows of our matrix products, 


qu = 22 = Q33 = T33 qu=0 (@ +J), Q = ral. 
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‘Since we may replace R by rg R, we may take r3, = 1. We now employ — 
matrix P = R^ = (py), which has pis = po3 = 0,933 = 1. Then PM=M". 
In 
cpu + mp hpu — cepa 0 
PY = Cpa + MP2 hpn — Cp22 0, = Y’, 
Cpsi +. Mps hps: — cps. 1 


we see by the last row and the sum of the diagonal elements that 


P31 = Pa = Pu — pz = Po = pza = 0. 


Then pa = 1 by |M| = |M’|. For pnu = + 1, we have the trivial case 


P=Q= I. For p = — 1, the multiplication of M by P on the left 
is equivalent to changing the signs of the elements of the first two rows. 
But the elements a and b in Z and W are to remain unchanged. Hence 
formal normalization of M is possible only when a = b = 0 and then consists 
in changing the signs of the elements of the first two rows. Hence the equation 
for g then involves only even powers. i 


THE IMPOSSIBILITY OF EINSTEIN FIELDS IMMERSED IN 
FLAT SPACE OF FIVE DIMENSIONS. 


By EDWARD ICasnrr. 


By the theory of quadratic differential forms it follows that a general 
riemannien manifold of m dimensions can always be regarded as immersed 
in some flat space of n dimensions, where n does not exceed 4mm + 1). 
Thus if m = 4, as in the Einstein theory, the form 


ds? = Doiundadx, (i, k = 1, 2, 3, 4) 


` ean be immersed in an n-flat, where the possible values of n are 4, 5, 8, 7, 
8, 9, 10. 

If now we require the manifold to obey Einstein’s equations of gravita- 
tion, Gis = 0, the question arises which of these values of n are actually 
realizable. The case n = 4 is trivial, since then the curvature vanishes 
and there is no permanent gravitation. We wish to show now that the case 
n = 5 is impossible; that is, no Einstein manifold can be regar ded as imbedded 
in a five-flat. 

In a flat space of five dimensions let rectangular coordinates be dencted 
by 21, 2, v3, 24, w. Then any four-dimensional manifold M in that space 
may be defined by a single finite equation 


(1) : w= f(a, To, V8, ta). 
The element of length of M is 
ds? = dz? + dx? + dx + dx? + dw, 


` dw = fidxi, ( fi= of 2, 


is the total differential, summation with respect to the repeated index t 
being understood as usual. This can be written 


where 


(2) , ` dÊ = gadzridtr 
where 


(3) gu= 1 + fi, gw = fifo etc. 
The determinant of (2) is ; 


1+ fi fife ifs fifa 
(4") = fife 1+ fs fafs fofa 
OFT fifa fh 1+ fh 

fifa fofa fofa 1+fi 
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which reduces exactly ‘to 
(4) g=1+fitfit Sit fi 
The minors of (4’) also simplify, giving 
wit fit sith 

_ Gea 

(5) ; FA fife 
a: 
g 


Our problem is to find the function f so that the ten functions (3) shall 
satisfy the ten gravitational equations* Gy, = 0. 


ete. 


CALCULATION OF THE CHRISTOFFEL SYMBOLS. 
We now calculate the Christoffel symbols (of the second kind) 


(6) {0B V} = 49" Gece + pee — Jag, d- 
From (3) we find the derivatives ' 
giri = (Fifi = Sofri + Safes, 
this formula holding whether the subscripts are unequal or equal. Sub- 
stituting in (6), we find 
6) fap, 1} = foals". 
Here the second derivative f,,.appears as a factor, and it remains to carry 


out the summation f.g”: involving only first derivatives of f. If the vari- 
able index e takes the value y, we have 


1 + D'fufer 
g 


where the prime indicates that ¢’ is to vary through the three values different 
from y. For the three values of e different from y, we have 


fg” =f, (no summation on left), 


+ e’ 2 fefe 
Dfe =f m. 


g 

Therefore . 
1+ fofo 
fg” = ty reeds x 
Hence the final value of our symbol is 
. fP 

a) lag, y) = Hhh, 
where. 
(7) ; PL=1+ 22 fufe = 2g — 1 — 2f}. 


* For the notation see Weyl or Eddington, or § 1 of our paper “Hinstein’s theory of 
gravitation: determination of the field by light signals,” this JOURNAL, vol. 43 (1921), p. 20. 
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CALCULATION OF THE EINSTEIN TENSOR Gir- 


Take first the case of unlike indices, 
(8) Giz F {la, B} {2B, a} = {12, a} La as {12, ake + Larz, 


where L = $ logg. We now simplify the rest of the discussion by taking 
our axes in the original five-flat so the w-axis is normal to the four-spread (1) 
and so that the axes 2, 2, %3, v4 agree with the principal directions of the 
spread at'the selected point, which we select as origin. This means that 
the partial derivatives of first order fi, fo, fs, f4 all vanish, and thag 


fia = fis = fu = fos = fos = fa = 0. 
The four-spread (1) may therefore be written in power series form . 
(9). w = F(kyet + kari + kaxi + ksi) + higher terms. 
Thus at the origin 
fasko fa= Ia, fs hy fu= ks 


these values defining the principal curvatures. We have also g = 1, so 
that L = 0, at the origin. 

For this special choice of axes we see from (7) that all the Christoffel 
symbols vanish. This throws out the first and second terms of (8). The 
third and fourth terms involve second derivatives of f, but we find that both 
terms vanish. Hence Giz, and of course the other five combinations with 
unlike subscripts, vanish identically. 

Take now the case of like indices 


(10) Gu = {la, 6} {16, a} — (11, a}, — (11, æ}a + Ln. 
Here the first and second terms vanish. The third term is found to be 
cat kilki + ka + kg + ka). 
The last term reduces to , 
Hence” TN - 
(11) Gir = — kilka + k; + ka). 
Thus the conditions that the four-spread (9) shall be of the Einstein type 
(that is, obey Giz, = 0) are 
* From this we may find the known formula for scalar curvature 
G = g*Gir = — 2(hike + kika + kika + kika + koka + kzka). 


Cf. Eddington, “Report,” p. 75, or Page, Trans. Connecticut Acad., Vol. 23 (1920), p. 408. 
We may also connect with the elegant interpretations of the tensor Gi; given by Herglotz, 
Leipziger Berichte, 1916 (not accessible), and Vermeil, Géttinger Berichte, 1917. 
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hitt ka + hx) = 0, 
ho (keg + ka + kı) = 0, 
ks(ky + kı + ke) = 0, 
PRE be EEO, 


On the other hand the conditions that (9) shall be flat (euclidean or 
homoloidal) are 


(13) > hyke = kıkz = kika = leaks = Itoka = lezka = 0, 


(12) 


The two sets (12) and (18) are easily seen to be equivalent, each meaning 
that at least three of the four quantities kı, ke, ks, ka must vanish. l 

This shows that in a flat space of five dimensions we cannot construct 
four-dimensional manifolds (other than the trivial euclidean type) which 
obey Einstein’s equations. That is, an Einstein spread representing a 
permanent gravitational field can never be regarded as immersed in a five-flat. 

In flat space of six dimensions, actual Einstein manifolds exist; in 
particular, the solar field discussed in the next paper. 


COLUMBIA UNIVERSITY, 
New YORK. 


FINITE REPRESENTATION OF THE SOLAR GRAVITATIONAL 
FIELD IN FLAT SPACE OF SIX DIMENSIONS. 


By EDWARD Kasner. 


In the preceding paper it was shown that no solution of the Einstein 
equations Gi, = 0 can represent a four-spread imbedded in a five-fld#t (except 
in the trivial case where there is no permanent gravitation, so that the four- 
spread is itself flat). It follows that the solar field can only be imbedded in 
a flat space of more than five dimensions. By the general theory of quad- 
ratic forms in four variables, the maximum number of dimensions required: 
is ten. We shall now show that the requisite dimensionality for the solar 
field is actually six.* The finite equations, in six cartesian coordinates, of 
the curved four-spread representing the solar field are given. As seen in 
formulas (7) below, a hyperelliptic integral is involved. This spread may 
be described as a geometric model of the exact field in which we are living. 

The field may be taken in the usual Schwarzschild form - 


(1) ds? = ydt? — y dr? — de — 1? sin? 6de?, 
where 


Gels 


here m is the mass of the sun, r, 0, ¢ are polar coordinates, and t is the time. 
Introducing cartesian coordinates, x, y, z, we have the equivalent form 


am r— 2m 





ares, 2 an 2 os oon 2 2 
(2) ds? = — da? — dy? — dz ae ome + dt’, 
where 
(2’) r= vee + ye + g. 


In (1) we have four square terms all with variable coefficients. In (2) 
we have three squares with unit coefficients, and two squares with variable 
coefficients. Our object is to obtain an equivalent form with six squares, 
all with unit coefficients. Of course, if we admit imaginary transformations, 
all the coefficients can be made + 1; but if we keep to the real domain, a 
certain number will equal + 1 and a certain number — 1. 

The fourth coefficient in (2) is a function of r alone; therefore we intro- 
duce a new variable R so that 


+ 
* Other fields in six dimensions exist and will be discussed elsewhere. 
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ae T 
r — 2m 
that is, 
(3) R= v8m(r.— 2m). 
Our form then becomes ' 
(4) . dot = — dat — ay? — det — ORE + aa agp poet 


The last term is of course not the square of an exact differential, and our 
general theorem on five-flats shows that we cannot obtain a form with five 
unit squares. — 

Taking the last two terms of (4), which involve merely the two variables 
R and ¢, we can, by the usual theory of surfaces, replace their combination 








R 

Des See es ge 
(5) dS? = — dR? + Rd ont di 
by a sum of three unit squares. We readily find 
(6) dS? = dX? + dY? — d2?, 
where 

,_ _ Ksini _ _ Reost 

fe VR? + 16m?’ VR? + 16m?’ 


| 256m4 
Z= f 1+ eF om Ë 


The form (4) may now be written 
(8) d? = — dæ — dy? — dz + dS’; 


but of course it must be remembered that while dx, dy, dz are exact differ- 
entials, dS is not. In fact dS is the distance element of the auxiliary 
surface defined by (7), where X, Y, Z (or rather X, Y, iZ) are cartesian 
coordinates in an auxiliary three-flat, and R and ¢ are gaussian coordinates 
on this surface. This transcendental surface (involving a hyperelliptic 
integral), which apparently has escaped notice, we shall designate by (5). 
It is obviously a surface of rotation. To really obtain a form with all 
exact differentials we substitute (6) in (8). This gives our 

THEOREM. The exact solar field may be written with six squares of exact 
differentials i 
(9) © d = — d — dy’ — d2 + dX? 4+- dY? — d2, 


where X, Y, Z are defined by equations (7) in conjunction with (3) and (2’), so 
that they are known functions of the world coordinates x, y, z, t: 
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~ 


Thus if we consider a flat space with six rectangular coordinates 2, y, 2,. 
X, Y, Z (or rather, on account of the minus signs in (9), with coordinates* f 
ix, ty, iz, X, Y, iZ), the finite representation of the solar field is a curved 
manifold M, of four dimensions (hypersurface) situated in œ sia flat and 
defined by (7) with (3) and (2’): ` , 

If on this M, we take the parameter t equal to zero we obtain a. s aub- ‘ 
manifold M, which is peculiarly simple. From (7) we have X = 0, therefore 
the distance element of M; is, from (9), 


(10) -= dè — dy — dè + dY? — dZ, 
where 


- ax R “356m! 4 
(o Le VR? + 16m?’ a= - flit eee Rt (RF 16m3? dR 


This shows that M; is in the five-flat (2, y, z, Y, Z). But going back to 
- the form (4), and substituting dt = 0, we have as an equivalent: element 
of M 3 s 

(11) © — dè — dy? — dè — aR; 





or, changing all the signs, we use as the final form 
(12) de® = da + dy + de + dR’, 


where R is defined by (3). This is obviously an M 3 in a four-flat. It is 
easily seen to be. a rotation manifold. In particular if we put z = 0, 
we have 


(13), ; da? + dy? + dR’, 
. which défines a paraboloid obtained by rotating the parabola 
(13’) e R = vV2m(r — 2m), l "6 


_ supposed drawn in the (r, R) plane, about its directrix (the axis of R). - 
This simple result, defining the geometry in a plane through the suņ, was 
first obtained by Framm. It illustrates the spatial measurements for a given 
value of the time parameter t. ~ 

The surface (S) defined by (6) and (7) is- drh entirely | disat 
- and illustrates the relation of the space and time measurements. It is also a 

* In Weyl’s terminology this would be described by saying that the flat space here 
employed has four negative and two positive dimensions. The six space is not properly 
euclidean, but what Hilbert (Göttinger Nasexchlen, 1915, 1917) would term pseudo-eueli- 
dean. 

+L. Flamm, “Beiträge zur Einsteinschen Gravitationstheorie,” Physik. Zeiischr. Š 
Vol. 25 (1916), p. 163. A simple ae is given in Weyl, “Raum, Zeit, Mater: Zep? 
3d edition (1919), p. 223. 
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surface of rotation, but the generating curve is transcendental. From (7), 
we find ' 


cal (1 — PP + 16m? 
(14) £5 ÍN Pin pe È 
where i 


“ | F R r — 2m 
as) P=P "Pre lom y 








If we take p as abscissa and Z as ordinate we have the required curve. 
Rotation about the axis of ordinates (with Z replacement by iZ) produces 
the surface (S). The time parameter ¢ is represented by the angle of 
rotation. , 

_ Flamm’s ‘paraboloid, defined by (13°), and the new surface, defined by (14), 
thus supplement each’ other, and together characterize the metric of the solar | 
field. 


COLUMBIA UNIVERSITY, 
New York. 


ON THE MOTION OF TWO SPHEROIDS IN AN INFINITE LIQUID 
ALONG THEIR COMMON AXIS OF REVOLUTION. 


By Bissutipavusan DATTA. ` . 


INTRODUCTION. 


Though the problem of the motion of two spheres in an infinite liquid 
along the line joining their centers has been completely solved by various 
investigators, the first writer to attempt the corresponding problem for _ 
two spheroids or ellipsoids is Prof. Karl Pearson.* His method does not, 
however, admit of further development and therefore, does not lead to the 
complete solution of the problem. In a previous paper,} I have shown how 
the problem can be completely solved in the case of two spheroids of revolu- 
tion of small ellipticities, the motion of the solids being along their common 
axis of revolution. The present paper deals with the more general case of 
the same problem in as much as no limitation has been imposed as regards 
the ellipticities. It will be seen that the success of the problem depends on 
certain transformation theorems for spheroidal harmonics which were not 
known before, though the corresponding theorems for spherical harmonics 
were given long ago by Bessel. 

All the results in this paper are believed to be new. 


§ 1. Lema. 


1. Let ri, 61, wı and 12, 82, w be two systems of spherical polar codrdinates 
having their origins at O, and QO» respectively and their polar axes in the 
directions of 0102 and 020;; also let x1, Yı, 21 and 22, Y2, %2 be two parallel 

_systems of rectangular cartésian codrdinates with the same origins, the polar 
axes being taken for. tke axes of xı and 22; let s denote the distance between 
O, and Oy. 

Since 

p2 = Vy + 33 = Pi 
we have 


á “On the Motion of Spherical and Ellipsoidal Bodies in Fluid Media,” Part II (Quar- 
terly Journal of Pure and Applied Mathematics, Vol. XX). 
+ Bulletin of the Calcutta Mathematical Society, Vol. VII. 
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P,(cos@5 1 (* dé . — 
rt J, (22 + tp, cos 8)? AIRA 
TE dò 





T Ja {s — (zı + tp; cos HPH 
when |s| > |x: + ipı cos |, we can expand the right-hand side of this 
equation in a series of spherical harmonics,* so that 
erie n(Cos 62) _(—1) 1 | > n+p, (EH cos a 2 ] do, 
1 


m= 





pe ee e 


where t = s/k, and kı is any quantity. 

Following the notation of Sir W. D. Niven in his memoir “ On Ellipsoidal 
Harmonics ” (Phil. Trens., Vol. 128 (1891), A), let G(2) denote the external 
harmonies of a system of confocal spheroids having the center at Os and 
0:02 as the axis of revolution. Then @(2) can be expressed in a series of 
spherical harmonics in the following way:t ' 


i Qnty | ð 3 ð D? 
G(2) = (— 1) Berit ae aya’ i) | tara 


pt 1 


{Te Ond 3)(2n + 5) Ea | Nz -+ ye’ 


where D? stands for (a3 — c3)(0?/0x%3), and az, ca (a2 > ay are the semi-axes 
of any one of the quadrics of the second family. 


Now 
ð 9 a NIL (2n) ! Hn(xe, Yo, 22) 
H, (= Ox.’ Oya’ Oz J. (— 1)” Qn! al “ptt FA 
and 
Hy(2, Yo; 22) = APR 62). 
Therefore 





(2 ð a) = (— pe ate 


O22” Oyo’ Oz2 2"! T2 





(2n)! 1 dd 
als le Qn! r =f (z2 + tpa cos HT 


Hence if k$ denotes a3 — c3 we get 


* Vide Todhunter, “ The Functions of Laplace, Lame and Bessel,” p. 88. 

. t Vide Niven’s memoir, p. 245; Hobson, “On the Evaluation of a Certain Surface 
Integral and its Application to the Expansion in Series of the Potential of Elipsoids,’”’ 
Proc. Lond. Math. Soc., Vol. XXIV, p. 91. 

f Niven’s memoir, p. 236. 
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1 1 , 
82)" on) z Dax ls F ip: cos 0 i 
(at Dnt 2) ki 
F 2(2n + 3) (z2 + tpz cos yat Ja j 
Qn)! 1 1 att 3 
= 3 ma n! Etir K? (e L o ) dè. 
Again 
_ 2 (17 1 1 a4 TA tpr cost cos # 





d (kfk) a? l 
; x pa + 2(2n we 3) a +: 3 Ont t) : 
Therefore we have 


(2n +1)! 1 1 Pg (=+ tp, cos ® 











nti! Wr p 2 
_(=1) 1 1 zı + tpi cos 3 
-C eis [Xm + pp, ( BERS?) ay 


d O O d+? 
es [ + Son + 3) oe + 3) dint? F: | Qm(t), D 


where o; stands for ke/ky. l 
We shall now express this in terms of Diodi coördinates. Supposing 
the spheroids are prolate, we write 


tı = hy cos 6; cosh = kiui 
pi = kı sin 0; sinh m = k(l = nPI 1); 


1 fp n (2p cs 2 -+ tpi cos nitet) dò = Palu) PrO), 


1 ife (2 + ip pon 2 ) dd = A 


then , 


and 





Substituting in (I) we get l 
P 0)Qa 0) = X m+ 1):(m, n) Ps) Pn), (4) 


where 
22nn! oi an 


nl d 
Slmon iTe p aes, 3) aah -Jeo 


. If however the spaerodi are of the oblate or planetary form, at = of is 
negative, so that we write y? = ci — aj, and the corresponding coördinates 
are 
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= y, cos 6; sinh yı = Yit 
pı = yı sin 6; cosh qı = yi(1 — MEA + D. 


Therefore (I) becomes 


Palta) = (— 1)*4 Èo 1)” (2m+ 1)ôi(m, n) Palu) Palia), (B) 
where 
27n! at d™ a qnt2 
me Qn + 1)! + 1) fad | teh 2(2n + - 3) aint? 2 | Qm( tr) 


(m, n) = 
; e 


oi = Y2/y1 and h = sfiyi: 
(A) and (B) are the lemmas that will be needed in the discussion of the 
problems that we shall presently take up. 
'2. We can put the expressions for ,(m, n) and 4,(m, n) into more 
compact forms’as definite integrals. For a l 


Pn _ (— Den! (Y Pr(p)dp , 





de 2 J, toa 
Therefore 
â _ nln: 
Kmen (Qn + 1)! 
+1 g^t! (n+ 1)(n + 2) ott 
a [z = peat 3(2n + 3) f= @— prt | Patordp 
1? t— 
=O) a, (=) Pa (p)dp. 
Hence 





x Lop —2 
ð (m, n) = 3J i Qa ( 7 ) Pado. 


Similarly we obtain 


a(n, m) = sf. o (2) eao. 


§ 2. HYDRODYNAMICAL APPLICATION. 


“1. Let ai, c, (a1 > c1) and dg, c` (a2 > 2) be the semi-axes of two ovary 
spheroids having their centers at O; and Oz respectively, 0102 being the: 
direction of motion. 

Let u, be the velocity of 0; towards Oz, uz that of O, towards 01; also let 
s denote the ‘distance between the centers 0:02 at any instant. Take Ax, m, 
w and Az, Me, w two systems of ovary spheroidal codrdinates having their 
origins at O,, O2 respectively, so that the surfaces of the given spheroids are 
Mt = Ao and Ao = A20» ý 


* Todhunter, loc. cit. 
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The problem before us is to find a function ¢ satisfying the following 
conditions: 


(1) ‘vo = 0, throughout the liquid, 
(2) ©. $= 0, at infinity 
ap > , A: 
(3) Í Ay = — uk,Py(u1), when M = Mo, 
ðo l 
(4) J = ugkaP (ue), when A: = deo; ° 


where k? = a? — œ and kj = a — ch. 
A value of @ which satisfies the first two conditions is given by 


(6) g = DTAP ua) + BaPa] es 


If by a proper choice of the arbitrary constants An, Bn, we can maks it 
satisfy the other two conditions, then @ will be the required solution. 
By the Lemma (A), near the surface of 01, we have 


s= | 42an An + Bu È m+ Dôl, n) Pala) PaO) |. 


Substituting in the condition (3), we get 


— ay hy P 1 (ur) = = | 42?) 0x) 


+B 3 (2m + 1)ô (m,n) Pa) PAA | , 


m= 


where Q;(Aip) and Prio) stand for the values of (AMan A) and 
(8/01) PaA) when io has been substituted for \;. This must be true at 
every point on the surface of the spheroid. Hence we can equate to zero 
the coefficients of the various zonal harmonics of ui. 

Equating the coefficients of P1(u1) 


— mki = AiAi) + 3.2) (1, 2) Ba. (6) 

n=l 

Equating the coefficients of P (1), p > 1, 
O = AoA) + 2p + DP An) Z âp, 2) Bo. (7) 


We shall have two similar equations from the remaining surface cordi- 
tion which can, however, be written down from symmetry. Thus 
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— Uke = BQ Mw) + 3 2 (1, n)An, (8) 
forp>1 
O = BQ) + (2p + 1)PsQe0) 2 ô(p, n)Ans (9) 


where (m, n) can be written, by symmetry, from ô,(m, n), viz. 


l ôa(m, n) = 5 an er: kep ) Paap. 


Thus we have four equations (6) --- (9) for the devermination of the 
unknown constants A and B. 

2. The General Values of the Constants A and B. tiie the 
values of B, and B, (n > 1) from the equations (8) and (9) in the equation 
(6) , we get 

















— wk, = AQ; Aio) = ki 3 [ wk +3 2 @2(1, n)An | 
Pazo) 2 
-3 = (2m. T 1a (1, m) Qn (Azo j£ 2 An (m, n), 
or E 
È 4, È Cm + Dê, môs, n Te l 
— 441M0) = Fuki — wale Cas : 


This equation can be written in the form 


> OnmAn — FAiQi (Aro) = 0, (m= 1, 2, 3, --+ ad inf) (1) 
n=l. t 


, where , , P 
= (2m + 1)41(1, m)G2(m, n)PaAzo)/Qam (Azo), (2) 


e = dusky = uska® (1, 1)/Qi A20). (3) 


In a similar manner, for the determination of B’s, we get the equations 
8 q 


and 


n= 


2 GamBn — 1BiQi0o) =e’, (m= 1, 2,3, -+ ad inf.) (4) 


where 


Bim = (2m + 1)Bo(1, m)4;(m, n)PrOr0)/QmOro), (5) 
e = Fatah, — uikyO2(1, 1)/Q: Aro). | (6) 


Thus we have finally an infinite number of equations (1) and (4) for 
the determination of an infinite number of unknowns, A as well as B. 


and 
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The theory of the solution of the equations of this dlass has been worked 
out by Hill, Poincare, Koch, Toeplitz, Schmidt anä others. Hence the 
values of the constants can be found so that the problems becomes deter- 
minate, the value of the potential function at any point being given by (5) 
Art. 1, $2. 

The general values of A as well as B, so determined will, however, be of 
little help for numerical calculations which will be necessary so as to get a 
physical idea of the state of liquid at any point. So we give a method of 
approximating to their values. ° 

3. Approximate Values of the Constants A and B.—We have — 


2n! d™ ci avr 


a tow (es OSN a os tise 
amm = ae, + Zn F 3) dee | Qm(). 
Substituting the value of Q»(t) in series, viz. 


2m! m! 1 (m+ 1)(m + 2) 1 
nli) = (2m + leat 2(2m + 3) pera t | 








and rearranging the terms we get 


detene| ml (m + n)! kta" 
(2m + 1)! (2n + 1)! smh 


2min (m+ m+ 2)1 MM a ons 
(Gm F 1)! On F 1)! Dn 4 8) grret (Fi 2k) 


BY Wee, 
Thus the lowest order of @,(m, n) is 


( linear dimension yee 


central distance 





ô (m, n) ga 


+ 








If the spheroids are so separated that we can neglect the terms of the order 
(= dimension 


3 . 
= ical dinate ) , we get from the equation (1), Art. 1, §2 


uzka 


k ; 
es consequently Bı = — Tia by symmetry. 
24420 


T QiQ0)? 
We see generally that, for p > 1 
2?! (p + 1)! P Oio) kik? 


A = 











A= — 3T] Qao) sP q Bı + terms of higher order; 
opty | P? pj? . 
_ _ Up! (p+ 1)! Pp) kek , hera 
B, = — STOD! Qn) 7 A, + terms of higher orders. 
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We proceed to approximate to the values of the A’s and B’s 
First Approximation — 


2 Pio) ki ike - 2 P220) kaki 

















d= = 3 O si Bı, B= — 3 Otho) st Ai, 
NE 8 P3(10) kik; af 8 P3(A20) kaki ; 
SPT) FPP TS BO) a 
Second P E EEN — 
f i = urki 2 1 ‘Teoh 
M= Dn) T 3 Oued Fo” 
B = uake zo 1 koki 
an o KO) E3 EOD) poa 
and so on. 


* 4. Verification of the Results Previously Obtained. sees terms of | 


the order ea) and da we have found that 
central distance ; 


uski 


$= = h Puud — ge Os TA PDA). (1) 


Expressed in terms of par harmonies 


TE Zo 61) P,(cos 61) 
ri 


Piu) = yiya... |, 


T T O 7 |; 


+ 


Pi(u2)QiQe) = su Peete Palos 6) 2) 


also 
, 2{2 834 | 
Q(@) = [bribe k 
Now if e, and ez be the eccentricities of-the generating ellipses of the two 
spheroids respectively, we know . 
-e= lwo e= Mo ki = ae, lee = Alp. 


Substituting in the equation (1) and neglecting powers of e, and ez higher 
than the second, we get as far as the required order 





$ = dmai(l — set) PS Palcos #1) | a Ayusate 2 Pa(cos 6 91) 
pal 6. 
TEN (1 = 962) mies 62) E Be, 2) 
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‘Now from the results of the previous paper, we have neglecting powers | 
of e; and ez higher than the second 


: i 5 261 5— Qe. 

st P sot ag oe 
Ay ZULA Gas B= jus (3528). 
Making allowanve for the difference of ‘notations between the two - 
papers we have l 





a FR a(l z $ei), b= a(l — 62), a = 3e E = Jez. 
. 4 me i ° 
Therefore 
A= — dujai(1 oe Get), By= — $ua3(1 = $e3). 


‘linear dimension \3 


Since the terms of the order ——.._-—— }_ are neglected, 
central distance 


A,=0, A= — yna Ac=0, s, 


B: = 0, B; = — ayune, B; = 0, 


B () eT 1 Pa(cos 6 61) 


¥ . ds}, ri 
Hence the equation (v) becomes up to the order of terms retained . 


$ = tual — got) ES 91) yy Ayana at get sles 61) 


+ jual — $62) M A i Trwa? sez Palcos 0a) h) ' 


T2 

so that the results of the two papers agree at least up to this order. Simi-. 
larly it can be shown that the two results agree in their most general form. 

It may also be pointed out that, considered term for term, the series 
for the velocity potential function now obtained is more convergent than 
the series obtained in the previous paper. 
~ 5. Conelusion.—In the preceding articles, I have studied the case when . 
the two spheroids have the same common axis of revolution which coincides 
also with the direction of motion. In.a similar way, can be investigated 
the case when the axes of revolution of the two spheroids are at right angles 
to the direction of motion and the transformation theorem for spheroidal 
harmonics that will be required can be obtained. 

University or CALCUTTA, 1919, 


INTEGRAL PRODUCTS AND PROBABILITY. 
By P. J. DANIELL. l 


1. Introduction.—In many problems arising in statistical biology and 
statistical economics time enters as an indispensable factor. It is the chief 
aim of #his paper to provide:a form of analysis suitable for such problems, 
and this will be a theory of probability using time as an auxiliary variable. 
The term “ Dynamic Probability ” may be used to avoid confusion with 
Gibbs’ Statistical Mechanics, which is a theory of interactions between 
fast-moving molecules or between vibratory systems, whereas our theory 
is that of time-variations in position of groups moving more or less erratic- 
ally. That is to say, the basis is change of position rather than of velocity, 
and the tendency to disperse is regarded as inherent, not as the effect of 
“ collisions.” 

For the sake of simplicity we consider only motion in a single dimension. 
The variable x may be a measure of actual geometrical position, or it may 
measure some factor of the relative environment, for example, temperature, 
intensity of light, or it may refer to a quantity of goods. 

The first step in the analysis is a search for some standard formula on 
which may be built a more complex and general theory. It is found that, 
if certain natural assumptions are made, a functional equation is satisfied, 
which is expressed in terms of a Stieltjes integral product. This form of 
product may be compared with Volterra’s integral composition, and on it a 
similar algebra may be built. It is shown that there exists an idem-factor 
function for this algebra whereas such a function does not exist for the 
Volterra composition.* The Stieltjes integral product itself forms a 
secondary nucleus for our paper; its investigation will be found in para- 
graph 3. l 

2. Fundamental Equation.—Denote an increase (possibly negative) in x 
by y and an increase in time ¢ by u. The motion in the interval u will 
depend partly on the previous history H of the member considered. Denote 
by l 

P(y, ia, Ho) 
~ * V. Volterra, “Leçons sur les fonctions de lignes.” Paris (1913). G. C. Evans, 
Cambridge Colloquium, New York (1916), p. 117. By introducing an auxiliary algebraic 
symbol j, Evans modifies the Volterra algebra so as to contain an idem-factor but this ' 
factor, 1 + 70, is independent of the variables. For a resumé of the Stieltjes integral and 
references the reader is referred to T. H. Hildebrandt, Bulletin of the American Mathematical 


Society (1917), 24, p. 117 and p. 177. 
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the probability that, in an interval u1, the increase th x does not exceed 
yı (t.e., Yy = yı) for a certain history Ho up to time tọ Similarly we may 
denote by ee ; 
Plys, Uas H) ` 
the probability that, in a succeeding interval uz, the increase in a does not 
‘exceed y2. H, will include both Ho and the motion during the interval u. 
. This is the critical point at which the dynamics of material and living 
objects diverge. ‘Theoretical mechanics is expressed in terms of velocities 
and accelerations which are instantaneous time-derivatives. In such a 
theory, however small we may choose the interval u1, the second probability - 
P(y, u, Hı) depends essentially on the motion during u; rather than on Ho. 
If only w is chosen sufficiently small the contrary is true of living objects. 
It is to be understood that we are not concerned with the ultimate 
hypotheses of materialism and vitalism; we regard each object as a whole 
and do not pretend to delve into the dynamics of its finest constituents 
which may or may not be of the material type. Our point will be made 
clear by an illustration. Consider a salmon ascending a stream and 
suddenly brought to rest by a glass plate, inserted in the stream for a brief 
instant. After the plate is removed the salmon will resume its motion . 
almost as if there had been no interruption. It will be influenced more by 
previous history or habit than by the interruption, provided the latter is 
short. Compare this case with that of a cylinder rolling along a horizontal 
plane. Even after the very shortest interruption the cylinder will remain 
at rest. It is more influenced by the immediately preceding history. An 
example which is an apparent exception is even more illuminating. In a 
speculative stock market the movement of a particular stock depends 
partly on the preceding movement. But even here the effect is influenced 
by the events of some hours'or minutes rather than by those of the last 
hundredth of a second, let us say. 
We shall assume that if the interval u is sufficiently smal], the probability 
function P depends on Mo only, so that 


Pye, Ue; Hy) = Py, U2; Ho). 


If we confine our attention to a homogeneous group of members having: 
practically the same history Ho, up to the time to then we may omit the 
symbol Ho and define P(y, u) as the probability that the increase in x 
does not exceed y in a short interval of time u not far removed from a 
fixed point of time tp. 

This is the fundamental assumption on which our analysis is based; 
and it is this which sharply distinguishes dynamic probability from the 
classical theories of mechanics, statistical or otherwise. After an investiga- 
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tion of P(y, u) in which u is assumed to be small it is possible to build up a 
more general theory suitable for longer intervals, somewhat as organic 
chemistry is built on the atomic laws of simpler reactions. 

By its definition P(y, u) is a limited non-decreasing function of y ap- 
proaching 0 as y approaches — ©, and 1 as y approaches + ©. It is also 

“ continuous on the right,” that i is 


PQ; u = lim Put e, ú 


. . = P(y +0, u). 
* On the other hand, l 
P(y — 0, u) = lim PO — e, u) 
e=0, €> 


is the probability that the increase in « is strictly less than y, and it is not . 
necessarily equal to P(y, u). 

The increase y in the-interval u, + we is the sum of an increase z during uy 
and an increase y — z during us. Keeping y fixed the function P(y — z, u2), 
is a limited non-increasing function of z continuous on the left with the: 
values 1 at — œ, 0 at + œ, and is continuous in each of a countable set of 
intervals which are open below and closed above. 

Let ed be one of these intervals; then the probability that, in the time: 
ui, the increase z in g satisfies c < z = d will be 


AP(z, wu) = P(d, uw) — P(e, w). 
Given that c < z = d, the probability that the increase in the time u + uy 
does not exceed y will lie between 
Py — d, uz), P(Y — c, ue). 
Then the combined probability will lie between 
Py — d, w)AP(z, u), Ply — ©, w)AP(z, us). 


The law of composite probability is applicable here because we assumed 
the motion during we independent of that in u. 

Divide cd into smaller sub-intervals and proceed to the limit as their 
maximum length approaches 0. The combined probability thate<z=d 
-and that during u, + uz the increase does not exceed y will be 


Í Pigs ws)d,P(, 1n). | 


Add up the corresponding expressions for all the Wiank cd, ang then the 
fundąmental equation is obtained, gag 


2(1) © Py; uy + u) = Bae us)d-P(z, in). 
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Without changes in the processes of reasoning we may regard us as the 
earlier, u the later interval of time and so obtain 


+o 
2(2) Ply, ur + w) = Ply — z, u)d:P(z, up). 
3. Stieltjes Integral Products.—The function a(x) will be said to be a 
regular function of limited variation in x if it is of limited variation 
(— © to + ©), ifa(— œ) = 0 and if, for all values of x, 


aiz) = [alz + 0) + a(x — 0) ]. E 


We shall require an important lemma. 

3(1). If a(s, t) is a regular function of limited variation in s, and measur- 
able in the sense of Borel in ¢, and if the variation be limited uniformly with 
respect to t, and if g() is of limited variation and f(s) is bounded and 
measurable,* then . 


(Troa f7 ae, Ddo = SS totae o Jaw. 


Let f(s) = 1, (e = s = d) = 0 otherwise. 


Hs), f ale, Daves f * (d+ 0, t)dg(t) — f ETET 


a m [ (T foda, i) | dg(t). 


If f(s) is a step-function (constant over each of a finite set of sub-intervals) 
it is a linear combination of functions of the above type and therefore the 
equality will be satisfied. But any measurable function f(s) can be obtained 
from such step-functions by a finite succession of linear combinations and 
limiting processes using in all cases bounded sets of functions since f(s) 
is bounded. Because c(s, t) is of uniformly limited variation a number S 
` exists such that the total variation of a(s, t) does not exceed S. If G is the 


+o 
variation of g(t) then the variation of f als, t)dg(é) does not exceed SG. 
Also if |f(s)| = M, 2 
| f f(s)dea(s, | = MS. 


Therefore in each of the required limiting processes the several integrands 
do not exceed summable functions in absolute value, and at each step the 
equality is preserved. . 


* In this paper the attribute ‘measurable’ will be taken in the sense of Borel. 
7 P. J. Daniell, Annals of Mathematics, Vol. 19 (1918), p. 290. The theorem used here 
is used frequently in the present paper. 


+ 


/ 
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hypothesis 7’-7 = y so that n’ = y. Similarly it can be shown that there 
is no other idem-fector y” satisfying the conditions in 3(2) and such that 
an’ = a for every a. 

Thus 7 is the only idem-factor in the class of functions a considered. 

If it happens that æi “Og = ya We may say that the functions are 
S-permutable to distinguish the property iron that of being permutable 
according to Volterra. 

If 1, œ are differentiable with respect to their first variables, for example 


ails) = f Ae ds, als, = [ fale, Dds, 
then i f 


a&i 'als, t) = f fifo(s, dds, 
in the Volterra notation, and this shows the relation between the two types 
of combination. 
A development of this algebra particularly in connection with integral 
equations would be interesting but we shall now confine our attention to | 
functions of the difference x — y, 


alx, y) = ala — y). 
Then 


+o +% l 
Qag = f ail — s)dæ(s — y) = f ale — y — z)d,a2(2), 


so that œı-ax is also a function of the difference x — y. 

3(3). To use symbols more in keeping -with our special problem, if 
aly), &a(y) are regular functions of limited variation (— œ to + œ), then 
we define their S — V product as 


+o 
ar: œly) =f aly — zj\dælz) Def. 


‘The corresponding idem-factor will be 
ny) =0, y<0, 
= 3, y= 0, 
1, y> 0. 


3(4). THEOREM. The product as defined in 3(8) is S-permutable. For 
since the functions are regular, by a theorem on integration by parts,* 


* P, J. Daniell, Transactions of the American Mathematical Society, Vol. 19 (1918), 
p. 362. 
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4(2). If a 
dpe), —-H<h<+K, 


—%0 


exists, where H, K are positive, then so also does 
+-+ oO 
Í zředB(e), —H<hkh< +K, n=1,2, +. 


For if — H < h < K we can find a number 7 > 0 such that — H < h— n 
< h+" < K. Given 7 and n we can find zo> 1 such that 2” < e”, 
az= Zoe 

Then z”e*?(z = 0) is measurable and less than the function gje®t™* 
which is summable £ from — œ to + œ. 

Similarly z"o (g = 0) is measurable and its modulus is less: than 
zre@—)? which is summable 8 from — © to + ©. Therefore 27e’* is 
summable 8 from — œ to +o. 

4(3). If 
f e'@dB(z), -—~H<h<kK, 


a 


exists then 


+% 
J Bo = etp 


is holomorphic in the strip — H < real part ‘of p< K. This strip we be 
called the HK strip. 

If p= h+ ik lies in this strip, — H < h< K and since ios kzl, 
|sin kz| are not greater than 1, |e**| = e*, it follows that 


(p, B) -f7 et? cos kz dB(z) + Go e* sin kz d8(2) 


exists. 


; +o 
[o(p + Ap) — oe) ap = f zepen 
in which y} = (et — 1)/t. 
Integrating along a radius i e'‘dt = e — 1, so that |et— 1] = |tlel4l, 
0 
and |Y | < et. ' 

Since — H < h < K we can find a number 7 > Osuch that — H < k-n 
<h+n< K and if |Ap| = 7, the real and imaginary parts of ze?*p(zAp) 
will not be greater in modular values than the function which has for 
each z the greater of the values of |z|e*"*, which by 4(2) is known to be 
` summable. 

Furthermore y(é) is continuous at t = 0 and its limit there is 1. There- 
fore by the theorem used in proving 3(1) there exists a unique limit of 
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Ay/Ap as Ap approaches 0, that is to say, o(p) is holomorphic in the HK 


strip and 
; +æ 
m E f ae (@) ` 


4(4). IE o(h, Bs), o(h, Ba) exist, — H < h < K and if B1 Belu) = v6 
then 
ep, Y) = pp, Bie(p, Bo) 


provided p is in the HK strip and conversely. 


+a +% 
~ ole =f anf hu- dhe 
Soo +Y +0 
pa endy f Bily — 2) Bale) 
Y=% J/_y —O - 
+o +Y i 
ziii [S] eama- aio 
Y=0 Yo =F x 5 


by theorem 3(1), and this 
+o Y—z 
` = lim EP? | f edet) | dßa(2). 
Y=% Y — o —¥+z 


The expression in square brackets is not greater in modular value than 
¢(h, w) where h is the real part of p, w1(v) is the modular variation function 
corresponding to §i(v). The existence of (h, B1) implies that e” is sum- 
mable with respect to £1, and therefore with respect to the variation function 
w. Therefore using again the theorem with respect to limits under the 
integral sign . 


+o 
olp, 1) = f eel, pòde) 


= (p, Bi)e(p, b2). 
To prove the converse let ô(y) = f1- 8a(y), then by the theorem itself 
elp, y — 8) = elp, Y) — plp, 8) | 
, = o(p, Y) — olp, Bi) e(p, Be) 
- ‘= 0 by hypothesis. 

Therefore by 4(1). Cor. y — ô = 0 identically, and y(y) = 61-Ba(y). 

4(5). If Buty) is a regular function of limited variation in y for u = 0, 
if B(y) is not identically 0 and if (p, Bu) exists in the HK strip, then if 


(p, Bu) = e*?, where P is holomorphic in the HK strip, and where u is 
rational and non-negative, , 
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be Buy" Buly) =. Burtusly) 


and conversely. 
The direct theorem is a simple consequence of 4(4) since 


o(p, Burtus) = eres. = o(p, Bus plp, Buy). 


To prove the converse let p = log, y(p, Bı), i.e., where u=], then by 
4(4) since Bu: Bully) = Burpu:(Y), 


log o(p, Bu,) + log o(p, Bu) = log o(p, Burtu)» 


from which, if u is rational and non-negative, we obtain 
log plp, Bu) =u log ep, 61) Fa uP, (p, Bu) = enn. 


To complete the theorem it remains to be proved that P is holomorphic in 
the HK strip. Since ¢(p, 81) is holomorphic P will be holomorphic except 
where (p, 6:) = 0. Let us suppose that at po, o(po, 61) = O then for all 
non-negative rational u, (po, Bu.) = 0. Butifu= nv, o(p, Bu) = Celp, 8») |" 

when n is a positive integer, and consequently 6’¢(b, Bu) lp=po 7 < n, = 0, 
where 6 stands for d/dp. 

But n can be any positive integer and r any integer less than n so that. 
not only ¢ but all its derivatives must vanish at po. By Taylor series 
and continuation it follows that o(p, Ba) = 0 identically over all the HK 
strip (boundaries excluded) and in particular that it vanishes identically 
along the imaginary axis. But by 4(1). Cor. this implies that 6.(y) = 
identically which is a case excluded by hypothesis: This completes the 
proof of the theoreñ. 

This theorem enables us to pass from the functional equation 


3(5) ` Bur* Bus = Burtu: 


to the algebraic relation (p, Bu) = e"? and back. The formal solution 
of 3(5) can now be written in the form 


4(6) Baly) = f EG sin k — e“”™ sin {kI(k) — ky} ] 


° 
. where R(k) + 21 (k) = Pk) = log lik, Bı), b = e? = (0, Bi) = B1( 0) 
be = O e0, Bu) = Bal). 

5. Particular Solutions.—In our search for the more elementary solutions 
we shall carry through some processes in a purely formal manner without 
rigorous justification, but we can test the results obtained. If it is found 
that o(p, Bu) = e"? where P is holomorphic in an HK strip then by 4(5) 
Bu(y) will be a solution of the functional equation 3(5). . 
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In some cases, particularly if S e"?®dk is convergent, we may differ- 


entiate both sides of 4(6) and obtain the simplified formula 


pula) = f Aod 


where : 
fuly) = 1 f e"™ cos [kI(k) — ky ]dk. 
0 


Let us suppose that f,(y) satisfies some differential equation which may 
be written in the form 2, Aa(Di(y"f) = 0, where D = d/dy, A,(D) is a 
polynomial in the operator D whose coefficients depend on u. Now under 
certain conditions 


+o +o 
f e?*z"f..(z)dz = ô” f eP*f,(z)dz, ô= d/dp, 


= Sre, 
. Pto +o 
f DCZ) = [eZ] — p f e”Zda 
—0 ee =w 
=— p e?*Zdz. 


f n e?*A,(D)[2"fu(z)_\dz = An(— p)dre*”. 


Then P must satisfy the differential equation 
LnAn(— pire” = 0. 


f 


This equation is a differential equation for P which is a function of p only 
and therefore the ratios of the coefficients of any two distinct types of 
products of P with its derivatives must be independent of u. It follows 
that the equation can contain only two terms, those for n = 0 and n = 1. 
Consider for example the case n = 2. Then 


Ax(— pE?) = Ao(— pje LueP + w(5P)*] 


and the ratio of tlte coefficients of these two terms is u and is not inde- 
pendent of u. Making the elimination of such terms there remains 


Ai(— p) be"? + Ao(— pe” = 0, 
uAy(— p)iP + Ao(— p) = 0.. 


Then 4;(— p) = A(— p) will be independent of u while 4o(— p) = uB(— p) 
where B is also independent of u. Since in the case considered e%?“ 
= By(%) = 1, P(0) must = 0 and 
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= Bg) 

o A) 

Correspondingly we have for fu(y) the equation 
A(D) (yf) + uB(D)f = 0. 


In general the simplest form of solution of this equation is given by definite 
integrals of type 4(6),* so that we do not appear to have made much 
progress. However if dP/dp is a rational function of p it may be resolved 
into a sum of terms of types anp”, ba/(p — po)” and if Bu, Yu correspond to 
two functions Pı, Pa there will be a solution 6, = ßBu''Yu corresponding to 
P, + P: so that more general solutions can be built out of a few simpler 
types. 

Pearsont has suggested types of statistical distributions which are more 
general than the “normal” or Gaussian distribution. They are such 
as to satisfy a differential equation of the form 


ldf _ : @ı— y 
fdy bo + biy + bey?” 


When this equation is cleared of fractions there appears a term boy’Df and 
in such a case f cannot lead to a solution of 3(5). We must therefore choose 
be = 0, and then 


OD + 1)(yf) + boD — a — bf = 0. 


Comparing with the form already given 


A(D) z= b,D + 1, . B(D) = (boD = [a + by |) /u = eoD — Ci. 


P(p) = dq. 





Cog — C1 


P(p) = A bg +1 


5(1). If bi=0, P = łc + cip, DfIf = (eru — y)/eou and log f 
= — y?/2cou + (cı/cy + C, where C.is some constant, which must be 


chosen so that 6,(«) = i fulydy = 1. 


In fact this gives the normal distribution - 








fuly) ee ger Poot 


1 
A (Qrregu) 
in which the average is at cu (i.e. moving with velocity ¢1), and the standard 
deviation is W(cou). 


* Cf, A. R. Forsyth, “Treatise on Differential Equations” (1903), 3d ed., p. 250. 
+ K. Pearson, Philosophical Transactions of the Royal Society, 186A, p. 348. 
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+a 
E(P, Bu) = , f ePYfuly)dy ` 





1 +00 
oe gr f g Eeue ioo gy 
a) 


V(2reyu) 


— ëP 


This proves that here is a possible solution. 
` 5(2). If by + 0, let po = 1/bs, n = expo + cop}, then ° 
P(p) = — copop — n log (1 — p/po), 
log f = — poy + (nu — 1) log (y + ucopa) + C, 


where C is some constant chosen so that b,(œ) = 1. 

From the form of this-solution it is evident that y > — weopo, or in 
other words that fu(y) = 0, when y < — weopo. 

When y > — ucopo, fuly) = €P (y + ucopo)™ pee" /T (nu). In this 
case there is a sharp boundary at y = — ucopo, which is therefore moving 
with velocity — copo. The average is at (nu/po) — ucopo, the standard 
deviation is V(nu)/po. l 

By choosing C to be partly imaginary, C = C’ + (nu — 1) log (— 1), 
. we can obtain another solution in which fely) = 0 when y > — ucops. 
‘For the convergence of the integral pọ must now be negative, = — qo 
and then when y < ucogo, fu(y) = e” (ucogo — y) qie "T (nu). This 
distribution is the mirror image of the other, reflection taking place at 

= — Ucopo and with qo = — po in place of po. The two cannot be com- 
bined since in one case po is positive, in the other negative. When a com- 
parison is made of the two types of solution we see that type 5(1) is con- 
tinuous and as soon as u becomes positive there is a finite non-zero density 
of distribution in both directions; type 5(2) has a discontinuity at a moving 
boundary and the distribution has non-zero density on one side only of this 
boundary. Also in 5(2) the rate of decrease in density is less rapid than 
in 5(1). To make a true comparison of these rates it is necessary to make 
allowance for the diferent deviations. Let-g be the average y, o the 
standard deviation and put y = }-+ re where r is some pure number 
greater than 1. In case 5(1) j= cyu, e = V(cpuy, and 


— oDf if = N (cou) [eru + r Necou) — cru]/cou 
=r. 


In case 5(2) 7 = nujpo — ucopo, o = A (nu) /po, and 


DANIELL: Integral Products and Probabilities. 157 








Ope 
- obit = i at epee i. 
ari 
T r Vn) 


If r > 1 this is < r and ifr is large while u is small it is approximately 1/r. 

As the next step we might consider differential equations for f which. 
are of the second order, that is in which dP /dp is a fraction in which either 
the den8minator or numerator (or both) is quadraticin p. If the denomi- 
nator reduces to a constant: we have a case similar to 5(1) but in which 
P contains a term in p°. The resulting solution for f is not elementary. 
If the denominator is linear, P is the sum of terms of type 5(1) and 5(2), the 
resulting solution is an integral composition of 5(1) and 5(2) and is not 
elementary. 

Finally if the denominator is quadratic, P is the sum of types 5(2)and 
the combination in f is again not elementary. 

There are an endless number of other possible solutions but the author 
has not had the good fortune to find types which should be so simple that 
they could be used as a basis for further investigation. Even the type 5(2), 
simple though it is, does not seem to-be readily applicable to problems in 
dynamic probability. It may, however, be useful in exceptional cases. 

For the remainder of this paper we shall use the solution 5(1) in the 


forms: Buly) = f falg)dy, where 


. 1 
5(3 u = = Tuia 
=r I) = ia 
5(4) Faly) = V(R[2Qruje~Fe e eTR, 


R=1/M, F= RU, U = MF. 


U is the velocity of the average change in a, or we may call U the drift 
of the group. 

M is the rate of increase of the average square deviation and is called 
the mobility. The standard deviation in an interval u is VMu. 

F is the ratio of drift to mobility and is called the force. 

R is the reciprocal of the mobility and is called the resistance. 

The formule 5(3), 5(4) are really identical but in some cases one or the 
other form is more convenient and natural. 

6. Variable Characteristics. —We now consider the motion of a group 
during finite intervals of time and over finite intervals in the variable. 
We assume that the motion is the result of infinitesimal movements of the 
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type 5(3), that is to say, that when u is sufficiently small the motion is as 
close to that of 5(8) as we choose but that the characteristics U, M (or 
F, R) vary both with initial position and initial time ż. It is also assumed 
that, except possibly at a boundary, the first and second partial derivatives 
with respect to x of these characteristics exist and are limited, and that 
U, M, F, R are also limited. 

Let y refer to a displacement from an initial position æ, u a positive 
increase in the time ¢ and denote f,,(y) by. 


fly, w; x, t) = V(R/2rru)e BO, 


where R, U are possibly functions of x, t. Then 


+60 
fU, U; X, i)dy =], 


+o 
fly, u; x, tjydy = Uu, 


+o 
fU, u; x, ydy = Mu, 


+0 l 7 
fly, u; x, dy” Ydy = 0, n>l, 


if we neglect terms of the second, and higher, order in u. 

In an individual case the number of members of the group lying in a 
given interval will be an integer and the distribution will be completely 
discontinuous. But cur problem is that of probable, or average, not actual 
distribution and such a probable number may be fractional or even ir- 
rational. We assume that the probable number of members of the group 
in the interval æ to x + dz is N(a, t)da, that N(x, t) is limited and summable 
from — œ to -+ o and that it possesses bounded first and second partial 
derivatives with respect to «x. 

If K(u) is the number crossing the point x in the direction of x increasing, 


K(u) = f N(s, dds f f, u; s, idy 


= Suf to u; 8, DN (s, dds. 


This change of order of integration is legitimate since N (s, t) is summable 


in s and 
Ifty, u s, D| = VR /2ue*"e™, 


A 
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- where R; is the maxiħnum, Rọ the minimum value of R, F, the maximum 
value of F = RU, the expression op the right-hand side being independent 
of s and summable in y. 

If x — p is substituted for s we obtain 


i] g 
Ke = {dy f fou 2 — p, ON p, ddp. 
Expanding in powers of p, 


fuu; 2 — p, ON — p, t) = fly, w x, ON, i) 
a : i 2 
— ps Cf, w 2, DN (æ, D] + E eU, p), 
8? 
le@, p)| < max [Sally w e= p, ONGe- p, 0] 


< (ao + alu + ayta (l + biy + bzu) (Ra Que Pah kA 


‘where ao, Qu a2, bi, be are certain constants depending on the bounds of the 
derivatives of U, M, F, R but are independent of y and u. From this 
inequality it follows that 


0 vy 
f dy f ZPU, p)dp 
0 0 k 


It can be neglected and considering terms of order u, or less, 


< a term of order u?. 








Kw) = f dy [fey u 2 ONG, Dåp 


- [a f [reo [ rou ena] 


a Ẹ ð w 
= Næ d [ui ws a ody —55-| Neo S rou «dd |. 


Similarly the number L(u) crossing in the other direction is 


Le = f Nedd f fou s, Day 


0 z—y 
= f af Fou s, DNG, Dds 


Il 


0 0 
-Ned | wom dd +5 S/o f vrou day]. 


Combining these two, the net resultant number crossing to the right (x 
increasing) is K(u) — L(u) ‘or 
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= NUu — 52 (NM). 


6(1). The net rate at which members cross at z in the direction of z 
increasing is given by 
NU -5> ow M). ; 
6(2). Taking into consideration the flow across a neighboring point 
x + dz, if there are no sources or sinks, 


f= -2 w+ 5 Sam. 


This equation is similar to that governing the flow of heat along a bar, but 
there is an added term depending cn drift. 
For statistically as Os ðN lat = 0, 


NU -= ow M) is independent of x. 
For statistical equilibrium (statistically stationary state) . 
1@ 
NU —355, (NM) = 0 


of which the general solution is N = (C/M)e?* where C is an arbitrary 
constant, g is the attractive potential defined so that d¢/da = F = RU 
= U/M, and U, M are now assumed to be independent of t. 

I: is evident that N tends to be large where the attractive potential is 
high or where the mobility is small. 

In e gy may be regarded as a possible substitute for “ desira- 
bility ” or “ ophelimity.” 

7. Boundary Conditions.—At a rigid boundary there will not only bea 
resultant 0 flow but the flow will be 0 separately in each direction. Suppose 
that at x there is a distribution with finite density for smaller values of x 
and density 0 for larger values of x;. then L(u) = 0 because M(s, t) = 0, 
s> xv. Neglecting terms of order higher than u, we have seen that 


Kw = wf wau- ifn [vse]. 


Let y = Uu + z V2 Mu, then 
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f yfdy = =f ___ (Uu+ 2v2Mue“dz 
0 vz UY (ujdi) e 
= [ J(Mu]2r) + 4Uu]+ terms of higher order in u. 
a yfdy = aul ___ (Uu + 2V2Mu)%e-“dz 
Q T 


UV aldi) 





= Mu + terms of higher order. 
Therefore to order u, 


K(w) = pu [NU — 5 (NMJ + Vu VIE. 


This shows that the flow to the right consists of half the net statistical 
flow which would occur if the distribution were uniform through 2, instead 
of being bounded at 2, together with a flow in which the initial quantity 
flowing in time u is proportional to Vu. The latter constitutes a sudden 
gush from the region of finite density into the empty space. At an im- 
passable boundary this gushing flow must also vanish and the necessary 
conditions will be 


10d 
i M=0, NU —55, NM) = 0. 


The condition W = 0 makes R = © and this violates the conditions imposed 
in paragraph 6, so that we cannot conclude immediately that these are also 
sufficient. 

If at the boundary zo M = 0 every member of the group which happens 
to arrive at æo will have immediately thereafter a velocity U = Up and the 
dispersion will be 0. It would appear to be a sufficient condition that Uo 
should be non-positive, for then the group would not pass a. But since 
at any point æ < 2, there is a-flow of rate NU — 4 (8/3x) (NM) there will 
be a sudden change in the density between x and 2» unless this expression 
also approaches 0 at x = ap. Since My = 0, this condition is equivalent to 
Uo = $(0M/dx)o. Now M is positive except at x = a and if it possesses 
a derivative at 2 = zo, (@M/dx)y must be non-positive, or Uo will be non- 
positive. It therefore appears that the two conditions 


M=0, NU 32 - (NM) = 0 


are sufficient as well as necessary. Let W = U —4(0M/dzx), then at 
x=%,M=0,W=0. Now 


aN a 1yeN]_ _ „ôW , (190M an oN 
=- i|- Ej- +( w) EM 
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At x = zo this becomes 


ON? = — No(OW]dx)o + "HOM /dx)o(ON [02 

It may happen that the boundary produces its effect by a “repulsion ” 
which is considerable at some distance, but consider the case where U, M 
are practically unaffected until points very’ near a» are reached. Then in 
-general M will suddenly drop to 0 from a finite value and (9M /d2)» will be 
large. If (3N /ðx)o does not happen to be 0, ð No/ðt will be large numerically 
unless there is some relation of the type 0N/da = 2kN, where k is a finite 
number such that OW/da — kd M /ðx remains finite. Now if at the boundary 
point xo there were statistical equilibrium without any real boundary we 
should have dN /d2 = 2(W/M)N. Choose k = W’/M’, where W’, M’ are 
the values W, M would have in the absence of a boundary. Since these 
would not vary very rapidly near x, the conditions would be satisfied. 
Hence we may write the general equations for our form of dynamic proba- 
bility in the form: 

7(1) aN 


eS 2w U) = -3(N M) 


2 a 
throughout the range, together with the boundary conditions: 


T: NU- 3 Č WM) = 0, 


in which U, M take the values which they would have in the absence of any 
boundary. Itis important, however, to remember that in a small neighbor- 
hood of a boundary U and M actually vary rapidly and that their values 
will differ from those which they would possess in the absence of a boundary. 
i 1 ðM ‘ 

Since Wao =Q= Uo = 3(0M/dx)o, Fo = RU = 5 (ae Ja a there will 
be a strong repulsive “force” very close to a boundary. The author 
hopes to obtain some interesting results by an extension of the analysis 
to two or more dimensions. 


Rice INSTITUTE, 
Houston, Texas. 


INTRODUCTION TO A GENERAL THEORY OF ELEMENTARY 
PROPOSITIONS. 


By Emit L. Post. 


INTRODUCTION. 


` 

In the general theory of logic built up by Whitehead and Russell* to 
furnish a basis for all mathematics there is a certain subtheory{ which is 
unique in its simplicity and precision; and though all other portions of the 
work have their roots in this subtheory, it itself is completely independent of 
them. Whereas the complete theory requires for the enunciation of its 
propositions real and apparent variables, which represent both individuals 
and propositional functions of different kinds, and as a result necessitates. 
the introduction of the cumbersome theory of types, this subtheory uses: 
only real variables, anc. these real variables represent but one kind of entity 
which the authors have chosen to call elementary propositions. The: 
most general statements are formed by merely combining these variables: 
by means of the twc primitive propositional functions of propositions: 
Negation and Disjunction; and the entire theory is concerned with the 
process of asserting thase combinations which it regards as true propositions, 
employing for this purpose a few general rules which tell how to assert 
new combinations from old, and a certain number S pave assertions 
from which to begin. 

This theory in 2 somewhat different form has long ae the subject 
matter of symbolic logic.t However, although it had reached a high state 
of development as a theory of classes, it had this incurable defect as a 
logic of propositions, that it used informally in its proofs the very proposi- 
tions whose formal statements it tried to prove. This defect appears to be 
entirely overcome in the development of ‘Principia.’ But owing to the 
particular purpose the authors had in. view they decided not to burden their 
work with more than was absolutely necessary for its achievement, and so 
gave up the generality of outlook which characterized symbolic logic. 

It is with the recovery of this generality that the first portion of our 
paper deals. We here wish to emphasize that the theorems of this paper 

. *A. N. Whitehead and B. Russell, Principia Mathematica, Vol. 1, 1910; Vol. 2, 1912; 
Vol. 8, 1913. Camb. Univ. Press. 
f Ibid., Vol. 1, part 1, section A. 
ł See C. I. Lewis, “A Survey of Symbolic Logic,” University of California Press, 1918. 


An extensive bibliography is given there. . 
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are. about the logic of propositions but are not included therein. More 
particularly, whereas the propositions of ‘Principia’ are particular asser- 
tions introduced -for their interest and*usefulness in later portions of the 
work, those of the present paper are about the set of all such possible 
assertions. Our most important theorem gives a uniform method for 
testing the truth of any proposition of the system; and by means of this 
theorem it becomes possible to exhibit certain general relations which exist 
between these propositions. These relations definitely show that the 
postulates of ‘Principia’ are capable of developing the complete sytem of 
the logic of propositions without ever introducing results extraneous to zhat 
system—a conclusion that could hardly have been arrived at by the particu- 
lar processes used in that work. 

Further development suggests itself in two directions. On the one hand 
this general procedure might be extended to other portions of ‘ Principia,’ 
and we hope at some future time to present the beginning of such an at- 
tempt. On the other hand we might take cognizance of the fact that the 
system of ‘Principia’ is but one particular development of the theory— 
particular in the primitive functions it employs and in the postulates it 
imposes on those functions—and so might construct a general theory of such 
developments. This we have tried to do in the other portions of the paper. 
Our first generalization leads to systems which are essentially equivalent 
to that of ‘Principia’ and connects up with the work of Sheffer* and Nicodt 
in reducing the number cf primitive functions and of primitive propositions 
respectively. The second generalization, on the other hand, while including 
the first also seems to introduce essentially new systems. One class of such 
systems, and we study these in detail, seems to have the same relation to 
ordinary logic that geometry in a space of an arbitrary number of dimen- 
sions has to the geometry of Euclid. Whether these “non-Aristotelian”’ 
logics and the general development which includes them will have a direct 
application we do not know; but we believe that inasmuch as the theory 
of elementary propositions is at the base of the complete system of ‘ Prin- 
cipia, this broadened outlook upon the theory will serve to prepare us for 
a similar analysis of that complete system, and so ultimately of matae- 
matics. 

Finally a word must be said about the viewpoint that is adopted in this 
paper and the method that is used. We have consistently regarded the 
system of ‘Principia’ and the generalizations thereof as purely formal de- 
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* H. M. Sheffer, “A Set of Five Independent Postulates for Boolean Algebras, with 
Applications to Logical Constants,” Trans. Amer. Math. Soc., 14 (1913), pp. 481-88. 

fJ. G. P. Nicod, “A Reduction in the Number of the Primitive Propositions of Logis,” 
Proc. Camb. Phil. Soc., Vol. XIX, Jan., 1917. 
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velopmentd* and so have used whatever instruments of logic or mathe- 
matics we found useful for a study of these developments. The fact that 
one of the interpretations of thé system of ‘Principia’ is part of the 
informal logic we have used in this study makes the full significance of this 
interpretation, at least with regard to proofs of consistency, uncertain, but 
it in no way affects the actual content of the paper which is in connection 
vith the formal systems. 


THE SYSTEM or PRINCIPA MATHEMATICA. 


` 
1. Description of the System.—Let p, p1, Po **', G Qu Ya "05M My 
Ta, +++ arbitrarily represent the variable elementary propositions mentioned 


in the introduction. Then by means of the two primitive functions ~ p 
(read not p—the function of Negation) and p V q (p or g—the function of 
Disjunction) with the aid of the primitive propositions 
I. If pis an elementary proposition ~ p is an elementary proposition, 
If p and q are elementary propositions p V q is an elementary proposi- 
tion, 


we combine these variables to form the various propositions or rather 
ambiguous values of propositional functions of the system. It is desirable 
in what follows to have before us the vision of the totality of thesé functions 
streaming out from the unmodified variable p through forms of ever growing 
complexity to form the infinite triangular array 


P 
PVP PVP, ~p 
PVP tts SPV ~ Dy ts (BV P) V (P V pads 
~ (PVP) ~V) ap 


and to note and remember that this array of functions formed merely 
through combining p’s by ~’s and V’s constitutes the entire set of enuncia- 
tions it is possible to make in the theory of elementary propositions of 
‘ Principia.’ 

But the actual theory is concerned with the assertion of a certain subset 
of these functions. We denote the assertion of a function by writing + 
before it. Then the motive: power for the resulting process of deduction 
is furnished by the two rules of operation: 


* For a general statement of this viewpoint see C. I. Lewis, Loc. Cit, Chapter VI, 
section ITI. 
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II. The assertion of a function involving a variable p prdduces the 
assertion of any function found from the given one by substituting for p 
any Other variable ¢, or ~ q, or (q V r}* 

TIT. “} P” and “H:~ P. Vv .Q” produce “H Q.” 

These enable us to assert new functions from old, or rather in the form in 
which we have put them, generate new assertions from old. And the com- 
plete set. of assertions is produced by applying IJ and III both to the follow- 
ing assertions which give us the start, and to all derived assertions that may 
result: : Py 


IV. k:~(@Vp)-V-p bix~(PV GV ALVaV@eVn, 
bing. V.i0VG bw (avn. Vi~ @VO-V-PVT 
hi~ (pV Q).V-9V PB. 


We here again point out what was emphasized in the introduction that 
this theory concerns itself exclusively with the production. of particular 
assertions through the detailed use of the rules of operation upon the 
primitive assertions, and as a consequence the set of theorems of this portion 
of ‘Principia’ consists of the assertions of a certain number of particular 
functions of the above infinite set.t 

2. Truth-Table Development.{—Let us denote the truth-value of any 
proposition p by + if it is true and by — if it is false. This meaning of + 
and — is convenient to bear in mind as a guide to thought, but in the 
actual development that follows they are to be considered merely as symbols 
which we manipulate in a certain way. Then if we attach these two 
primitive truth-tables to ~ and V 


* This operation is not explicitly stated in ‘Principia’ but is pointed out to be neces- 
sary by B. Russell in his “Introduction to Mathematical Philosophy,” London, 1919, p. 151. 
Its particular form was suggested to us by the first portion of the operation of “Substitu- 
tion” given by Lewis, loc. cit., p. 295. It will be noticed that the effect of TI is to enable 
us to substitute any function of the system for a variable of an asserted function. 

+ We have consistensly ignored the idea of definition in this description. We here 
rigorously follow the authors in saying that definition is-a convenience but not a necessity 
and so need not be considered part of the theoretical development. And so although we 
too shall at times use its shorthand, we do not encumber our theoretical survey with it. 

{ Truth-values, truth-functions and our primitive truth-tables are described in ‘Prin- 
cipia,’ Vol. 1, p. 8 and p. 120, but the general notion of truth-table is not introduced. 
This notion is quite precise with Jevons and Venn (see Lewis, loc. citus, p. 74 and pp. 175 
et seq. respectively) and has its foundation in the formula for the expansion of logical 
functions first given by Eoole. (G. Boole, “An Investigation of the Laws of Thought,” 
London, Walton, 1854, especially pp. 72~76.) For the relation to Schréder see the foot- 
note to section 3. 
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we have a means of calculating the truth-values of ~ p and p V q from those 
of their arguments. Now consider any function f(p1, pe, --+ Pa) in our 
system of functions, which we will designate by F. Then since f is built up 
of contbinations of ~’s and \’s, if we assign any particular set of truth- 
values to the p’s, successive application of the above two primitive tables 
will enable us to calculate the corresponding truth-value of f. So corre- 
sponding to each of the 2” possible truth-configurations of the p’s a definite 
truth-value of f is determined. The relation thus effected we shall call the 
truth-table of f. ; 
For example consider the function 


~(~(~pVOV~(~¢CV p)) 


which is the ultimate definition of the function p = q of Principia. We 
have when pis + and q is + the following truth-values of the successive 
components of the function and so finally of the function: 


p:+t, OPE HSPN Gry CMO Pg ee 
Go PES SEV Pere alee yp) = 
~(~aVOV~(~aV DINAH, ~~ (~BVOV~ (Wave) E+ 


the successive truth-values being found by direct application of the primitive 
tables. In the same way the truth-values for p +, qg — etc. can be calcu- 
lated and so we finally get. the truth-table of p = q, i.e., 


Pq ||P 
++) + 
+ — a 
— + me 
--| + 


It is needless to say that in actual work this amount of detail is quite 
unnecessary. 

We shall call the number of variables which appear in a function the 
order of that function as well as that of its truth-table. It is evident that 
there are 2” tables of the nth order. We now prove the 

THEOREM. To every truth-table of ‘whatever order there corresponds at 
least one function of F which has tt for its truth-table. 
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For first corresponding to the four tables of the dirst order bs jt, 
t|2, ż|F we have the functions p V p, p V ~p, ~ (pV ~p) ~p. Now 
assume there is a function for each mth order table. Then in any table of 
order m + 1 the configurations for which Pm+1 is + constitute an mth order 
table for which there is some function fi(pi, P2, --+ Pm). Likewise cor- 
responding to pPmsi — we obtain fo(p1, po, +++ Pm). Let p.q stand for 
~ (~p VY ~q) a function which has the truth-table 


Pq |P-g : 
++) + 
a eal es 
— + — 


Then it easily follows that the function 


Pm+1 fips, Pa, tt Pm V.~ Pmi Japas Pz **° Dm) 


has for its truth-table the given m + Ist order table. 

The functions of F can then be classified according to their tables as 
follows: those which have all their truth-values +, all —, or some + and 
some —. We shall call these functions respectively positive, negative, and 
mixed. This classification is of great importance in connection with the 
process of substitution which is so fundamental in the postulational de- 
velopment. We shall say that any function obtained from another by the. 
process of substitution is contained in that function. We then have the 

THEOREM. Every function contained in a positive function is positive; 
every function contained in a negative function is negative; every mixed function 
contains at least one function for every possible truth-table. 

The first two results are immediate. In the third case note that any 
mixed function f(pi, P2, ++: Pa) has at least one configuration which yields 
+ and one which yields —: Let the truth-value of p; in the positive con- 
figuration be denoted by t; and in the negative by t., and construct a func- 
tion ¢,(p) with the truth-table 





P |.) 

+) L 

a: a 
Then ¥(p) = f(¢ilp), ¢2(p), +++ n(p)) will be + when p is + and — 
when p is —. But by our first theorem there is at least one function 


g(91, G2) *** Gm) corresponding to any table of order m. Hence ¥[g(q, 7, 
-++ Qm) | is a function contained in f(pi, po, --+ Pn) corresponding to that 
table. 

COROLLARY. Every mixed function contains at least one positive function 
and one negative function. - : 
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3. mk Fundamental Theorem.*—A necessary and sufficient condition that 
a function of F be asserted as a nent of the postulates II, III, IV is that all 
its truth-values be +. ` 
_ Note first that each: of the primitive assertions of IV is a positive func- 
tion. Furthermore from the assertion of positive functions we can only 
get positive functions. For the only method we have of producing new 
assertions from old is through the use of II and III. Now II can only 
produce positive functions since every function contained in a positive 
functien is positive. As for III, if P is + and Q is —, ~ P v Q is —, so 
that so long as P is a positive function and ~ P V Q isa positive function Q 
must be positive, so that III can only produce positive functions. Hence 
every asserted function is positive and we have proved the condition 
necessary. 

In order to prove it also sufficient we give a method for deriving the 
assertion of any positive function. It will sim lify the exposition to intro- 
duce the other two defined functions of ‘Prin: ` ‘ia’ besides p.q (p and q) 
given above, viz., 


p>g.-=.~xpVq Dft; p=q.=.p>q.q>p Df 


read “p implies q” and “p is equivalent to q’’ respectively, and having 
the tables 
Pd |pr?q Pd |p 4 








++] + ++] + : 
+-| — +-—-j} - 
— +] + aa a ee 
—-—| + —-—| + 


* The method for testing propositions embodied in this theorem is essentially the same 
as that given by Schröder for the logical system he has developed. (Ernst Schröder, Vor- 
lesungen über die Algebra Der Logik, Leipzig, Teubner; 2. Bd. 1. Abth, 1891; §32.) But 
we believe the range of significance of the proof we have given to be quite different from 
that of the work of Schréder. For first, as has been emphasized by Lewis (Loc. cit., Chap. 
IV), formal and informal logic are inextricably bound together in Schréder’s development 
to an extent that prevents the system as a whole from being completely determined. As 
a result the necessity of the condition of the theorem, which evidently requires such a 
complete determination if it is to be proved, remains unproved. As for the sufficiency, 
parts E and C of our proof appear in the proof for the expression of functions given by 
Schröder. (1. Bd, 1890). Part A, however, seems not to have been given explicitly, 
while corresponding to part D are all the theoretical difficulties met with in passing from 
the theory of classes to that of propositions when the development is not strictly formal. 
Hence the sufficiency of the condition is only incompletely proved. The theorem as given 
by Schröder is therefore of only partial significance even in his own system; and when 
transplanted to the system of Principia requires independent proof. Finally we may men- 
tion that the applications we have made of the theorem depend for their significance on 
those parts of the proof which do not appear, and could not appear, in Schröder. 

7 III can now be written “t+ P” and “t+ P D Q” produce “+ Q.” 
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It will be noticed that if we have “+ f,(p1, +++ fn) = falpu +++ Pa)” this 
asserted equivalence must have a positive table by the first part of our 
theorem, and so fı and fs must have tHe same truth-values for the same 
configurations, i.e., they must have the same truth-table. 

The proof is most conveniently given in four stages. 

A. We prove the theorem p = q.>.f(p) = f(q) where the function f 
may involve other arguments besides the one indicated and need not involve 
‘that. By means of this theorem we shall be able to replace a constituent 
of a given function by any equivalent function, and have the result eeuiva- 
lent to the given function. 

It becomes necessary for the first time to introduce the notion of the 
rank of a function which we define inductively as follows: the unmodified 
variable p will be said to be of rank zero, the negative of a function of rank m 
will be of rank m + 1; the logical sum of two functions the rank of one of 
-© which equals and the other does not exceed m will be of rank m -+ 1. Each 
function of F then is of finite rank as well as of finite order.* Returning 
now to the theorem we notice that it is true for a function of rank zero 
since it reduces either to p = q.>.p = q which follows from p > pt by II, 
or to p=q.2.r=7 which follows from p >.q > p, r= r, UI and II. 
Assume now that the theorem holds for functions of rank m and lower. 
Then it also holds for functions of rank m + 1. For iff is of rank m+ 1 
it can be written in the form ~ fi(p), or, fo(p) V fs(p) where fi, fe anc fs 
are at most of rank m; and then the theorem follows by using p= q.>._ 
~pPE=~gpHq.27:.7=8: 2:9 Vr.=.¢V salong withp aq: 3: 
q>r.>.p > r, III and H. 

B. Consider now any function f(pi, pe, --- Dn). Using ~ (pV q) 
=.~p.~qand ~ ~ p= p with the aid of the equivalence theorem of 
A and p=q:2:q=7.>.p=r we finally obtain f(pi, po, +++ Dn) 
equivalent to a function f’(p1, po, *-* pn) which is expressed merely through 
combinations of p’s and ~ p’s by -’s and V’s. 

C. If we then apply the distributive law of logical multiplication to f’, 
it will be reduced to an equivalent function consisting of successive logical 
sums of successive logical products of the p’s and ~ p’s. If any of these 
products has neither Pa nor ~ Pr as a factor we can introduce them through 
the propositions p V ~ p, and p: 3 :qg.=.p.q, whence q: = : (p V ~p) 
.g:=:p-q.V.~p.y. -Now apply the commutative and associative laws 

* But whereas the number of functions of given order is infinite those of given rank 
are finite. i 

f This as well as all other particular assertions that we use without an indication of 
proof appear in Principia, Vol. I, Part A. 


ł This portion of the proof is essentially that given by A. N. Whitehead in his “ Univer- _ 
sal Algebra,” p. 46. Camb. Univ. Press, 1898. 
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of au multiplication along with p.p.=.p so that each product has at 
most one p; and one ~ pi Again using the distributive law for purposes 
_ of factorization along with the commutative and associative laws of addition 
we finally obtain f equivalent to 


Fi(Pr; Pos `> * Pn~1) «Pn» ~ Dn: V i fo(Dus +++ Pam) Pa- V -fs(Pus +++ Pri) + ~ Pa 
where one or more of the terms and arguments may not appear. 

D. Suppose now that the original function is positive; then this equiva- 
lent fynction will be positive. If in particular it be of first order, it can 
only bep V ~ porp.~.pV.pV~p. The first is an asserted function; 
likewise the second through p.>.q V p. Hence also f(p) will be asserted 
through p= q.2.q > p; and so every positive first order function is 
asserted. Assume now that this is true for all mth and lower ordered func- 
tions and let f be any positive (m + 1)st order function. The reduced 
function being then positive, both fz and f; will be positive, and hence will 
be asserted. From the use of p: 3 :¢.>.p=@,p.7T.V.p.w~?ti =ip 

.¢rV~r),p:2:8.2.p.8,and p.>.q V p, the reduced function will 
be asserted and so finally f. Hence every positive function can be asserted 
and so the proof is complete. 

We thus see that given any function the theorem gives a direct method 
for testing whether that function can or cannot be asserted; and if the test 
shows that the function can be asserted the above proof will give us an 
actual method for immediately writing down a formal derivation of its assertion 
_ by means of the postulates of Principia. 

Before we pass on to theorems about the system itself irrespective of 
truth-tables we give the following definitions which apply directly to the 
system: a true function is one that can be asserted as a result of the postu- 
lates, any other is false; a completely false function is a false function such 
that every function therein contained is false—otherwise we call it incom- 
pletely false. We then have the 

COROLLARY. The set of true, completely false, and incompletely false 
functions is identical with the set of positive, negative, and mixed functions 
respectively. 

4, Consequences of the Fundamental Theorem.—lIn the above develop- 
ment the truth-values +, — were arbitrary symbols which were found 
related in certain suggestive ways through the fundamental theorem. We 
are now in a psoition to give direct definitions of these truth-values in terms 
of the postulational development. In fact we shall define + to be the set 
of true functions, — the set of completely false functions. ‘The truth-value 
of a function will then exist when and only when it is true or completely 
false, and it will be defined as that class (+, —) of which it is a member. 
The content of the fundamental theorem consists now of these two theorems: 


172 Post: A General Theory of Elementary Propositions. 


1. The truth-value of ~ p and q V r exists whenevér the truth-values of 
p, q and r exist, and depends only on those truth-values as given by the 
primitive tables. It therefore follows that the same is true of any function 
of F, and that the truth-table of such a function can be directly calculated 
from the primitive tables. l 

2. The fundamental theorem as stated, or else in the form:: if fı and fz 
is any pair of positive and negative functions respectively, then a necessary 
and sufficient condition that a function f(p1, po, --- Pn) be asserted is that 
each of the 2" contained functions found by substituting fı and fe for the 

- p’s is asserted. It will be noticed that theorem (1) tells us how to deter- 
mine whether these latter are asserted. 

We now pass on to several theorems about the system. 

TurorEm. It is possible to find 2” functions of order n such that no two 
of them are equivalent and such that every other function of order n is equivalent 
to one of these. f 

For we can find 2” functions corresponding to the 2” different tables of 
order n. The equivalence of any two of these will then not have a positive 
table and so will not be asserted. On the other hand any other nth order 
function will have the same table as one of the 2” possible tables, and so 
the corresponding equivalence will be positive and hence asserted. 

THEOREM. An incompletely false function contains at least one function 
for each given function which is equivalent to that given function. 

CoRoLLARY. An incompletely false function contains at least one true 
function and one completely false function. 

THEOREM. The negative of a completely false function is true. 

For a completely false function has a negative truth-table, and so its 
negative will have a positive table and hence be asserted. It is worth 
noticing that although this theorem is immediate once we have the funda- 
mental theorem it would be quite difficult without it. 

CoroLLARY. Every function of F is either true, or its negative is true, or 
at contains both a true function and one whose negative is true. 

THEOREM. The system of elementary propositions of ‘Principia’ is 
consistent. 

For if it were inconsistent we would have both a function and its negative. 
asserted. But then both the function and its negative would have to 
have positive tables whereas if a function has a positive table its negative 
has a negative table.* i 

THEOREM. Every function of the system can either be asserted by means 
of the postulates or else 1s inconsistent with them. i 


* This argument requires merely the first part of the fundamental theorem which 
was proved quite simply. - 
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For i ‘a function’ be not asserted as a result of the postulates it will 
contain a function whose negative can be so asserted. If then we assert 
the original function, the contained function will be asserted so that we 
have asserted both a function and its negative, i.e., we have a contra- 
diction. 

COROLLARY. A function is either asserted as a result of the postulates or 
else its assertion will bring about the assertion of every possible elementary 
proposition. 

Fo? by the theorem we would obtain the assertion of both a function 
and its negative and so by ~ p.>.p > q the assertion of the unmodified 
variable g. But q then represents any elementary proposition. 

In conclusion let us note that while the fundamental theorem shows 
that the postulates bring about the assertion of those and only those 
theorems which should belong to the system, this last theorem enables us 
to say that they also automatically exclude the very possibility of any 
added assertions. 


GENERALIZATION BY TRUTH-TABLES. 


5. General Survey of the Systems Generated.—The system we have 
studied in the preceding sections is a particular system depending upon the 
two primitive functions ~ p and p V q. Two modes of attack have pre- 
sented themselves. On the one hand we have the original postulational 
method, on the other the truth-table development. In passing to a general 
study of systems of the kind discussed these two methods present themselves ' 
as instruments of generalization. We reserve the postulational generaliza- 
tion for the next portion of our paper and now take up the truth-table 
generalization. 

To gain complete generality let us assume for our primitives u arbitrary. 
functions with an arbitrary number of arguments which we will designate by 


fips Pz te Pm), fps Poy te Dina) s a ee fur, Pr ts Pmy) 


and let us attach an arbitrary truth-table to each. By successive combina- 
tions of these functions with different or repeated arguments we generate 
the set of derived functions which as before we designate by’ F. Again 
each function of F will possess a truth-table in virtue of the tables of the 
primitive functions of which each is composed.’ Denote the set of truth- 
tables thus generated by T. Then whereas in the system of ‘Principia’ F 
consists of all possible truth-tables, this will not necessarily be the case here. 

In another paper we completely determine all the possible systems T 
and show that there are 66 systems that can be generated by tables of third and 
lower order, and 8 infinite families of systems that are generated by the intro- 
. duction of fourth and higher ordered tables. a 
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` If two systems have the same truth-tables the primitives of each can 
evidently be expressed in terms of those of the other so that truth-tables 
dre preserved. We can then say that each system has a representation in 
the other and the two are equivalent. In particular every-truth-system has a 
representation in the system of Principia while every complete system, i.e., 
having all possible truth-tables, is equivalent to it. In the aforementioned 
paper we also determine the ways in which a complete system may be 
generated, and it turns out that one table alone is sufficient to generate it, 


and it can be either of these two ° 
Ppr Pele 
a Soa ke = = 
— ++ =p 
—— {+ ——i+t 


a result first given by Sheffer as stated in the introduction. 

The truth-table development for complete systems is essentially the 
same as that given in section 2. It is easy to prove for all systems the 

THEOREM. Every function contained in a positive function is positive; 
every function contained in a negative function ts negative; every mixed function 
contains a function for every table of the system. 

6. Postulates for a Complete System.—We now show how to construct 
a set of postulates for any complete system such that: the set of asserted 
functions is identical with the set of positive functions, while the assertion of any 
other function brings about the assertion of every elementary proposition 
a property which also characterized the system of ‘ Principia.’ 

Let ~’p and p V’ gq be functions in the given complete system with the 
tables of ~ and V. Out of ~’ and V’ we then construct p >’ gq and 
p ='qasp > qand p = q are found from ~ and V, and also fi (pi, «++ Pm)» 

+, fi(pis *** Pmy) With the same tables asfi(p, -+* Pm)» +s fu(Pu +2 * Pru): 
This is possible since ~ and V, and so ~’ and V’ can generate a complete 
system. All the functions ~’, V’, >’, =', fu +> fu are ultimately ex- 
pressed in terms of the f’s and so belong to the system. _ Construct now the 
following set of postulates: l 


i If Pr +++ Dm, are elementary propositions, f:(p1, -+- Pm) is. 
If Pi, *** Pmp are elementary propositions, f,,(p1, *** Pap) is. 


II. The assertion of a function involving a variable p produces the assertion 
of any function found from the given one by substituting for p any other 


variable q, or fi(qi, **- qm), *** OV fu(Gi, °° + Gmu)- 

Til. “+ P” and “+ P d'Q” produces “p Q.” f 

a A ae E Fio Po +++ Pads 
6) be O Hafa (Pu Pos > Du) = Faas Das =°, Bea): 
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where ake) are the assertions of IV in sec. 1 with ~’ and V’ in place of 
~and VY. 

That all asserted functions are þositive can be verified as in the proof of 
sec. 4. As for the converse, note that II and IV (1)-(5) being of the same 
form as III and IV of sec. 4 will yield the assertion of all positive functions 
expressed in terms of ~’ and V’.. By the use of (a)-(u) every function 
can be shown to be equivalent (=’) to some function expressed by ~’ 
and V’ and so every positive function will be asserted. In the same way 
the asgertion of any non-positive function will bring about the assertion of 
a non-positive function in ~’ and V’ alone, and so of any proposition. 

We thus see that complete systems are equivalent to the system of 
‘Principia’ not only in the truth table development but also postulationally. 
As other systems are in a sense degenerate forms of complete systems we 
can conclude that no new logical systems are introduced. 

7. Application to Nicod’s Postulate Set.—Although, as in most existence 
theorems, the above set of postulates may not be the simplest in any one 
case, it can be used to advantage in showing that a given set has the same 
property as it possesses. For this purpose we show directly that all asserted 

‘functions are positive, and then that by means of the given postulates (a) 
each of our formal postulates may be derived (b) that the results derivable 
by our.informal postulates can also be derived by the given ones.* 

As an example we consider the set of postulates given by Nicod fcr the 
theory of elementary propositions in terms of the single primitive function 
of Sheffer’s which Nicod denotes by p|g and is termed incompatibility by 
Russell. It is the first of the two functions given in section 5 as generating 
a complete system. Nicod gives the definitions 


~p.=.plp Df, pV q.=.plplaq Df 


which we take to be our ~’p and p V'q respectively. Hisp > q.=.p|9/qDf 
however is not our p >’q which is ~’p V’q. The primary distinction of 
his system is that he uses but one formal primitive proposition. 

In carrying out the proof suggested we merely note that by means of his 
informal proposition “+ P” and “+ P|R/Q” produce “+ Q” we get the 
effect of “H P” and “+ P|Q/Q” ie, “HP > Q” produce “H Q” when 
R= Q. Since he has p 3’q.>.p > q we thus get the effect of “+ P” 


* That the informal postulates of a system must be proved effectively replaced by 
others in another system is a precaution rarely taken in .discussions of equivalence or 
` dependence of logical systems. Such a discussion is unnecessary in ordinary mathematical 
systems since their distinctive postulates are all formal, the informal ones being those of 
a common logic. But in comparing logical systems, which usually do contain different 
informal postulates, such a discussion is fundamental. 
t B. Russell, loc. cil., chap. XIV. 
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and “+ P d'Q” produce “+ Q” our III. Likewise each funetidn IV is 

proved with however > in place of >’. But by means of p > ¢.2.p d'q 

this too is remedied. We then easily complete the proof of the 
THEOREM. If in Nicod’s system we give to p|q the table 


p,q |pla 
++] - 
+= + 
~+] + 
pepe ee od 


then the set of asserted functions is identical with the resulting set of positive 
functions; and the assertion of any other function would bring about the asser- 
tion of every elementary proposition. 


GENERALIZATION BY PosTuLaTION. 


8. The Generalized Set of Postulates.—As in the truth-table develop- 
ment we assume arbitrary primitive functions of propositions 


filpr, Pz e Pmi)» e fa lPi Pz te Pmu); 


but in place of the arbitrary associated truth-tables we have a set of postu- 
lates of the following form.. We have tried to preserve all the informal 
properties of the postulates of ‘Principia’ (and of sec. 5) but generalize 
the formal properties completely. 


J. (As in sec. 5.) 
II. (As in see. 5.) 
II. “E gii(P1, Po, ee Ph)” S “b Oe (Pi, Pos +++ Pr)” 


“p Jia (P, P, PAA Ph)” NF x “H Jexg(Pr, Pa ae Pi)” 
‘produce <. produce 
“E gi(P1, Po, +++ Px)” mee “E g.(P1, Pa, coe Py)” 


where the P’s are any combinations of f’s including the special case of the 
unmodified variable, while the g’s are particular combinations of this kind 
which need not have all the indicated arguments. 


IV. H hi(pi, Pz Sen Pn) 
F he(pi, Po te Pid 


+ Ap Pa >te Pr) 


where the h’s are particular combinations of the f’s. 
The retention of I and II which are characteristic of the theory of 
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seats propositions is our justification for giving that name to the 
systems that may be generated by the above set of postulates. In what 
follows we give what we consider to be merely an introduction to the general. 
theory. j ; ` 

9. Definition of Consistency and Related Concepts.—The prime requi- 
site of a set of postulates is that it be consistent. Since the ordinary notion 
of consistency involves that of contradiction which again involves negation, 
and since this function does not appear in general as a primitive in the 
‘above system a new definition must be given. . 

Now an inconsistent system in the ordinary sense will-involve the asser- 
tion of a pair of contradictory propositions which as we have seen will 
bring about the assertion of every elementary proposition through the 
assertion of the unmodified variable p. Conversely since p stands for any 
elementary. proposition its assertion would yield the assertion of contra- 
dictory propositions and so render the system inconsistent. The two notions 
are thus equivalent in ordinary systems; and since oné retains significance 
in the general case we are led to the 

Derinrrion.—A system will be said to be inconsistent if it yields the asser- 
tion of the unmodified variable p. 

In a consistent system we may then define a true function as one that 
can be asserted as a result of the postulates. Instead of defining a false 
function as one not true, we give the following 

DEFINITION. A false function is one such that if its assertion be added 
to the postulates the system is rendered inconsistent. 

We can then state that in the system of ‘Principia’ every function is 
true or false. This suggests the 

Derinition. If every function of a consistent system is true or false the 
system will be said to be closed.* 

As a justification of this name we may note that the postulates of such a 
system automatically exclude the possibility of any added assertions—a 
state of affairs we believe to be highly desirable in the final form of a logical 
theory. ` 

10. Properties of Consistent Systems.—In all that follows we assume 
that ‘the system discussed is consistent. If it be inconsistent one could 
hardly say anything more about it. 

We turn to a theorem which will give us most of the results of this. 
section. But first we must state two lemmas which we do not further prove. 

Lemma 1.—If a given set of functions gives rise to some other function 
in accordance with IT and III, and if these functions involve certain letters 


* Had the name not been in use in a different connection we should have introduced 
the term categorical. 
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Tu Ta) +++ r; upon which no substitution is made in the process, te the 
same deductive process will be valid if we have given the original functions 
with an arbitrary substitution of the r’s as described in II provided this 
substitution is also made throughout the process. 

’ Lemma 2.—The most general process of obtaining an assertion from a 
given set of assertions in accordance with II and III can be reduced to 
first asserting a number of functions in accordance with II, and then applying 
II and III in such a way that no substitutions are made on the arguments of 
those functions. > 

Turorem. Every false function contains a finite set of untrue first order 
functions }1(p), $2(p), --- $, (p) such that whenever p is replaced by an untrue 
function at least one of these functions remains untrue. 

By the definition of false functions there must be some deductive process 
whereby from the given false function and true functions we assert p. „By 
lemma 2 we can replace this process by another where from the given false 
function and true functions we obtain certain contained functions from 
which without substitution of the arguments we obtain p. Now first by 
lemma 1 we can equate to p all the arguments thus appearing and still 
have a valid deductive process for obtaining p. Denote the resulting untrue 
functions which are contained in the original false function by ¢:(p), 
(p), -+> (p). Then secondly by lemma 1 we can replace p by any 
function y and still have a valid process which now consists in obtaining y 
from certain true functions and ¢i(W), --: ¢,(¥). If then each ¢,(W) were 
true, y, being obtained from true functions in accordance with II and III 
would be true. It follows that if y be untrue, some ¢,(W) must be untrue. 

THEOREM. very false function contains an infinite number of untrue 
first order functions; and if the system has at least one false function of order 
greater than one, then each false function contains an infinite number of untrue 
functions of every order. 7 

By the above theorem the false function contains ak least one untrue 
function ¢,,(p). By the same theorem some ¢,,¢,,(7) must be untrue, ete., 
through ¢,,, ¢.,1°°* @.(p). These are all different being of different rank, 
and are all contained in the given function. 

The last part of the theorem may then be proved by showing that by 
replacing equal by unequal variables in the infinity of functions thus 
gotten from the false function of order greater than one we get untrue 
junctions of every order, and so by the above method an infinite number of 
every order in every false function. 

We have immediately the - 

THEOREM. A necessary and sufficient condition that a function of a 
closed system be true is that all contained first order functions be true. 
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COROLLARY. ft is also necessary and sufficient that all those of rank greater 
than some finite integer p be true., 

In analogy with corresponding ideas in the system of ‘Principia’ de- 
fine a completely untrue function as one in which all contained functions 
are untrue with a similar definition for completely false. We then have 
the interesting 

THEOREM. If a system has a completely untrue function, then every false 

function contains a completely untrue function. 

Every function contained in the completely untrue function makes 
at least one ¢,(p) of a false function untrue. If y is such a contained func- 
tion which makes say ¢.,, (p) true, then y will be completely untrue, and 
all contained functions will make ¢,, (p) true yet some remaining ¢,(p) 
untrue. By repeating this process we finally obtain a function y’ such 
that all contained functions make each ¢,(p) of a set that remains untrue. 
Each such ¢,(y’) will then be a completely untrue function in the given one. 

COROLLARY. If a closed system has a completely false function every 
false function contains a completely false function. 

If we call such a system completely closed we have the stronger 

THEOREM. In a completely closed system every false function f(p1, po, 

“+; Dn) contains a completely false function fii(p), pz (p), +5 Wa(p)) 
where each W,(p) is either true or completely false. 

By equating all variables to p in the function of the corollary we get such 
a completely false function where some y’s may be incompletely false. 
These are then eliminated by successively substituting for p functions 
which make them true. 

COROLLARY. A necessary and sufficient condition that a function of a 
completely closed system be true is that all contained first order functions found 
by substituting true or completely false functions for the arguments be true. 

This property begins to approximate to the truth-table method. It 
leads us easily to the following criterion for a completely closed postulational 
system being a truth-system which we state without proof. 

THEOREM. A necessary and sufficient condition that a completely closed 
postulational system be a truth-system ws that a true first order function remains 
true whenever we replace a true or completely false constituent function by any 
other true or completely false first order function respectively.* 

*In making a more complete study of the postulational generalization it would be 
desirable to classify all the systems that may result more or less in the way in which we 
have classified truth-systems through the associated systems of truth-tables. In this 
connection we might define the order of a set of postulates as the largest number of premises 
used in deriving a conclusion in III, and the order of a system as the lowest order a set of 


postulates deriving it can have. It is then of interest to note that whereas the set of postu- 
lates of the system of ‘Principia’ is of the second order, the system itself is of the first order. 
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M-VALUED TRUTH-SYSTEMS.* °’ 


_ 11. The Generalized (~, V) System.e—We have seen that the truth- 
‘table generalization, at least with regard to complete systems, is included in 
‘the postulational development. We now show that the latter is more 
‘general by presenting a new class of systems, distinct from the two-valued 
systems of symbolic logic, which can be generated by a completely closed 
‘set of postulates. , 

In these systems instead of the two truth-values +, — we have m 
distinct “truth-values” tı, t2, ---, in Where m is any positive integer. A 
‘function of order n will now have m” configurations in its truth-table, so 
that there will be m”” truth-tables of order n. Calling a system having all 
possible tables complete, we now show that the following two tables generate 
a complete system. f 


P |~Nmp D, q | PV mg 


il te tity ty 

th | ts eo a 

ee aa titi, ta u = jı 
tm | t saan Mike to = Je 


letje tjs 
imin | tm 


We see that ~mp, the generalization of ~ p, permutes the truth-values 
cyclically, while p V mg, the generalization of p V q bas the higher of. the 
two truth-values. t 

To construct a function for any first order table, of which there are m”, 
note that 


alp). =. PV NaP Van PV mss n P Df, 
where ~?p.=.~~p Df, ete., has all its truth values t4. Then 
Tm (p). = eon (~a (mtap) -Vm P): Vm. ~p) Df 
has all values ¢, except the first which is tn, Any first order table 





_P |F) 
ti | tiny 
te | tng 
tm | ting - 


.can then be constructed by the function 


* See Lewis, loc. cil., p. 222 for the term “Two-Valued Algebra.” 
+ The higher truth-value has here the smaller subscript. 
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m—l 


Tm (P) «Vm -Thal ETD) è Vm -Tma ~ET) £- Vm Tg nD)» 


Construct now a function for the*table 


2 | Sup 





eee] ae 


e 
and define p mg. = «“m(~mD-Vm+~mq) Df which is the generalization 
of p.q and has the lower of the two truth values of its arguments. We 
can now construct a table all of whose values are fm except for one con- 
figuration tm, tms °**s tm, When it iS tmmim.m, = tu by the function 


m~my-+-1 


Tal ~m Pı). mTl om = Da) emt Tala tT p,), 


and so any table by constructing such a function for each configuration 
and then “summing up” by Vm. 

12. Classification of Functions—the m dimensional Space Analogy.— 
The generalization of the classification of functions into positive, negative 
and mixed is afforded us by the following 

THEOREM. A function contains at least one function for every truth-table 
whose values are contained among the values of the given table. 

Let tm, +++ tm, be the truth-values that appear in the table of a given 
function f be Pa +++ Dn). Then we can pick out u configurations having 
these values PAEA Construct functions ¢,(p) such that when p 
has the vlaue tm, of one of these configurations, ¢,(p) have the value of p; 
in that configuration. It is then easily seen that f(¢i(p), -+-, da(p)) has 
the value tm, whenever p has the value tm, If then W(qi, q2 +++, qi) have 
a table whose values are among the tn,’s, f(¢il), ++, @n(W)) will be a 
function contained in the given function with that table. 

We are thus led to a classification of functions by means of iien truth- 
tables such that the set of tables of contained in a given function is the same 
for all functions in a given class. We then have m classes of functions where 
but one truth-value appears, [m(m — 1)_]/2! with two truth-values, ---, 
[m(m — 1) --- (m — p+ 1)]/u! with u truth-values, ---, one class with 
all m truth-values. We thus have 2” — 1 classes of functions which when 
m = 2 reduces to the three classes of positive, negative and mixed functions. 

These formule suggest an analogy which, if well founded, is of great 
interest. For this purpose replace the set of functions having all of a given 
set of u truth-values by all functions whose values are among these u values. 
If then we compare the functions of our complete system to the points of a 


. 
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space of m dimensions,* the m classes of functions with but one truth-value 
would correspond to the m coordinate gxes, the [m(m — 1) ]/2! classes of 
functions with no more than two truth-values to the [m(m — 1) ]/2! co- 
ordinate planes, etc., so that except for the absence of an origin all properties 
of determination and intersection within the coordinate configurations go 
over. If then we attach the name m-dimensional truth-space to our system, 
we observe the following difference, that whereas the highest dimensioned 
intuitional point space is three, the highest dimensioned intuitional proposi- 
tion space is two. But just as we can interpret the higher dimensioned 
spaces of geometry intuitionally by using some other element than point, 
so we shall later interpret the higher dimensioned spaces of our logic by 
taking some other element than proposition. 

13. Truth-Table Characteristics of Asserted Functions.—The following 

_analysis presupposes that in constructing a set of postulates for the system 
we at least wish to impose the 

Conprtion.—If a function is asserted, all functions with the same truth- 
table will be asserted. 

It follows from the theorem of the preceding section that under the given 
condition, af a function is asserted, every be of the truth-space it determines 
is asserted. 

We can now prove that if the teen is to be completely closed its asserted 
functions must constitute a single truth-space contained in the given truth space. 
For if there were at least two such spaces, then a function having all their 
truth-values would be false, and so would contain a completely false function. 
This in turn would contain functions with but one truth-value; and these 
being therefore in one of. the two given spaces would be true which contra- 
dicts their being in a completely false function. 

No loss of generality ensues if we take the truth values of this containad 
truth-space of asserted functions to be t, t2, «++ tu, where, to avoid degener- 
ate cases 0 < u < m. We now show that a completely closed set. of postu- 
lates can be constructed for all such systems. 

14, A Completely Closed Set of Postulates for the Systems.—I and II 
are determined directly as in the general case. To obtain ITI, construct a 
function p >“ q whose table is given by the following: when the truth-valie 
of p is that of q or lower, p >% q will have the value tı, while if the truth- 

. value of p is above that of q, then if the value of p is t, or higher, p >? ¢ 
will have the value of q, while if it is below t,, say t, and that of q is ty, 
then the truth-value of p >% q will bet,_,4;. II will then be simply 


*Or we might take the truth-table as element in which case the EURA is perinos 
smoother than before. 
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Now by generalizing each part A, B, C, D of the proof of the fundamental 
theorem of sec. 3 it can be shown that by the assertion of a finite number 
of functions with values from t; to-t, all such can be obtained.* If then we 
assertethese functions in IV we shall have every function in the p-space 
asserted. Furthermore no others can be asserted for by the use of II and 
IIT we can only get functions with values from t; to t, by means of functions 
similarly restricted. This is obvious in IT while in ITI if the value of P is 
from t; to t, while that of Q is below ¢,, then from the above definition of the 
table of P > 4% Q it would have the value of Q and so be below t. But that 
contradicts the assumption that the premises had values from t; to t,- 

This.set of postulates will then give the proper set of true functions. 
Furthermore let us suppose that we assert a function with at least one value 
below ¢,. This will contain a function $(p) with but one value, and that 
below t,. By II, (p) will be asserted. Furthermore since ¢(p) .>#.¢(p) 
DË ~m (p) has its value ż it. will be asserted, and so we obtain by III 
~m(p). Repetition of this process will finally give us a function ¥(p) 
with but one value tz. But ¥(p)- 2% p is asserted having but one value t1. 
We thus obtain the assertion of p. The system is therefore closed. And 
since all functions with values from ¢,,41 to tm are completely false, the system 
is completely closed. l . 

15. Comparison of Systems.—As in the truth-table development we can 
generalize the systems by using arbitrary functions as primitives, and as 
was done there we can show how to generate a complete m-dimensioned 
system by one second order function, and how to give a completely closed - 
set of postulates for all complete systems. The problem of determining all 
possible systems of m-dimensional truth-tables, however, is one we have not 
considered, though its solution would through -considerable light on the 
ordinary problem. 

We turn now to the following 

Derinirions. A closed system S with primitives fi, fo, +- fn has a 
representation in a closed system S’ with primitives fi, fo, +++ fu tf we can so 
replace the f’s by functions in S’ that a function in S will be true when and only 
when the correspondent in S’ is true. 

Two systems are equivalent if each has a representation in the other. 

Denote a complete m-dimensional truth-system with the asserted func- 
„tions forming a truth-space of u dimensions by „Tm. We then have the 

# Lack of space prevents us from giving the details. 
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THEOREM. Twe complete truth-systems „Im ad wT are equivalent 
when and only when p = w and m = m. 

The conditions are clearly sufficient since we can-make truth-values 
‘ correspond. To prove them necessary suppose m > m’. If we construct 
m” functions of first order in T with different truth-tables then there will 
be two, ¢1(p), (p) whose correspondents o:(p), (p) have the same 
truth-tables since there are in T” only m”™ of first order. Let x(p, q) have 
value ¢; when p and g have the same value and tm otherwise. Then x(¢:, $1) 
is true; hence x'(¢:, $1) is. ` 62 having the same table as øi, x'(¢1, $2) is 
true, and hence y(¢1, ¢2) the correspondent. But that would make ¢1 
have the same table as ¢2. Now suppose u > yw’. If ¢ have all the values 
_ from t; to ¢, and no others there are u” functions with values żı to t, of 
the form ¥¢(p). These will then be asserted and so the correspondents 
will be asserted.and have values żį to ¢,. Since we can only have w” func- 
tions ¥’¢'(p) with different tables, we can find two of the u” correspondents 
with the same table. The above contradiction then results as before. 

For representation we have only found the 

THEOREM. To represent „Tm in yTny Ut is necessary to have p= py’, 
m =m’; it is sufficient to hoes Saas pm — yp. 

COROLLARY. A necessary and sufficient condition that „Tm have a repre~ 
sentation in „Ta ts that m = w. 

It is of interest to note as a result that the only complete truth-systems 
equivalent to the system of ‘Principia’ are :7’s; and though it can be 
represented in every complete truth-system, only ,7'.’s can be represented 
in it. We have thus verified our statement that we obtain essentially new 
logical systems. 

16. Interpretation of m-valued Truth-systems in Terms of Ordinary 
Logic.—Let the elementary proposition of the (~m, Vm) system be inter- 
preted as an ordered set of (m — 1) elementary propositions of ordinary 
logic P = (pi, po, --+ Pm-1) such that if one proposition is true all those 
that follow are true. P will be then be said to have the truth-value t if 
all the p’s are true, t if all but one are true, etc. Also P will be said to be 
true if at most (u — 1)p’s are false. 

If P = (pi, Po, +++ Pmt), Q = (Qu, Gs *** Gm—1) We define 


PV mQ. = «(piV fu P2V gos °°" PmV Gm) Df 
~mP . = . (~ (PV PV +++ Dm-1)) ~ (PV t° Pa). V Pi-Po tts 
~(piV +++ Pam). V ` Pm—2 + Pmt) Df 


We easily justify these definitions by showing first that PV mQ and ~m 
P are “elementary propositions” when P and @ are, and secondly that they 
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have the proper truth*tables. Thus in PV mQ the first p, V q. to be true is 
the first for which either p or q is true; also all later terms will have p or q 
true and so will be true. PV mQ is therefore elementary and has the required 
table. : 

But in spite of this representation ı Ts still appears to be the fundamental 
system since its truth-values correspond entirely to the significance of true 
and completely false, whereas in „Tm, m > 2 either >l orm—yp>1, 
‘and this equivalence no longer holds. We must however take into account 

. the fac? that our development has been given in the language of 172 and 
for that very reason every other kind of system appears distorted. This 
suggests that if we translate the entire development into the language of 


any one „Tm by means of its interpretation, then it would be the formal _ - 


system most in harmony with regard to the two developments. 


NOTE ON SCHLAFLI’S ELLIPTIC MODULAR EQUATIONS. 


By ARTHUR Berry. 


In a former paper in this journal* I proved some properties of the 
elliptic modular equations substantially in the form commonly known as 
Schlafli’s equations. I worked with a modular function (r) = 21 /*y(7), 
where x is Hermite’s functionf and showed that, for transformations of 
prime order n (> 3), (1) when n is of the form 4p — 1, corresponding to 
T = 1, x = 274 the roots of the modular equations are equal in pairs and 
branched, each pair corresponding to a branch point of order 1 on the corre- 
sponding Riemann surface and that (2) when n is of form 4p + 1, there are ` 
n — 1 roots equal in pairs and branched, and two isolated roots. J showed 
further that the two isolated roots are always of the form e*a(2) (A an integer, 
e = e724) and that for n = 8p — 3, the two values of è are + tA = +6 
mod. 24), while for n = 8p + 1 both values are — 1, or both values 1, 
but was unable to give any simple criterion distinguishing these last two 
cases. ; 

The object of this note is to establish these results as to the isolated 
roots in a somewhat simpler way, avoiding the rather troublesome quadratic 
transformation used before, and to distinguish between the last two cases. 

It is known that for a modular substitution {(e + dr)/(a + br), r} of 
Hermite’s first type (a, d odd, b, c even) 


w{(e-+ dr)/(a+ br)} = ex(r), 


where A = 4(b — e)(bed — a); a similar equation holds for substitutions 
of the second type, but as these can be derived from those of the first type 
by applying the substitution T(Tr = — 1/r) and we are only concerned 
with r= 1,so that Tr =7, it is enough to consider substitutions of the 
_ first type. Hence in order to prove that 2{(48r-+ i)/n} = èe(i), it is 
enough to prove that it is possible to find integers a, b, c, d, where a, d are 
odd, b, c even and ad — bc = 1, and an integer r such that 


(48r + i)/n = (e + di) (a + Bi). (1) 


If nis a prime number of the form 4p + 1, it is a well known result that 


* On Elliptic Modular Equations for Transformations of Orders 29, 31, 37; Vol. XXX, 
pp. 156-169. i 

f Sur la résolution de l'équation du quatrième degré; Comples Rendus, Vol. 46 (1858), 
Oeuvres, Vol. II, p. 28. . 

ł Tannery and Molk, Fonctions Elliptiques, Vol. II, Table XLVI. 
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we can choose a and & (a odd, b even) so that a? + b? = n.* | With this 
choice of a and b (1) is equivalent to i 


ac + bd = 48r, (2) 
ad — be = I. (3) 


We can now choose c, d to satisfy (3) and can further arrange so that e is 
even d odd; if ¢', d’ is one such solution, the general solution is ¢ = ¢’ + 2ka, 
d= d’ a 2kb (k integral), and (2) can be satisfied, if 


2k(a? + b) + ac’ + bd’ = 0, mod 48, 
or 
kn = — i(ac' + bd’), mod 24; 


since n is prime and ac’ + bd’ is even, this congruence can be satisfied; 
a, b, c, d are now found, and r is given by (2). : 

It remains to determine the integer \ (mod. 24), which depends on the 
congruences mod. 3 and mod. 16, satisfied by a, b, c, d. 

From (2) and (3), it follows at once that if any one of a, b, c, d= 0, 
mod. 3, then either a and d or b and ¢ satisfy this congruence and therefore 
also A = 0, mod. 3; if no one of a, b, c, d= 0, then from (8) ad = — 1, 
be = 1, whence b — c = 0, so that again A = 0. Thus in all cases \ = 0, 
mod. 3. i . 

The congruences mod. 16 are rather more troublesome. From (2) it fol- 
lows at once that if b = 2* X (odd integer), c = 2% X (odd integer), then 
k’ = k, for k = 1, 2, 3, and k’ = 4 for k = 4; hence for k = 2 (which is the 
same condition as 6 = 0, mod. 8) b — c = 0 mod. 16 and A = 0, mod. 8; if 
k= 1 or2, ad= be +1= 1, mod. 4 and a = d= +1, mod. 4, so that 
a+ d= 2, mod. 4. We now have a(b — c) = (a + d)b — (ac + bd) = 
(a + d)b, mod. 16, by (2), whence b — c = 2**! X (odd integer), so that 
for k = 1, b — c = + 4, mod. 16, A = + 2, mod. 8, and for k = 2, b— e 
= 8, mod. 16, A = 4, mod. 8. As we have seen that \ = 0, mod. 3 it follows 
that A = + 6, 12, 0, mod. 24 and è = + i, — 1, 1 according as k = 1, 
k= 2, k> 2. The condition k = 1 (or b = 2, mod. 4) can be replaced 


by the simpler condition n = — 3, mod. 8, for a? being the square of an odd 
number is necessarily of the form 8p + 1, so that = n — @ = n — 1 
mod. 8, and then b = 2, mod. 4 or b = 0 mod. 4 according as n = — 3, 1, 
mod. 8. ` i 


The discrimination between the cases k = 2, k > 2 (or b= 4, b=0, 
mod. 8), does not appear possible by means of any linear congruence for n 
but requires the actual expression of n (n = 8p + 1) in the form a? + b? 
or some equivalent process in the arithmetical theory of quadratic forms. 

$ Mathews, Theory of Numbers, § 91. 
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By the proof already given if one isolated rootsis known the other is 
its conjugate imaginary, so that if one is + tæ(i), = + 2271 the other is: 
=Æ ia(2), and if one is + 2(z) the other fs equal to it. 

Thus we have the final result: 

If n = — 1 mod. 4, all the roots correspond to branch points; ifn = — 3, 
mod. 8, there are two isolated roots + i214; if n = 1, mod. 8, there are two 
isolated roots both — 271 or both 2'“ according as, when n is expressed 
in the form a? + b? (a odd, b even), b = 4 or b = 0, mod. 8. 


I take the opportunity of correcting some errata in my former paper: 
P. 158,.line 11, for mod. 48-read mod. 24. 

P. 165, line 18, for x{(— 1 +.4 V 27)/31} read 2{(— 2+ iv 27)/81}. 

P. 165, line 23, for 24 read 24. 

P. 165, lines 23, 26, for ~ 19 read y 15. 


Kines COLLEGE, CAMBRIDGE, ENGLAND, 
July 17, 1920. 


ASSOCIATED FORMS IN THE GENERAL THEORY OF MODULAR 
COVARIANTS. 


By Ouive C. HAZLETT. 


1. Historical Background.—In any theory of covariants, it is of prime 
importance to ascertain whether or not all covariants of the set are express- 
ible as functions of the covariants belonging to a finite subset. We may 
attack this fundamental problem from either one of two different points of 
view: either we may endeavor to express all covariants of the set as rational 
integral functions of the covariants of a finite subset, or we may content 
ourselves with the problem of finding rational relations (syzygies) connecting 
the covariants. The first leads to the finiteness theorem; the second, to 
the theory of associated forms. Whichever problem we attack, there emerge 
two entirely different theories, according as the coefficients of the transfor- 
mations of the group are marks of a field of characteristic zero or marks of 
a field of characteristic p + 0. 

In the theory of algebraic covariants of a system of forms under a group 
of transformations having the coefficients in a field of characteristic zero, 
both problems have been successfully attacked. The most important 
names to be associated with the first problem are, Gordan, Mertens, and 
Hilbert;* with the second problem, we associate the names of Boole, 
Hermite and Clebsch.f . 

In the theory of algebraic covariants of a system of forms under a group 
of linear transformations whose coefficients are marks of a field of character 
p + 0, comparatively little has as yet been accomplished on either of these 
problems. It must be remembered that, in the case of a finite field, there 
present themselves two distinct kinds of algebraic covariants in contrast 
to the single kind of algebraic covariant that arises when the field is of 
characteristic zero. For, in the latter field, if a function be unaltered in 
form, it is unaltered in value and conversely. Whereas, in a finite field, if 
a function be unaltered in form it is unaltered in value, but the converse 
~~ * Gordan, numerous articles in the journals (for references, see the German encyclo- 
pedia, IB2, § 6) especially Journal für Mathematik, Vol. 69 (1868), pp. 323-354, Mathe- 
matische Annalen, Vol. 2 (1870), pp. 227-280. Also his ‘‘Invariantentheorie,” Vol. 2, pp. 
231-236; Mertens, Journal für Mathematik, Vol. 100 (1887), pp. 223-230; Hilbert, Mathe- 
matische Annalen, Vol. 36 (1890), pp.473. 

f Boole, Cambridge Mathematical Journal, Vol. 3 (1841), pp. 1-20, 106-119; Hermite, 


Journal für Mathematik, Vol. 52 (1856), pp. 1-38; Clebsch, Mathematische Annalen, Vol. 3 
(1871), pp. 265-267, and “Theorie der binaren algebraischen Formen” (1872), p. 410. 
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is not true in general, in view of Galois’ generalization gf Fermat’s theorem.” 
_ Accordingly, then, we distinguish two kinds of algebraic covariants of a 
system of forms under a group of linear transformations with coefficients in 
the Galois field G¥[p"]—formal (modular) covariants and modular covari- 
ants, according as the coefficients of the original form are regarded as inde- 
pendent variables or as marks of the field. 

The first to consider formal invariants was Hurwitz,t who found that 
they arose naturally in an inquiry into the number of roots of the congruence 
aa" + dpa) +--+ + aya, + ao = 0 (mod p). He proved the finiteness 
theorem for formal invariants for the special case where the order of the 
group G is not divisible by pł. This case is of only minor importance; for 
the total linear group of transformations whose coefficients are in the field 
GF[p" ] is of order p*(p" — 1)(p* — 1) which is congruent to zero modulo p- 
Four years later, Dickson introduced the notion of modular invariants§ and 
published an elegant theory of modular invariants in which he proved that 
there is only a finite number of modular invariants of any system of forms 
under any group G of linear transformations.|| Four years later, Dickson 
proved that the set of all modular covariants of any system of forms possesses 
the finiteness property, i.e., they are all expressible as polynomials in the 
covariants belonging to a finite subset.** In 1914, one of Dickson’s students 
extended this theorem to the modular invariants of a system of forms and.a 
number of cogredient binary points.{f Up to the present, the finiteness 
theorem has been proved for formal covariants only in very special cases— 
these are due to Professor Glenn.{{ As Hurwitz pointed out, this isa most 
difficult problem, for none of the methods that obtain in the classical theory 
of algebraic covariants will apply here. 

* If a is a mark of a finite field F of order p”, then a?” = ain the field. In casen = 1 
the marks of the field are the classes of residues of integers reduced modulo p, and Galois’ 
theorem reduces to Fermat’s theorem. 

t “Ueber höhere Congruenzen,” Archiv der Mathematik und Physik, series 3, Vol. 5 
(1903), pp. 17-27. 

ł Loe. cit., p. 25. 

§ “Invariants of binary forms under moduler transformations,” Transactions of the 
American Mathematical Society, Vol. 8 (1907), pp. 205-232. 

|| “General Theory o? Modular Invariants,” Transactions of the American Mathematical 
Society, Vol. 10 (1909), pp. 128-158. This is the basic paper on modular invariants. 

** “Proof of the Finiteness of Modular Covariants,” Transactions of ihe American 
Mathematical Society, Vol. 14 (1913), pp. 229-310. 

tt F. B. Wiley, “Proof of the Finiteness of the Modular Covariants of a System of 
Binary Forms and Cogredient Points,” Transactions of the American Mathematical Society, 
Vol. 15 (1914), pp. 431-438. 

tt “A Fundamental System of Formal Covariants Modulo 2 of the Binary Cubic,’’ 
Transactions of the American Mathematical Society, Vol. 19 (1918), pp. 109-118; “Modular 


Concomitant Scales, with a Fundamental System of Formal Covariants, Módulo 3, of the 
Binary Quadratic,” Transactions, Vol. 20 (1919), pp. 154-168. 
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Hence, since this problem is so intractable, it may be of interest to 
consider the related problem of syzygies. The present paper extends the 
method and results of Hermite’s fundamental memoir on associated forms 
for ordinary algebraic covariants to modular covariants, both formal and 
otherwise. The main theorem proves that, if f = aox + amt + --- is 
a binary form of order not divisible by p, then any modular covariant of f 
for the Galois Field GF[p" ] of order p” is expressible (aside from a power of f) 
as a polynomial in the universal covariants Q and L, where the coefficients of 
the tetms in Q are polynomials in the forms associated with f. We also 
‘prove an analogous theorem for formal covariants. From the first of 
these we prove the rather striking corollary that, aside from a power of f,. 
every modular covariant is congruent to an ordinary algebraic covariant of 
f whenever the variables x and y are in the field. Similarly we prove that, 
aside from a power of ag, every modular invariant is congruent to an ordinary 
algebraic invariant of f. Another corollary gives a neat method of con- 
structing a modular covariant having a given leader, provided the leader ` 
has a as a factor. The main theorem, together with its corollaries, is 
verified for the binary quadratic, modulo 3. _ 

2. Hermite’s Two Propositions.—In a fundamental memoir™ ‘already 
mentioned, Hermite proves the following 

Frrest Proposition. Let g and h be any two algebraic covariants of the: 
form f(a, y) = aoa” + aya ly + +++ + any” of indices s and t respectively,. 
and let us set f 


ðh ðh 
(1) g (doy an, am +++; 0X — TV IK+ SY) 


r 0 (ao, M1, Ga, "°°; X, Y; A, Y). 
Then, under the linear transformation i 


eee 


2 ; 
“i y = ye! + by 


la BI’ 
as j | T 

we have the following identity 

(3) lao ai, t; y; X, Y) = A8 (ao ay, +25 w y; X, AY). 


This means that the coefficients of the various terms. in x and Yi in the function 
6 are covariants of F. In case we take f as the function g, the covariants of f 
thus obtained he calls the covariants associated with f. 

Tf d is the order of the covariant h; then we can gai (1/4) Y TRT of 
Y in (1). and (8). If, furthermore, we take as our new variables ră + 2’Y | 
and yX +y'Y where x’ = (1/d)(dh/dy) and y’ = (1/d)@h/dx), the deter- 

~ * “Sur la théorie des fonctions homogénes a deux indéterminées,” Journal fur die reine 
und angewandte Mathematik, Vol. 52 (1856), pp. 21-23. 


192 Hazuettr: General Theory of Modular Covariants. 
‘ 


minant 2y’'— yz’ of this transformation is the form h itself. The coefficient 
- of X” will be f itself and the other cogfficients will be denoted by hu, he, 
<, hm; that is, 


| 1 ðh Lah | 
> e aX 5A, yX +335 Y) = fQ, by be ++ imi X, Y). 


Thus, if C is any ordinary algebraic covariant of index w, then 


10h 10h uia fa 
ages yX + 4x Y) = O(4y Ay +5 X, P), 


ec (ao, a,c ax — 
where the Ao, Ai, --- are respectively f, Rs +++, hm. If we now set X = 1 
and Y = 0, this gives us 


heO(ao, ai, «++; x y) = C(f, hi, +++, hm; 1, 0). 


Thus he proves his 

SEconpD Proposition. Every ordinary algebraic covariant of f, when 
multiplied by a suitable integral power of h becomes a rational integral function 
of the associated covarzants. é 

3. Extension to Modular Covariants.—If we now assume that g and h l 
are modular covariants (either formal or otherwise), and follow through - 
Hermite’s proof of the First Proposition, we readily see that in this case 
we obtain the following result,—if g and h are any two modular covariants 
of f and @ is defined by (1), then when a and y are subjected to the trans- 
formation (2) where a, 8, y and ô are marks of the Galois Field GF[p"] of 
order p”, then 


ie) a | 
(4) 8 (a ais tti ys X, aan E ) = A8 (a a1, «++; 2, y; X, Y). 
That is, l 
8 (a: w, x’, y’; X, Atti mY) = A‘O(a; x,y; X, Y) + ¢, 


where ¢ vanishes whenever a, £, y and 6 are in the field. Here it must be 
noted that X and Y are indeterminates. Thus we have 

THEOREM I. The coefficients of the different terms in X and Y are modular 
covariants (formal or otherwise). If g and h are both formal covariants, 
then these coefficients are formal covariants; if, however, either g or h is not 
formally covariant, then the coefficients are not all formal covariants. In 
case g is the form f itself, then the covariants obtained in this manner we 
shall call the associated covariants of f with respect to the covariant h. 

The above result still holds if we replace dh/da and dh/ay by +0h/ddx 


and „aðh/dðy respecti val where d is the order of h, provided d is, not 
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divisible by p. Now.for every form f there is alae a function h which - 
is covariant under the total group of linear transformations whose cet 
cients are marks of the field GF[p]"and whose ordet d is not divisible by p.* 
First, every binary form of odd order > 3 has a (non-vanishing) ordinary 

_ algebraic covariant of order one and every binary form of even order > 4 

` has a covariant of order 2.¢ Hence we can confine our attention to binary 
forms of order 3 where p'= 3 and binary forms of orders 2 and 4 where ` 
p= 2. Nowa binary cubic has an’ ordinary quadratic covariant.t More- ` 
over, the quadratic and quartic modulo 2 have a modular covariant of 
order one.§ Hence every binary form has with respect to the field GF[p] - 
a modular covariant which is of order d + 0 (mod p); this is also known to, 

` be true with respect to the field GF[p"] where n >.1, provided p + 2. 

Now let C be any modular covariant of f of index'w. Without loss of 

. generality, we may assume that C is homogeneous in x and y.and pseudo- 
homogeneous|| in the a’s, since any covaraint is the sum of a finite number. 
of such covariants. If we replace z and y by eX + «'Y and yX +y Y- 
respectively, where zy’ — 2’y + 0, and z, y, 2’, y’ are indeterminates, then, 


be C(A’s; X, Y) = (ay! — x'y) C (a's; sX +Y, yA + yY) 
* whenever z, y, x’, y’ are in the field, provided ay’ — 2’ y ae 0. Ifwe now take’ 


1 dh ,— Loh. 
~ day 4 ~ daz 
then the A's become the associated covariants of f with oe to- h ind 


(6). g = (d + 0, mod p), 


the determinant of the transformation is A(z; y). Hence, on substituting a 


X=1 and Y= 0, we find that C(4’s; 1, 0) = [A(a, y) Polas; s, yY 
whenever # and y are in the field and h(z, y) + 0. Ini case the left member is 
divisible by h(x, y) and w > 1, this congruence is true even when A(z, y) = 0; 
in order to have a congruence which is true without restriction, we multiply 
throughout by h(a, y) and thus have 


(7): hlz, y)C(A’s; 1,.0) = Ae, y) PPC s; æ, y) 
whenever x and y are in the field. 


* Loc. cit. pp: 23-24. 

t Clebsch, “Theorie der binäre algebraischen Formen,” p. 410; Elliott, “Algebra of 
Quantics,” Ist edition, p. 74. i 

ł Gordan, “Invariantentheorie,” p, 167; Weber, “Lehrbuch der algebra,” Vol. Le: 
p. 223; Elliott, p. 109. i s 

- § Dickson, Madison Colloquium Lectures, p. 56; aia, “A System of Fórmal Co- : 


variants, Modulo 2, of the Binary Cubic,” Transactions -of the American. Mathematical » - 


Society, Vol. 19 (1918), p. 110. at na en 
. || We say that a function e(z, y, ++ Be is pseudo-homogeneous of degree d in the Galois 
Field GF [p" ] of order p” if (àx, Ay, - = Méy(az, y, +-+) whenever à is in the field. In” 
case œ is a polynomial, this simply kanut to saying that the degrees of any two terms . 
of g differ at most by an integral multiple of p” — 1. 5g 
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First let us consider the case in which C is a non-formal modular co- 
variant. Then, in crder to obtain from, (7) a congruence which shall be an 
identity in x and y, we must make (7) homogeneous in æ and y. Now the 
right side is already homogeneous. The order of the left side is determined 
by the weight of C and the degree of C in the a's. But since the weight of 
any two terms of any modular covariant (such as C) differ at most by 
integral multiples of p” — 1, it follows that the orders of any two terms Bı 
and Bz of C(A’s; 1, 0) can differ at most by an integral multiple of p” — 1. 
Let the degree of B: in x and y be w and let the degree of By be we} where 
wi — w = k(p" — 1) and k is a positive integer. Then there is a formal 
covariant P such that B= BPF is congruent to Ba whenever 2 and y are 
in the field such that h(a, y) + 0, and By’ is of the same degree as By in x 
and y. We may take P = Q*/H® where Q is the universal covariant 
(ary — ay?™)/L, H = (h(x, y) "4, and a and £ are two positive integers - 
such that ap" — Bd = 1. Thus, by multiplying each term of the left 
member of (7) by a suitably high power of P, we can make the left member 
homogeneous ‘in x and y of a degree greater than that of the right side. 
Then, if we multiply the right side of (7) by a suitable power of P’ = H®’/Q*’ 
where a’, 6’ is a pair of positive integers such that 6’d — a’p”.= 1, we can 
make the right side of (7) of the same degree as the left side.t Thus, by 
multiplying both sides of the congruence just obtained by a suitable power 
of P’, we obtain from (7) a congruence which is equivalent to (7) whenever 
« and y are in the field. This congruence we may write 


(8) h(x, y) Tla; ż, y) = CQ, h, A's). 


Since this is homogeneous in a and y and holds for all values of œ and y in 
the field, we have the identity 


(9) Ehle, 9) PC(a; æ, y) = CQ, h, A’s) + LC, 


where C; is a modular covariant and @ is a polynomial in its arguments. 

Hence we have proved 

THEOREM II. Let f(a, y) be any modular form with coefficients ao, a1, ++, 
in the Galois field GEÇ p°] of order p”, and let h(x, y) be any modular covariant 
of f(z, y)—vhose order + 0—under any group G of linear transformations 
with coefficients in the field. If C(a's; x, y) is any modular covariant of 
f(a, y), then—aside from a power of h-—C(s's; x, y) is equal to a polynomial 
in Q and the associated covariants of f with respect to h plus L times a modular 
covariant. Observe that, unless p = 2, there is always an ordinary algebraic 
~~ * Dickson, “Tnvariants of Binary Forms under Modular Transformations,” Trans- 
actions of the American Mathematical Society, Vol. 8 (1907), p. 209. : 


t Note that we can take œ and £ such that a < d and 8 < p”. With thjs choice of 
a and £, we can take a’ = — a +d, 8' = — B +4 p. 
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covariant satisfying the above conditions for h; and hence, unless p = 2, the 
associated covariants of f with respegt to h are all ordinary algebraic covariants 
of f. 

4. Several Corollaries.—If, in Theorem II, we take h = f and 2 = 1, 
y = 0, we have . 

COROLLARY I. Aside from a power of ao, every modular seminvariant of 
a binary form f whose order is not divisible by p is a polynomial in the ordinary 
seminvariants of f. 

Observe that this is not equivalent to saying that, aside from ‘a power 
of a, every modular seminvariant of f is an ordinary seminvariant of f; 
for, in order that a polynomial in ordinary seminvariants be an ordinary 
seminvariant, it must be homogeneous in the a’s and isobaric, whereas, a . 
modular seminvariant is not necessarily either homogeneous or isobaric. 

We can also derive a method of constructing a modular covariant having 
a given seminvariant as leader. For, if C(a’s; x, y) is any function having 
the invariantive property under a transformation 7, then equation (5) 
holds provided x and y have such values that 


Y, =y F57 Y, 


is the transformation 7. -In case C is a seminvariant, (5) must be true 
whenever y = 0 and 2 is in the field. Thus for a seminvariant, (7) and 
(8) hold when y = 0 and v isin the field. Since equation (8) is homogeneous 
in x and y, this means that the leader of Œ is C times the r’th power of the 
leader of h. In case the leader of h is a factor of the seminvariant C, then 
the leader of h?"-1€ is C. In case the order of the form f is not divisible 
by p, we may take h = f, and thus we prove the following 

. Cornotuary II. Let f(x, y) be a binary form of order m ¥ 0 (mod p), 
and let S(ao, a1, -+-) be any modular seminvariant of f with respect to the Galois 
field GF| p” ] of order p”. If S contains dy as a factor, then a modular covariant 
having the given seminvariant as leader is obtained by making S(Ao, Air, ---) 
homogeneous in x and y by the method used in § 3 and then multiplying by a _ 
suitable power of ao. Here Ag, Ai, --- are the ordinary algebraic covariants 
which Hermite called the associated covariants of f. 

3. Theorem for Formal Covariants.—In case C(a’s; x, y) is a formal 

modular covariant of a binary form f(z, y), we have 


(7) h(x, y)C(A’s; 1, 0) = [Ale y) P Clas; x, y) 


holding whenever x, y and the a’s are all in the field. Since C is a formal 
covariant, we may without loss of generality assume that C is homogeneous 
in æ and y and homogeneous in the a's. Then the left member of (7) 


oe. 
. 
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is pseudo-homogeneous in x and y and pseudo-homogeneous in the a's. We 
now have the double task of making (7) homogeneous in the a’s as well as 
homogeneous inwandy. To do this, first make (7) homogeneous in x and y 
by multiplying each term by a suitable power of P, just asin §3. Thus 
we have 
(9) ‘Lhe, WCC; 2, y) = CQ, h, A's) + LOs, 
holding whenever the a’s are marks of the field. Now any two terms of (9) 
are of the same order, but of different degrees in the a’s, their degrees differ- 
ing at most by an integral multiple of p” — 1. Let the difference between 
the lowest degree and the highest degrees be k(p* — 1). Then multiply 
(9) throughout by [A(a, y)]*. If se y) denote the polynomial obtained 
from A(x, y) by replacing ao, a1, +- by ag", at”, ---, then h’(2, y) = h(a, y) 
when the a’s are marks of the field. Moreover h’ (2, y) is a formal covariant.* 
Hence we may replace h in (9) wherever we wish by h’ without changing the 
validity of the congruence or the formal covariancy. If, in any term we 
replace A? by k’ where the degree of that term is [(p* — 1) less than the 
maximum degree of any such term, we obtain a congruence which we may 
write 
(10) [he, D] Ne, ICa; a, y) = CQ, h W, A's) + LC + K 
where K is a formal covariant (since all the other functions in the congruence 
are formal covariants) which is congruent to zero whenever the a’s are in the 
field. Thus once more we see the importance of those irreducible formal 
covariants which are congruent to zero for all values of the coefficients in 
the field.t Thus we have proved 

THeorEM II]. Let f(x, y) be any form with coefficients ao, a1, +- which 
are indeterminates, and let h(x, y) be any formal covariant of f(x, y) under a 
group of linear transformations having coefficients in the Galois field GF[p" ] 
of order p”. Moreover, let the order of h(x, y) be not divisible by p. If 
C(a's; x, y) is any formal covariant of f(x, y), then if we multiply C(a's; x, y) 
by a suitable power of h(a’s; x, y) and by a suitable power of h(a?"; x, y) the 
result is identically congruent to a polynomial in Q, L and the irreducible 
formal covariants which vanish whenever the a's are in the field. The coefficients 
of the different powers of Q are polynomials in h(a’s; x, y), h(a?"; w, y) and the 
formal covariants which are the associated covariants of f(x, y) with respect to 
h(a, y). Notice that, unless p = 2, the covariant h(x, y) can be taken as 
an ordinary algebraic covariant. 

* O. E. Glenn, “Modular Invariant Processes,” Bulletin of the American Mathematical 
Society, Vol. 21 (1915), pp. 167-173. 

t In a recent paper (Transactions of the American Mathematical Society, Vol. 22 (1921), 
April issue) the writer proved that the set of all formal covariants of a system of forms S has 


the finiteness property if and only if the finiteness property is possessed by the set of those 
formal covariants of S which vanish whenever the coefficients of S are marks of the field. 
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6. Verification fòr the Binary Quadratic, Modulo 3.—Dickson* has 
shown that a fundamental set of modular covariants of the binary quadratic, 
fo = aoz? + 2ayzy + azy? (mod 3) consists of . 


fo fa = at + may + may? + ayt, 

L=aly— a, Q= H eH yit s, 

A = ai — Gods, q = (ao + a) (a? + aom — 1), 

C= (aja, — ai)? + 2(ai + aoa) (a2 - — avy. + (at — aa3)y? ’ 
Co = (A+ a) — 2ai(ao + aty + (A+ y. 


By Hermite’s fundamental memoir, the associated covariants of fz are 


Ao = fo, Ar = 0, Ao = — Afo. Theorem II is clearly true for polynomials 
in fz and A, since these are ordinary algebraic eu 
If we take C = fy, then since here C(A’s; 1, 0) = = fa, (7) becomes 


J2 = fa (whenever æ and y are in the field) and (8) ees fits = f — LO. 
When C = (i, we find that (8) becomes t 0 = foC1+ (A? + A)L. For 
C = C2, (8) becomes (1 + A)f?Q = fiC: + P(qfe — C2). Thus the theo- 
rem is verified when C is any polynomial in A, fe, fa, Ci, C2 and L, Q. Is 
it true for any covariarit containing q as a factor, say gQf2? For C = qQfo, 
C(A's; 1, 0) = (fa + Afe) (Af? — LfeQ = (A? — 1)fi when xand y are in 
the field; and thus we have qQfe = (A? — 1)f2 — rL. 

7. Relation to the Literature.—The chief interest of the eesti of this 
paper lies in the relation shown to exist between modular covariants and 
ordinary algebraic covariants of the form. From a different point of view, 
the results are of, interest in connection with several papers by Professor 
Glenn. 

He considered the expansion of a homogeneous binary form in terms of 
two binary forms of lower order.{ He found that a binary form f of order 
n(m + 1) — 1 can be expressed in the form 


f = Popf in + Yiplin font gare + Ompjin 


(where fin and fo, are two binary forms of orders n and the ¢’s are binary 
forms of order p) provided the resultant R of fın and fon does not vanish. 
Moreover this expansion is unique for any such pair of forms fin, fin- 


* Transactions of the American Mathematical Society, Vol. 14 (1913), p. 310. 

} This syzygy was given by Dickson, “ Finiteness of Modular Covariants,” Transactions 
of the American Mathematical Society, Vol. 14 (1918), p. 310. 

ł “The Symbolical Theory of Finite Expansions,” Transactions of the American Mathe- 
matical Society, Vol. 15 (1914), pp. 72-86. 


. 
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He also showed that a form f of order m can be expresséd linearly in terms 
of two forms fin, and fon, of different orders nı and nz respectively, providec 
the resultant of fin, and fen, is different from zero.* Thus , 


(11) Su = Pim—n, fin, + P2m—ned 2n: 


where gim—n, and @om—n, are of orders m — nı and m — n, respectively. 
If m+ nge = m + 1, the expansion is unique. . , 
Tf fin, and fon, are covariants of f and the expansion is unique, then the 
forms Gim—n, and GYom—n, are covariants of f. If, furthermore, (11) is è 
congruence modulo p a prime, and fin, = Q, fen, = L where ; 


L = Py a ay?, Q = (ay — xy’) =- L = gr (e-)) + eee + yr, 


then we have 
(12) fn = Qoi + Les (mod p) 


and it appears that any binary form of order m = p? is reducible in terms of 
Q and Land two first degree formal modular covariants with respect to the 
GF[p] whose orders are respectively p and p?— p—1.t As Professor 
Glenn points out, “this raises the question as to whether the modular 
expansions (12) for m > p°, containing arbitrary parameters in their 
coefficients may have these parameters determined *so that the coefficient 
forms Y1m—p2+p) Y2m—p-1 are modular covariants.” For various cases in 
which m > p?, he has determined modular covariants 9; and ge of f such 
that the congruence (12) will hold identically in the a’s and the variables æ, y. 

Theorem II of the present paper shows that, for any Galois Field 
GF[p"”] of order p”, if a modular covariant C of f be multiplied by a suffi- 
ciently high power of 4, then it is expressible in the form Qg: + Ls where 
pı and ge are modular covariants of f. Moreover, gı is a polynomial in 
Q, f, h and the associated covariants of f with respect to h. At present I 
do not know whether it is true that, for every covariant of f, there is one 
such expansion in which œz is of lower order than C. If this be so, then it 
would follow by induction that, aside from a power of h, every modular 
covariant of f is a polynomial in Q, L, f, h and the associated covariants of f 
with respect to h. . 

Mount Horyoxe COLLEGE, 

Soutu Haprey, Mass. 


*“A Memoir on the Doctrine of Associated Forms,” Transactions of the Americar 
Mathematical Society, Vol. 18 (1917), pp. 443-462 (especially pp. 446-448). 
} See article referred to in previous note, p. 461. 


ON (2, 3) COMPOUND INVOLUTIONS. 
By Tempite Rice HoLLCROFT. 


1. Introduction.—This paper together with a preceding one* is intended 
to complete the discussion and classification of (2, 3) point correspondences 
between two planes. 

In the general point correspondence a point and its successive images do 
not form a closed group. In a compound involution, however, the corre- 
spondence closes up at the second application of the transformation. 
Choosing (x) and (x’) respectively as the double and triple planes, to a 
point P’ of (2’) correspond three points Pı, Pz, Ps of (x) such that to each 
of these image points correspond the original point P’ and a residual point 
P, of (x^). To Po as well as to P’ correspond the three points Pi, Ps, Ps 
of (x). The point correspondence thus established is involutorial. The 
essential difference between this correspondence and the general (2, 3) 
point correspondence is that now the residual images coincide. 

The first known paper discussing point correspondences with both planes: 
multiple was published in 1889.t This is a very simple (2, 2) compound. 
involution in which the lines of either plane correspond to conics of the 
other. Burali-Fortit later obtained certain (2, 2) compound invclutions 
by combining two (1, 2) involutions and showed that the case treated by 
Visalli is included in these. Finally the (2, 2) compound involutions have 
been classified and six independent types obtained by F. R. Sharpe and 
Virgil Snyder.$ 

2. Outline of Method.—Suppose that a (1, 2) point correspondence has 
been established between the planes (2’) and (y’). Then to a point P’ of 
(y’) correspond two points Pi, Ps of (2’) and to either Pi or P; of (2^) 
corresponds the one point P’ of (y’). Also to the lines through P; or P, 
correspond rational curves of (y’) all passing through P’. 

Assume further that a (1, 3) point correspondence exists between the 
planes (x) and (y). Then to a point P of (y) correspond three points: 

* T. R. Holleroft: “A Classification of General (2, 3) Point Correspondences between 
two Planes,” Am. Jour. or Mars., Vol. XLI (1919), pp. 5-24. 

7 P. Visalli, “La trasformazione quadratica (2, 2),” Rend. del Circ. Mat. di Palermo, 


Vol. 3 (1889), pp. 165-170. 
t “Sulle trasformazione (2, 2) che si possono ottenere mediante due trasformazioni 


doppie,” Rend. det Circ. Mat. di Palermo, Vol. 5 (1891), pp. 91-99. 

§ “Types of (2, 2) Point Correspondences between two Planes,” Trans. Amer. Math. 
Soc., Vol. XVIII (1917), pp. 409-414. 
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Pi, Ps, P: of (x), to each of the image points Pi, Po, Ps sbibesponds P of 
(y) and to the lines through P4, Pa or Ps correspond pavonals curves of (y) 
all passing through P. 

Now consider the planes (y) and (y’). Both contain nets of rational 
curves through the points P and P’ respectively. The planes are therefore 
birationally equivalent, that is, a (1, 1) correspondence exists between them 
such that P corresponds to P’ and P’ to P and such that curves in (y) 
which are images of the lines of (x) and curves in (y’) which are images of 
the lines of (a’) are transformed reciprocally one into the other. 

Then to two points P1, Ps of (#)’ corresponds P” of (y’) to which corre- 
sponds P of (y) to which correspond Pı, Pz, P; of (x). Reciprocally, 
Pı, Po, Ps of (x) go into P of (y), thence into P’ of (y’), thence into Pi, Pz 
of (x). The planes (x) and (2’) are therefore so related that to two points 
of (x’) correspond three points of (x) and to these three image points corre- 
spond the original two of (2’), that is, a (2, 3) compound involution has 
been established between them. 

There are other methods of establishing (2, 3) compound involutions, 
but it will be proved later that all the independent types of (2, 3) compound 
involutions can be obtained by the method outlined above. 

3. General Properties —The curves of either plane are transformed into 
curves of the other by three transformations, two rational and one irrational. 
Since the two planes (y) and (y’) are birationally equivalent, they may be 
considered the same plane in which the basis points of the two systems are 
rationally separable. Then the image in (2’) of a curve of (æ) is obtained 
by applying to its image in (y), considered as being also in (y’) and retaining 
its basis points as fixed points of (y’}, the transformation from (y’) to (a). 
Thus if a line of (x) goes into C,(y) with basis points kP,* and a line of (y’) 
corresponds to C;,(x’) with basis points LP}, then the line of (x) corresponds 
to Cn»(e’) with basis points 1P;, and 2kP;. A similar series of transforma- 
tions relates (v’) to (2). 

If the two images P}, P: of a point P of (x) coincide, P is on L(x) the 
branch-point curve of (x). The locus of the corresponding coincidences is 
K'(a’), the coincidence curve of (a’). K'(æ') is the jacobian of the net cf 
image curves of the lines of (y’). Its complete image is L(v). The image cf 
L(x) is K’(x’) counted six times. : 

The coincidence curve K(x) is the jacobian of the net of image curves 


in (x). The residual curve T(x) is the co-jacobian of this net. To a point . 


P’ on L’(x') corresponds two coincident points on K(x) and one on T(z). 
The complete image of either K(x) or T(x) is L(x. The image of L’(2’) 
is K(x) counted four times and T(z) counted twice. The branch-point 





* Holleroft, loc. cit., page 7. 
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curves aid their cqrresponding coincidence or residual curves are not in 
(1, 1) correspondence as in the case of (1, n) or general (2, 3) point corre- 
spondences. | 

The non-basic intersections of K(x) and T(x) are all contacts to each 
of which corresponds two cusps on L’(a’). The images of both the cusps of 
L'(a') coincide at the point of tangency of K(x) and (a). There are thus 
only a finite number of points of (x) whose three images in (æ) coincide, 
namely, the cusps of ’(2’). 

To a point of K’(«’) correspond three points of L(x) to each of which 
corresponds the original point on K’(x") counted twice. To a point cf K(æ) 
correspond two points of L’(x’) to each of which correspond the original 
point of K(x) counted twice and a point of I(x), whose images are those 
same two points of L’(z’). 

The non-basic intersections of K’(2’) with L’(2’), of L(x) with K(z) 
and of L(x) with T(x) are equal in number and are all contacts. To each 
tangency of K’(a’) with L’(x’) corresponds a tangency of L(x). with K(a) 
and of L(x) with T (æ). To each of these two points corresponds the same 
point of contact of L’(x') and K’(x’). Since K’(a’) is counted six times 
as the image of L(x), each contact of L’(2’) with K’(2’) counts as six contacts. 
To four of these correspond the four coincident contacts of (K)* and L 
and to two of them, the two coincident contacts of ([)? and L: 

4. Types of (1, 2) Involutions.—There are three independent types of 
(1, 2) point correspondences.* Type 1, the Geiser type, is obtained by the 
intersections of any line with an associated conic of a net, or by the cubics 
of a net through seven basis points. Type 2, the Jonquiéres type, is given 
by the intersections of a line of the pencil P with a curve of order n of a net 
having an (n — 2)-fold point at P. Type 3, the Bertini type, is given by 
the variable intersections of a cubic of a pencil with an associated sextic 
having double points at eight of the basis points of the pencil. 

5. Types of (1, 3) Involutions.—Five independent types of (1, 8) point 
correspondences have been recently found.t Type 1 is given by the inter- 
sections of a plane field of lines with the associated cubics of a net; Type 2 
by the intersections of a line pencil and a net of curves of order n with 
(n — 3)-fold points at the vertex of the pencil; Type 3 by the intersections 
of two conics of a system of conics through one basis point; Type 4 by the 
intersections of two cubics of a net of cubics through six basis points; Type 
5 by the intersections of a cubic of a pencil with an associated curve of a 
system of curves of order nine having triple points at eight of the nine 
basis points of the pencil of cubics. 


* See Pascal’s (German) “Repertorium der höheren Mathematik,” second adieu: 
Vol. 2, pp. 366-370. 

. f Anna Mayme Howe, “A Classification of Plane Involutions of Order Three,” Am. 
Jour, gF Marn., Vol. XLI (1919), pp. 25-40. 
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6. Types of (2, 3) Compound Involutions.—Fifteen types of (2,°3) com- 
pound involutions are obtained by combining the types of (1, 2) and (1, 3) 
involutions. For convenience these have been divided into three classes 
according to the (1, 2) involution employed. There are five types in each 
class, namely, the five (1, 3) involutions combined with the (1, 2) involuticn 
determining that class. The following table shows the combination and 
type number for each type. The symbol Ca; 7P; denotes a curve of order 
n with j basis points each of multiplicity 7. The arabic numerals are the 
type numbers. The type is established by combining the systems in the 
row and column in which the type number is found. 


Doubie Plane 
Class Ci; C3 
. Triple Plane g 








C, Pi: Cr Pus Co, Pi; Co, Pa | Ca, 6Pi; Cs, OP it Cs, 8Pi; Co, 823 














I Cy Cs 2 3 4 5 

Ir C1, Pi; Ci Prue 6 7 8 9 10 

HI Cs, 8Pi; Ce, 8P: il 12 13 14 15 
Crass I. 


7. Type 1.—In the (1, 2) point correspondence, denote the double plane 
by (y’) and the simple’plane by (a’). The defining equations of the Geiser 
type used in Class I may then be written, 


3 k 


3 
2) D yale) = 0, 
where v;(«’) are general conics of (2). 
(The following notation will be used in describing the curve systems 
of the planes being discussed: 
The symbol “ ~ ” meaning “ corresponds to ”’; 
L, L’, K, K’,T, fixed curves as heretofore defined; 
P, Q, P’, Q’, basis points; 
P, P’ variable points; 
p, genus of curve being described; 
Subscripts of curves denote their order; 
Subscripts of points denote their multiplicity.) 
CU) ~ Cie’); p= 1, TP. 
Ci) ~ Cly’); p = 0, Pa 
Kil); p= 3, TP Li); p = 3. 
In the (1, 3) point correspondence, denote the triple plane by (y) and 
the simple plane by (x). The defining equations of Type 1 are: 
3 


Ay Daw: = 0, : 
isi 
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2) i yala) =°, 


where u;(x) are general cubics of fx). 
Cy) ~ Cile); p = 3, 18P1. 

Cila) ~ Cay); p = 0, Ps. 

K(x); p = 15, 18Pe. 

Teo(x); R= 15, 13P.. 

Laoly); p = 15, 21 cusps. 

8. Image Curves.—In the (2, 3) compound involution established be- 
tween the planes (x) and (2’) by the two preceding involutions, to obtain 
the image in (2’) of Cy(a) we use the transformation from (y’) to (#’) on C4(y). 
Cila) ~ Ciele’) = Ca(xavg — 2502, 2301 — 2103, iwz — V01) = 0. Ciel’) has 
7P; given by vi/xı = 03/22 = 03/23 and two variable triple points which are 
images of P; of C.(y). Ciz is of genus’7. 

The image of C(x)’ is found by using the transformation from (y) to 
(x) on Caly’). Cil) ~ Orle) = C3(aeug — X3Uz, Ber — Trus, LU, — Ly) 
= 0. C(t) has 13P3 given by w/21 = uft: = us/2z3 and three variable 
double points, images of P; of C3(y’). Cr is of genus 13. 

L(x) is obtained by applying the transformation from (y) to (x) on Li(y’). 
This gives Dy¢(v) of genus 27 with 13P,. The image of Jie(x) in (y) is a 
curve of order 12 which is birationally equivalent to Li(y’) counted three 
times. The image of I1¢(z) is, therefore, K¢(a’) counted six times. K(2’). 
has 7P, and is of genus 3. The complete image of K5(2’) is Ly9(x). 

L’(z’) is obtained by applying the transformation from (y’) to (#’) on 
Iy(y). This gives Ljo(2’) with 7P iy, 42 cusps and of genus 49. The image 
of L(x’) in (y’) is a curve of order 20 which is birationally equivalent to 
Laoly) counted twice. Then the image of Lgo(x’) in (x) is.K9(x) counted 
four times and T(x) counted twice. Kg(x) has 13P.2 and is of genus 15. 
T's2(a) has 13Ps and is of genus 15. The complete image of either Ko(x) 

or T'ee(a) is Lal’). 
, K(x) and Te2(x) have 21 tangencies to each of which correspond two 
cusps on Lyo(x’). Each of these two cusps corresponds to that same tan- 
gency counted as two points on Ky and one on Taz. 

Each pair, K(x) and Ln6(x), Te2(w) and Lne(x), K(x’) and L3(2’) has 
20 contacts. The points of tangency of K¢(x’) and D3o(x’) correspond to 
those of K(x) with L-.(~) and of T22(x) with Lis(x) and reciprocally. 

9. Successive Images of Lines.—The image of Ci(a’) as found is C12(z) 
with 13P; and 3P. To Cız(x) corresponds Caly), birationally equivalent 
to [Cs(y’) F. The image of C5(y’) is Ci(x) and a residual C3(a’) with 7P3. 
Then to Ci2(x) corresponds (C1)5(C3)? in (<). The complete image of 
C(x") is Cy2(x). Cs and K; have 6 nonbasic intersections at the intersections 
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of Ci and Ky. C3 and Lz have 30 non-basic intersections Jama teow the 
intersections of C; and L3 Ciz and Lyi in (x) have 18 points of contact. 
These are the images of the 6 intersections of Ci or Cg with Kg. Reciprocally, 
the images of these 18 tangencies are the 36 intersections of C; or Cs with 
(K;)*, three tangencies corresponding to each set of 6 coincident inter- 
sections. To the 30 intersections of C; with Lg, and to the 30 intersections 
of Ca with Lj. correspond the 30 intersections of Cis with Ko, also of Ci: 
with Ix. and reciprocally. 

The image of Cy(x) is Ci.(a’) with 7P; and 2P}. To Cis corresponds 
Cs(y’) which is birationally equivalent to [C.(y)_?. The image of C4(y) is 
Ci(x) and a residual Cis with 18Ps;. Then C}.(z’) corresponds to (C1)?(C,5)? 
in (x). The complete image of Cis(x) is (C42). Cis and Lig have 32 inter- 
sections which together with the 16 intersections of Cy and Ly. correspond 
to the 16 intersections of Ci, with K; and reciprocally. The curves Cis 
and Ky have 31 and Cis and Ing have 18 intersections. Ci, and Lg have 80 
intersections to which correspond the 40 intersections of Cı and Cis with Ko 
and the 40 intersections of C, and Cys with T22. The 80 intersections of Cia 
and Ls correspond to the 160 intersections of C, and Cy; with (Ky)4 and the 
80 intersections of C, and Cis with (I'22)*. 

The images of two lines Ci(2’), Ci(a’) are Cila), Ciola) respectively, 
which have 27 non-basie intersections. The images of Ci, and Cy are 
(C%)3(C%)8 and (C1)3(Cs) respectively. (Cg and C% intersect in one non-basic 
point to which correspond three intersections of Cı and Cy. To each of 
these three intersections correspond the intersection of C4 with Cj and the 
intersection of Cí with Ci. These three intersections of Cy and Cy are 
the images of the intersection of the two lines of (x’). For the remaining 
24 intersections of C1, and Qng, to each of the three points in each set of 
eight corresponds a point of intersection of C; with Cz and also an inter- 
section of O; with C}. To these latter correspond respectively the 24 inter- 
sections of Cip-with Oiz. 

The preceding paragraph, with the exception of the order of the image 
curves of (x), applies equally well to all five types of Class I. 

The images of two lines C(x), Ci(x) are Cie’), Cial’) respectively, 
intersecting in 32 points. The images of Cjz and Ci: are (C1)?(Cis)? and 
(C4)?(C45)? respectively. Cis and Cj; intersect in 17 non-basic points. To 
the intersection of C4, C, and two of the intersections of Cis, Cis correspond 
two intersections of C12, Cis and reciprocally. To the 15 intersections of 
Ci, Cis, the 15 intersections of C1, Cis and the remaining 15 intersections of 
Chu, Cis correspond the remaining 30 intersections of Cis C, and recipro- 


cally. This paragraph, with the exception of the order of the i image curves 


of (z’), applies equally well to types 6 and 11. 
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t 
Since for all the types the details and methods are similar, only the results 


will be given for the remaining ones. 


10. Type 2.—Type 2 of the (1, 8) point correspondences has the defining 


equations, 


(1) zyrt tyz = 0, 
(2) yele) + yele) + yses(x) = 0, 


where g;:(x) is a curve of order m with an (m — 3)-fold point at the vertex 
of the line pencil, Q = (0, 0, 1). The basis point of (y) is Q = (0, 0, 1). 


Cily) ~ mpl), p = 2m — 3, Qm- (6m — 6)Pr. 

Cy (a) ~ Cmily)s p=0, Que 

Kom(x); p = 6m — 9; Qem—s, (6m — 6) Pi. 

TV gm—2(x); p= 6m — 9; Qam—s; (6m = 6) Ps. 

Lim—ly); p = 6m — 9; Qam—c, (6m — 6) cusps. 

For the (2, 3) compound involution: a 

Cil’) A Cem+3(2); p= 6m — 5; Qam—65 (6m = 6) Pe, 3P. 

Cila) ~ Comsa(2!)3 p = 2m + 1; Pari; 2Pr. 

Lamya(2); p = 8m + 3; Qam-s, (6m — 6) Pa. 

Kon(0); p = 6m — 9; Qom-s, (6m — 6)Pr. 

Tsm—2 (2) ; p= 6m — 9; Qam—s, (6m — 6) Pro. 

Liom—6(@’); p = 20m — 23; Pim- AP at (12m — 12) cusps. 

Kile’); p = 8; 7Ps.° 

11. Type 3.—Type 3 of the (1, 3) eee has the defining equations: 
3 


(1) Zym) = 0, 
@) Landa) =0. 


wherein we) and v;(@) are conics eer the basis point Q. 


Cily) ~ Cala); p = 2; Qe, 9P1. 

Ci) ~ Caly); p = 0; Pa. 

Koz); p = 9; Qs, 9Pa. 

Tya(a) ; p= 9; Qs, 9Pa. 

Lely); p = 9; 12 cusps. 

For the (2, 3) compound involution: 
Cia’) ~ Ciele); p = 10; Qs, 9Ps, 3P. 
Cl ~ Cile); p = 7; TPi, 2Ps. 
Lisl); p = 23; Qs, 9Ps. 

Kele); p = 9; Qs, 9Pa. 

Tale); p = 9; Qe, 9Pa. 

Lala’); p = 33; TPg, 24 cusps. 
Ki(e’); p = 3; TP. 

12. Type 4.—Type 4 of the (1, 3) point correspondences has defining 
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(x) is in a simple involution with the other two. Then we can map the 
` plane (x) on a triple plane (y) by ą (1, 3) transformation and the plane (2’) 
on a double plane (y’) by a (1, 2) transformation such that the two planes 
(y) and (y’) are in (1, 1) correspondence. For a (1, 3) point correspondence 
can always be mapped on a triple plane by equations of the form, 

(1) ¢1(e)/y1 = pel) /y2 = pel) lys 
where ¢,(x) = 0 define a net of curves with three variable intersections. 
The plane (y) is mapped on the plane (y’) by the Cremona transformation, 
and thence on (2”) by the transformation, - 

(8) W@ yn = ee /ys = V2) 
wherein y;(2’) = 0 defines a net of curves in (x’) with two variable inter- 
` sections. By means of (2) eliminate y; and y; from (1) and (3) and we have 
the relation, 

(4) Fi(a)/Fy(e') = Fa(a)/F,(2') = Fa(a)/F3(x’) 
wherein any two F; have three variable intersections and any two F; 
have two variable intersections. Since (4) is the necessary and sufficient 
condition that the curve system in either plane be a net, we have deduced 
the theorem: 

The necessary and sufficient condition that a (2, 3) point correspondence 
be a compound involution is that the image curves in either plane form a net. 

It may be here noted that when a pair of defining equations for a (2, 3) 
point correspondence have equations of the Bertini type locating the two 
images in the triple plane, the curve system of that plane forms a net 
and the point correspondence is always a compound involution. 

“27. Proof will now be given for the theorem: 

The sufficient condition that a (2, 3) point correspondence be a compound 
involution is that in either plane both components of the curve system defining 
the image points form pencils. 

. Let the correspondence be defined by 

(1) wr (a), (a’) + uleule’) = 0, 

(2) v(x) ole) + v(e) vl) = 0, 
such that the components of the curve system of (x) [(2’)] intersect in 
three [two] points. If both components of either system form a pencil 
both components of the other system also form a pencil because only two 
homogeneous parameters remain in each equation. 

Choose any point (2,) of (2’) and consider it as fixed. Then (xi) deter- 
mines two curves of the system in (æ) which intersect in another fixed point 
(a3). To (zi) correspond three fixed points (21), (a2), (xs) of (æ) which lie 
at the intersection of two of the curves of the system in (x). Any one of the 
image points of (x) uniquely determines the other two, because their defining 
euryes, form pencils. 
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‘Since (a1), (#2), (ws) are images of the fixed point (zi), the following 
relations hold: 
v(a) / v01) = 0, (a) / 0€), 
. (2) Uy (2) [ua (22) = u (2) /un (i): 
01 (22)/ v2(22) = v(e) / v (ar), 
(3) u(x) /uz(x3) = u (2) [u (21), 
01 (23) / v(e) = v (@)/ 02). 
These relations give the relation in (2): 
(D) wy (a1) /ue(z1) = w(t) /ua(ate) = u ts) fules), 
01 (21) /va(21) = v(x2)/v2(22) = v(a) / v(x). 
The relation (I) means that any one of the three image points of (x) jeier: 
mines the other two—a fact already known. Likewise in (2’) since the 
components form pencils and either image point determines the other, this 
relation must hold: 
(T) uy (ay) /u (21) = u (23) reg (er), 
v 1(@)/ 03) = 9 1 (ag) / 5 (a2). 

We know that each of the three points of (æ) daarm to (aj) and a 
residual point of (x). We wish now to prove that the residual point is 
(a,) for each of the three image points of (x). To do this we must prove the 
following relations: t 

(4) u(x) /uz(@1) = ui (ay) fuze), 

01 (a1) / v(t) = v (2g) / 05 (a9), 
(5) u(x) /wo(ae) = u, (ary) /ug (223), 
01 (a2) /v2(22) = vi (2)/ 09(2e5), ; 
(6) ur (3) [U2 (2s) = U; (ep) fult), l i 
01 (ag) / v(x) = v 1 (ag) / 02). 
Relations (4), (5) and (6) are shown to be true by (I^) and (1), (2), (8) 
respectively. Then (æ) is the residual image of each of the three points 
(21), (ae), (v3). Also from (4), (5) and (6) the three images of (2) are 
(x1), (ve), (a3). The point correspondence is therefore a compound involu- 
tion. f 

28. Pencil Cases.—In accordance with the foregoing theorem, the 
twelve independent types of general (2, 3) point correspondences* when the 
equations have but twc homogeneous parameters reduce to particular forms 
of compound involutions. It will be interesting to see to what types of 
compound involutions they are reduced. (in the following, the Roman 
numerals refer to types of general (2, 3) point correspondences, the arabic 
to types of (2, 3) compound involutions.) 
~ The pencil form of Type I is a special case of Type VII for m = 8, 
n = 2, which is a particular form of Type 7. 

* Holleroft, loc. cit., page 9. 
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The pencil form of Type II is a special case of the alternate way of 
writing Type VII and is therefore a particular case of Type 7. 

The pencil form of Type III reduces by quadric inversion to the pencil 
form of Type I or Type II, depending on the choice of the triangle of inver- 
sion, either of which is a special case of Type VII and therefore a particular 
form of Type 7. 

The pencil form of Type IV is a special case of the pencil form of Type 
VIII for n = 2. 

The pencil form of Type V. goes into the pencil form of Type III by 
quadric inversion, and is a particular form of Type 7. 

The pencil form of Type VI is a special case of Type VII. 

The pencil form of Type VII may have its defining equations written 
as in Type VII each with one less term, or in the alternate form: 

(1) a; + mr = 0 

(2) api + rage = 0. 

In either case it is a particular form of Type 7. 

The pencil form of Type VIII is a particular form of Type 9. 

The pencil form of Type IX is a particular form of Type 10. 

The pencil form of Type X is transformed into the alternate form of 
Type VII by quadric inversion and is a particular form of Type 7. 

The pencil form of Type XI reduces to a special case of the pencil form 
of Type III by quadric inversion and is therefore a particular form of Type 7. 

The pencil form of Type XII reduces by quadric inversion to a special 
case of the pencil form of Type IV and is therefore a particular form of 
Type 9. 

29. Cyclic Cases.—In Types II, IV and a particular case of Type V of 
(1, 3) point correspondences, the three image points in the simple plane 
constitute a cyclic projectivity of period three.* This property ‘of the 
image points is retained in the (2, 3) compound involutions evolved from 
these types, for a point of (a’) corresponds to one point of (y’) thence to 
one point of (y) and thence to three points of (x). So the three images of a 
point of (a’) are also images of the corresponding point of (y). 

Therefore the second, fourth and a particular form of the fifth types of all 
three classes of (2, 3) compound involutions are such that the three image 
points in (x) constitute a cyclic projectivity of period three. Furthermore in 
those types of all three classes, two lines of (a’) determine respectively 9, 
2n + 1 and 18 triads of points in (æ) each triad constituting a cyclic pro- 
jectivity of period three. 

In all types of (1, 2) point correspondences the two image points of the 
‘simple plane are in a simple involution. This same property holds for the 

*A. M. Howe, loe. cit., pp. 39-49. 
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two image points in the triple plane for all (2, 3) compound involutions: 
Two lines of (a) determine the following numbers of pairs of points in (z’), 
each pair constituting a cyclic projectivity of period two: 


Types, 6; ID 6.4 Assaseek once aian aa etatas 16 pairs 
Types 25°05. 12s ace Selene NEETA 2m -+ 1 pairs 
TYPOS. 85 Oy lds acti E E fiat aed eta 16 pairs 
TPypes:4,:9,.34.c-28e ais Ga ey ee ee eat 36 pairs 
Types 5,10, 18 ........ E E d Raye eRe aes 63 pairs. - 


30. Completeness of the Classification.—It has been shown that the 
necessary and sufficient condition that a (2, 3) point correspondence be a 
compound involution is that the image curves of either plane form a net. 
When this is true the double and triple planes may always be mapped on 
two other planes by (1, 3) and (1, 2) point correspondences respectively 
and those two other planes are birationally equivalent. Therefore any 
(2, 3) compound involution may be obtained by combining a (1, 3) and a 
(1, 2) involution. 

It has been proved that all (1, 2) involutions may be reduced to one of 
` the three independent types herein described.* 

By the same method it has been shown that all (1, 3) anuo may 
be reduced to one of the five independent types described. 

Since all (2, 3) compound involutions can be obtained by combining 

(1, 2) and (1, 3) involutions, there can be no more independent types of 
(2, 3) compound involutions than there are possible combinations of the 
independent types of (1, 2) and (1, 3) involutions.. Also since all the (1, 2 
and (1, 3) involutions used in these combinations are independent of each 
other, each combination gives an,-independent type of (2, 3) compound 
involutions. There are, then, fifteen independent types of (2, 3) compound 
involutions and the classification is complete. 


WELLS COLLEGE, 
March, 1919 


'* E. Bertini: - “Recherche sulle trasformazioni univoche involutorie nel piano,” » Annali 
di Matematica, Ser. 8, Vol. 3 (1877), pp. 244-286. 
tA. M. Howe, loc. cit., pp. 38-39. 


ON SOME PROPERTIES OF. “GENERAL MANIFOLDS RELATING 
TO EINSTEIN’S THEORY OF GRAVITATION. 


By J. A. Schouren and D. J. STRUIK. 


-. In two very interesting communications in this Journat* Mr. E. 
Kasner recently deduced some properties of the four-dimensional manifolds 
for which G,, = 0. Now it is possible to demonstrate two of these proper- 
ties in a very short way for n-dimensional manifolds without calculating 
any three-index-symbol, as a direct consequence of some general theorems. 
Further it is very easy to give a generalization for manifolds, which obey 
not Einstein’s gravitational equations but the more general equations of 
de Sitter for a quasi-spherical world. ot 

By Vn is meant a general manifold of n dimensions, by R, a euclidean 
one, by S» a manifold with constant Riemannian curvature and by Cn a 
manifold which is conformally representable on an Rn. 

1. In a recent publicationt one of us showed that the necessary and 
sufficient condition for n > 3, that a V» is a Cy, is that the curvature-tensor 
(Riemann-Christoffel-Tensor) Bowe can be written in the form: 


1 $ 
a) oco Bowe = ea ForLno z JurLpo = JosL F GJuolpr) ; 
P, My V, O = Ay, + +s On 


where Lj, is any symmetrical tensor. From this we conclude 


: ; 1 X 
eh: . Gus aes Lw a n—2 pos 
and 

yo te Pane, A 1 ie 
(3) s Ly EA Gu» F 2(n oe 1) Gaag r 


Hence Buo vanishes for a Cn if G,, vanishes: 
Of all Cn the only ones for which G,, = 0 are Ra. 
For n = 3 Bio has always the form a), hence: 
Every V3 for which G,, = 018 an Rs. 
This theorem can be generalized in the following way. If 


(4) Gy» = ory Gur 


* AM. JOURNAL oF Maruemanics, 43 (1921). 

td. A. Schouten, “Ueber die konforme Abbildung n-dimensionaler À Mannigfaltigkeiten 
mit Kwadratischer Maszbestimmung auf eine Mannigfaltigkeit mit euklidischer Masz- 
ee ” Math. Zeitschr., 1921, pp. 58-88. 
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(in relativity the equation of de Sitter for a quasi-spherical world) from (3) 
follows 


i a $ -9 
i Toara 
(5) ay a(n a 1) Gur 
and thus: ° l 
A 
(6) Bopo aoe ~ In— 1 (Yor9 ue — Iulope T JooIuv + Guo Gor) 


or A 
EE at (GooJue Ex Jusos). 


Now it is a well-known theorem that B,,,, being of this form the V, is 
an Sp: l 
Of all Cn the only ones for which Gus = Gy are Sp. 
Every V3 for which Gu = Gy» is an S3. 


2. If a V, is imbedded in a Vn41, and if the indices u, v, p, e belong to 
the fundamental variables in the first manifold, then the generalized 
theorem of Gauss is: i 


(7) Ber = Bouve Ti (hovhuo — huvlos) 


where B,» is the curvature-tensor of the Vn, Bomo’ the curvature-tensor 
of the V,4; and hp the (symmetrical) second fundamental tensor of the 
Va with respect to the Vn41.* Now if the Vass is an Ray, Boe = 0 and 
from (7) we get: l 


(8) Gus = g” hyper — huh, 
where 
(9) h= hpg”: 


Now we introduce a system of rectangular coördinates in the principal 
directions of the symmetrical tensor h,,, which are, according to (8), 
also thė principal directions of ies Let the orthogonal components be 
denoted by the indices 1,7 = 1, ++., n. Then G,, has n (real) components 
Gi and h,, has n (real) T hiz the components Giz, hig, itj 
being Zero, and (8) becomes: 


(10) os = hihi — hss 3 hij 


where no summations are to be aiet that are not indicated by the sign È. 
If now G,, = 0, we get from (10) that either all components h;; vanish or 
all components h;; but one, in both cases from (7) toli ows that Bowe vanishes. 
Thus: 


*See the above cited paper p. 24, or RIN TAR Vorlesungenüber Differential- 
geometrie, first edition, p. 623, or G. Ricci, Atti Acad. Lincei (1902), p. 359. 
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No Vn with Gu = 0, that is not an Rn, can be regarded as imbedded in an 
Ray. The Rn ts either flat or developable. 
This theorem can also be generalized. If 


Gu» F Gur Gur = Nias” 
where G belongs to the Vapi then (10) gets the form: 
1, one) ® 
A N = highs; — hii >P hjj. 
j * 


For n = 2 hy and ha are not determined by these equations. For n + 2 
it is easy to prove that the only possible solutions are: 








E 
jas Be hs ZIAN), 
Pie my = ee = Ann = = @—ta-), 


m = n — m; m = 0, 2, 4 for n = 4, 
m = 0, 2, 3, ++:,n— 2, n forn > 4. 


For these manifolds the generalized Codazzi-equations{ give the follow- 
ing results: 

If for a Vn in Cnt1 hit = +++ = hnm is a complete group of equal principal 
orthogonal components of the second fundamental tensor, then the corresponding 
congruences of principal curvature form a Vm with only umbilical poinis with 
respect to the Cny1. If the Cui is a Sn4i the value of hu = +++ = hmm on 
each of the © "V,, remains constant. If hi = +--+ = hmm remains constant 
in the Vn, the ©” "Y m are geodesic in the Vn. 

In consequence of these theorems and the above-mentioned solutions 
we can prove the theorem: 

A Vna with Gy = gy», that is imbedded in an Sap n > 8, is either a 
- manifold with only umbilical points (a hypersphere) or it contains œ" "V m 
and also ©"V „m with only umbilical points with respect to the Sni, where 
m may have the values 2, ---,n—2. The Vm are geodesic with respect to 
the Vn and the value of the principal radii of curvature remains constant on 
the Vn. - i l l 

Also it can be proved that each of the above-mentioned Vm is imbedded 
in an Smi1 that is geodesic in the S,41 and each of the V n-m in a geodesic 
Spm ` 

Hence a V, in S; with G,, = g,, contains two systems of S with only 
umbilical points, which have all the same curvature. 

* For a V2 in S: these equations are identities. ` 

t Compare Ricci, l.e. i 
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3. The first theorem mentioned under 1 is a special case of a more general 
theorem.* e 


If a V, with fundamental tensor g,, is represented conformally on a Va 
with fundamental tensor ’9,,: 


(11) Gu = FM, 


then we can deduce for the curvature-tensors Boye and 'B pwo of both Fa: 


(12) 'B puvo = B puvo + E(JorPuo — GuvP po T JpoPuv + JuoPor)s 
where ` i . 
(13) Due = 28 ya + SuSe ~ 28.819” Jue 

s = oe 

* oð 
From (11) follows: 
(14) Qu = Gur + Elur — Jus? — NDyr)- 
Now when Gp» = 0 and ’G,, = 0 from (14) we get p,, = 0, hence 
(15) i 5 a Bouro- 


When two Vn with Gu = 0 are conformally representable on each other the 
Riemann-Christoffel curvature-tensors are equal. 
Derr, HOLLAND. 
*Schouten, ab. cit. p. 79. 
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GEOMETRICAL THEOREMS ON EINSTEIN’S COSMOLOGICAL 
EQUATIONS. 


By EDWARD KASNER. 


I wish to generalize here some of my results published in the January 
and April numbers of the AMERICAN JOURNAL oF MaTgEMATICS (Vol. 48, 
1921, pp. 20, 126), relating to Einstein’s original equations of gravitation 
(in space free from matter), 
aq) Gar = 0. 


Later Einstein introduced a so-called cosmological term involving a con- 
stant A, the equations being then 


(2). Gas ~ Mar = 0- 
More recently* he has employed the form 
(3) . Gav a Ega = 0, 


' where G is the scalar curvature g°°G.g- I shall refer to (3) simply as the 
cosmological equations. Every solution of the former equations (1) is, of 
course, a solution of the latter (3), but not vice-versa. The ten equations 
(3), as Einstein shows; involve one extra dependence as compared with the 
ten equations (1). ` 

§ 1. Frve DIMENSIONS. 


I shall first take up the.question of dimensionality (that is, class of the 
quadratic form). In the April paperf it was shown that no solution of 
(1) can represent a 4-spread imbedded in a 5-flat (except in the trivial case 
where the 4-spread is euclidean, that is, has zero Riemann curvature). We 
now inquire what solutions of (3) can be imbedded in a 5-flat, and shall 
find that there are actually two distinct possibilities. 

Using the notation of the April paper, we write our spread in-the form 


w= F(x1, 2, X3, T4). 


Referring to the formulas on p. 128, we have, in the standard coördinates 
there:employed, involving the four principal curvatures k; ` 


Giz = 0, ete.; Gi = — kilk + ks + ka), ete. 


_ ™ Berichte Berlin Akad. d. Wiss. (1919). The complete equations when matter is 
present of course involye the energy tensor Tup. See also Kopff, Grundzüge (1921), pp. 
163-165, where the author refers to the field equations of the first, second, third kinds. 

t “The Impossibility of Einstein Fields Immersed in Flat Space of Five Dimensions,”’ 
Vol. 48, pp: 126-129. ; f 
a TRAS 217 
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e 
Also by the footnote on the same page, we have . 


G= — 2 (krka + kiks + kika + kokz a kzka + kzka). 


Substituting in the cosmological equations and simplifying, we have the 
following set of equations for the determination ‘of the four principal curva- 
tures, 


(4) key(he-+ kat ka) = kalks + kat ki) = keg (eg + hey + h) = = kalki + kat ka). 
Subtracting say the second member from the first, we have 
(4’) (kı — ke) (hs + ka) = 0, 


with five similar equations obtained by permuting the subscripts. Hence 
either 
(£) . ky = ke or kg = — k4, ete. 


Tf the common value of the four expressions in (4) is zero, then we have 
exactly the system (12) of the April paper, giving merely the trivial case 
where 8 or 4 of the k’s vanish (which means that the manifold is euclidean). 
Otherwise we find from (4’’) two possible types of solution 


(a) ky=he= ke = ky £0, 
(b) ky = ky = — k; = — k +0. 


In the first case (a) the four principal curvatures are equal at every 
point, that is, every point is umbilical. It follows then from known 
theorems that the 4-spread must be a hypersphere. This, of course, 
checks up since it is known that a 4-dimensional hypersphere is actually 
imbedded in a 5-flat and is actually a solution of the cosmological equations. 
(It is sometimes referred to as DeSitter’s “Spherical World.’’) | 

In the second possibility (6), we have, at every point, the four principal 
curvatures numerically equal, but two of them are positive and two are 
negative. We may say then that every point is semt-wmbilical. It is 
immediately seen that the Riemann curvature of such a spread is not con- 
‘stant; for we find, in our special codrdinates, that the conditions for constant 
Riemann curvature are 


(5) G kiko = kik = kika = kaks = koka = kzka. 


For the spherical solutions (a), these products are all equal; but in the néw 
case (b), two of the products are positive and four are negative. We may 
term a spread of this new type, a hyperminimal spread, since we may think 
of it as a generalization of ordinary minimal surfaces, which have the 
property that the two principal curvatures are numerically equal, but 
opposite in sign. The actual existence of such hyperminimal spreads 


7 
« 
e 
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depends on the consistency of a certain set of-three partial differential 
equations, of the second order, which can readily be written down. It may 
be that no solution exists, or that all ies solutions are imaginary, but the 
possibility still remains open. 

THEOREM I. If a four*spread imbedded in a aie -flat is to obey Einsteins 
cosmological equations (8), then either every point is umbilical (giving a hyper- 
sphere), or else every point is semi-umbilical (giving a possible type of hyper- 
minimal spread). 

§ 2. CONFORMAL REPRESENTATION. 


I next take up the generalization of a theorem given in the January 
paper.* It was there shown that the only solutions of Einstein’s criginal 
equations (1), which have the same light equation as the euclidean or Min- 
kowski spread, are themselves euclidean; that is, if the spread is to be con- 
formally representable on a 4-flat, it must have zero Riemann curvature. 
‘We shall now prove: 

“TuEorEM II. The only spreads which obey the cosmological equations 
(8) and which are conformally representable on a 4-flat are those that have 
constant Riemann curvature (hota is, the spread must be of spherical or pseudo- 
` spherical character). 

For this purpose we use the notation of the earlier paper, in particular 
the formulas on pp. 29-93, ° Using the value of the tensor G., there calcu- 
lated, we find that the scalar curvature is 


a 8 Na+ ZN}; where d= e%, 


Substituting then in the equations (3) we find the-following system of equa- 
tions for the determination of the unknown function N: 


' Ny — NMN: = 0, etc.; ` 


38Na — Nz — N33 — Nu — 3NY + Në + Nè + NP = 0, ete. 
Employing the same transformation N = — log M as in the earlier paper, 
we obtain this simple system:t 
l My. = 0, ' Mi; = 0, ; etc.; 
Mu = Mz = = Mz = = Mas. 


The general solitis is obviously 


(©) M = al? + ay? + as? + gi) + az + ax, + ists + ass + as 


* “Hinstein’s Theory of Gravitation: Determination of the Field by Light Signals,” 
Vol. 48, pp. 20-28. Apparently without knowledge of this paper, Ogura has recently given 
this special theorem in Compies Rendus, Nov. 7, 1921. 
_ tw the January paper, by a typographical error, an extra member }M22M;? was 
‘omitted in the second line of the corresponding set (10), p. 23, but the final result there 
k given is correct. 
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Our differential form is therefore, since X = M2, 


(7) ds? = Mdr? + de? et dr? + dee). 


This is recognized as a manifold of constant Riemann curvature. (The 
curvature becomes zero only when the relationea;?-+ a,?-+a;?-++ a2—4aa;=0 
holds, verifying the special theorem of the earlier paper.) 

Since a hypersphere can be mapped conformally on a 4-flat, it follows 
directly from Theorem II that the only cosmological solutions which can 
be represented conformally on a hypersphere are those of constant Riemann 
curvature. f 

We may also generalize the discussion of approximately-euclidean mani- 
folds, given on pp. 27, 28 of the J anuary paper, to approximately-spherical 
. manifolds. The final result is i 

THEOREM III. If two approaimately-spherical epreads, both obeying the 
cosmological equations (3), admit conformal representation upon each other 
(thus having the same light equation), then they are necessar arily isometric, except 
for a homothetic transformation. 


§ 3. SOLUTIONS DEPENDING ON ONE VARIABLE. 


A simple example of a solution of (1) where the potentials involve only 
one of the variables is k 


(8) xg dar? iaa af (da? + day? + dx’). 


All orthogonal solutions of this type (see Bull. Amer. Math. Soc., vol. 
27 (1920), p. 62) are easily shown to be reducible to the form 


ds? = madat + arde? -+ Pda? + Pudar, 


(9) a +a3+a=a4+1, a2? + a3? + ag = (a, +1}. 
This can be put in the static form, and is. completely determined by its 
light rays. 


Analogous solutions of (3) are stated in an abstract printed i in patie 
referred to below. We shall state the general result as 

TuerorEM IV. All cosmological solutions for which the four potentials i in 
the orthogonal form are functions of one of the four codrdinates can be found 
explicitly by elementary algebraic and transcendental functions. The cor- 
responding spreads can be imbedded in a 7-flat. E ‘ 


§4. An ALGEBRAIC SOLUTION" 


We also state, omitting the easy proof, nese, S 
Tarorem V. If the quaternary form ds? = Iu dz, dz, ‘ds to be expressible 
as the sum of two binary forms, one involving say x1, £e, the other involving 
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say ts, £a and if the emoa equations (8) are to be obeyed, then the EN 
solution (excepi for a constant factor) 1s 


ds* = 21 (da? dt") + xs (dz; + dad. 


This can be imbedded i ina 6-flat with cartesian codrdinates (XXX 3X 4X5Xo),- 
the finite representation being i 


X+ X+ X= X+ X+ X= 1. 


Excluding the obvious flat and spherical solutions, this is apparently 
the simplest solution of Einstein’s equations which has thus far been 
obtained, and is the first case where the finite solution is an algebraic 
spread. In the example (8) given in § 3, the potentials g,, are algebraic, 
but not necessarily the corresponding finite spread. 

COLUMBIA UNIVERSITY, 

New York. 


* The theorems of the present paper were first published in Science, Vol. 54 (Sept. 30, 
1921), pp. 804-305. A typographical error on-page 305 should be corrected as in formula 
(8) above. See also a paper appearing in the Mathematischen Annalen, entitled “The Solar 
Gravitational Field Completely Determined by its Light Rays.” An independent proof 
of Theorem II, together with very elegant proofs of two of my previous results, apply- 
ing to forms in n variables, is given in the paper by Prof. J. A. Schouten and Dr. D. J. 
Struick page 213 of this volume of this Journan. The authors were kind enough to 
send me a copy of their mé&nuscript. 


ON THE FERMAT AND HESSIAN POINTS FOR THE NON- 
EUCLIDEAN -TRIANGLE AND THEIR ANALOGUES 
FOR THE TETRAHEDRON. 


By C. M. Sparrow. 


The euclidean triangle has two Fermat or equiangular points. A Fermat 
point F is defined projectively by the condition that the lines joining F to 


the absolute point pair J, J are the hessian of the triad of lines joining F - 


to the vertices. . If we take actual perpendiculars on the sides as codrdinates 
21, z, æa the points F are transformed by the Desargues transformation 
x = 1/y into a pair of points H, which are defined most simply by the con- 
dition that the feet of the perpendiculars from H on the sides form an equi- 
lateral triangle. The Fermat points may be defined in another way which 
will be found very suggestive. If we consider a particle acted on by three 
equal forces directed along lines through the vertices, the points F will be 
positions of equilibrium. We may substitute geometrical for dynamical 
ideas by considering the potential energy. If ri, ro, r3 are the distances to 
the vertices the points F give the stationary values of r+ f2 + r} The 
choices of sign, four in number, correspond to the different combinations 
of pushes and pulls, only two of the four having solutions. 

In the non-euclidean plane our point pair I, J is replaced by the conic 
(line codrdinates) 


Q= EP + E+ EP — 2erbés — 2eokies — Baki. = 0, 


where the c’s are the cosines of the internal angles, which in this case are 
independent. We will denote by Ag the discriminant of Q. 
Lines from a point 2, 2, £ to the vertices are 


0, Ts, — T25 — T3, 0, ti; Xo, — Ti, 0 


and the hessian pair of this triad is (1/21, w/ae, w/x:) and (1/a1, w*/ae, w/x3) 
` where w is a complex cube root of unity. If x is a Fermat point, this pair 
touches Q. The two equations thus obtained reduce to 


L o 2c; _ 1 1 2c. _ 1 1 2c; 


Xe titz Uy? gè t; r? 





1 
an 


Writing y = 1/x we get the pencil of conics 
yè + yè + eyy = yè + ys? + 2eyiys = ye + ys + 2evyosys. (2) 


The four base points of this pencil satisfy the definition of the hessian 


2220 aa 
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points H. We thus see that in the non-euclidean plane there: are: four 
Fermat points and four hessian points. Noting that the equation 
g? + z + 2cy%ev3 = 0 gives the tangents from 1, 0, 0 to Q and that each 
of the three conics is on a vertex, we see that each conic is on the vertices 
of a quadrilateral formed by two pairs of tangents and on the remaining 
vertex. If Aa = 0 two of the points H coincide with J and J and the conics 
are all circles. The Desargues transformation is in this case isogonal, I 
‘and J being interchanged. Thus in the euclidean plane the absolute point ' 
pair should in a sense be counted with both sets of points. 

We'pass now to the tetrahedron, and take as before actual perpendiculars 
on the faces as codrdinates. The equation of the absolute is then 


Q = ZE? + D2eijtik; = 0, (2, j = I, 2, 3, 4, and 4 + Ð 


where cı is the cosineʻof the interior angle between the planes 1 and 2, 
and the ¢’s are all independent for the most general case in non-euclidean 
space. The definition for the analogue of the Fermat points is suggested 
by the dynamical conception outlined above.. If four equal forces from æ 
to the four vertices are in equilibrium, the bisector of the angle between 
any pair of forces bisects the angle between the remaining pair, and the 
two pairs are equally inclined to the bisector. This bisector meets a pair 
of opposite edges, antl the three bisectors are mutually perpendicular. 
The configuration of four directions may be realized on a sphere by taking 
a poirit P and its three reflections in the vertices of a tri-rectangular spherical 
triangle. If we refer the tetrahedron to these three lines as rectangular 
cartesian axes it takes the form 


ra, wb, TC; pa, — pb, — pe; ' — ca, cb; — oc; — Ty, — rb, re. 


We are thus led to seek, as the analogue of the Fermat points, those points 
S such that the lines from S to the pairs of edges are mutually perpen- 
dicular. . In euclidean space, for which our dynamical conceptions .hold, 
these points are also defined by the condition that ry Æ re Æ rs + r4 shall 
have stationary values. The more restricted problem of making rı + re 
++ r3-+ r4 a minimum has been considered by Sturm,* who notes the 
orthogonality of the lines from such a point to the edges, but who obtains 
an analytic solution only as the intersection of three surfaces of the 12th 
order. Two problems in Wolstenholme’s collection may also be noted. 
The first of these (No. 2024) deals essentially with the dynamical aspect, 
and the second (No. 2030) with finding points such that the lines to the 
edges are orthogonal. There is no indication of any connection between 
the two problems. . anes «ae ate 
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The three planes . ; 


1/as, l/æ — 1fas, — fags © 1/an — 1/ae, Lez — 1/t4; 
i/x, ai 1/22, oa 1/23, 1/24, 


each contain two lines on the point 2 meeting pairs of edges. These 
planes are mutually perpendicular if 

tp Pond Mt Bee 

3 x 


xy Xe” Rit, z v4 Tala 


ete., (3) 


equations which are given by Wolstenholme. If now we write y = 1/z 
we get the net of quadrics 


yr + y? + 2ereyiye = ys? + yè + Wcoaysys, ete, (4) 


defining a set of eight points M* which have the property that the feet of 
the perpendiculars on the faces form an equifacial tetrahedron. They are 
thus similar to the hessian points of the triangle, so that the two sets S 
and M form a quite perfect analogue of the two-dimensional case. 

The equations of the net (4) may be rewritten 


TY = TY. = TW3Y3 = Way dy 
where mi = cayı + Ciye + Ci3y3 + Crate, Cu = 1. 
The points S thus go into the points M by the collineation 
11/21 = Toft = Tafta = Tafta (5) 


The two sets are thus projectively equivalent. The fixed points of the 
collineation are apolar to (Q) and to the quadric 


ciki + eishiés + +--+ = 0 (6) 


which touches the faces at the feet of the altitudes. So far no condition ` 
has been placed on the c’s. If the space is euclidean Ap = 0. This con- 
dition is equivalent to the coexistence of the equations 


— Art cA: + c43 + eu As = 0, 
1241 — Ag+ C2343 + t44 = 0, 
€13A1 + Co342 — Az + C3444 = 0, 
Cdı + C24A2 + C3443 — Ag = 0, i 


7) 


where the 4’s are the areas of the faces. Comparing these with (5) we see 
that the point and plane A1,.de, Az, A, are- fixed- The plane is however 
the plane at infinity, and the. point is the “symmedian” point. The 


* The discovery of these is due to Dr. F. D. Murnaghan, to whom I owe in its‘ essentials 
the above elegant treatment, which replaces my own cumbrous solution. S 
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e 

collineation is thus affine, being a pure strain whose axes are the axes of the 
quadrie (6). = 

The configuration of the eight points has not been in general determined. 
The equations of the net appear in a canonical form involving 6 constants, 
which is also the number of absolute invariants of a tetrahedron and quadric. 
The plane quartic obtained by equating to zero the discriminant of the 
net also appears in a canonical form, the terms in 2*y, ete., being absent. 
This would seem to indicate that the net is unrestricted, except when 
Ag = 0. The behavior of the net in special cases throws some doubt on 
this point, but the problem involves the little known subject of combinants 
of a net of quadrics, and must be postponed for the present. 

Special cases will be considered only briefly. The most important of 
these is the equifacial tetrahedron (not necessarily euclidean), defined by 
Cia = Cog = C1, ete. Writing 


y= zy + t + xe" z= xe = 2Co3%2X3 + 2C1421X4, etc.; 8 = vI re oy’, ete., 


the quadrics 
gi/s1 = + pfs: = + ps/S3 


break up into pairs of planes. Four of the points S and M coincide with the 
incenters (1, 1, 1,1) Q, 1, — 1, — 1) 0,-1,1,-)Dd,-1,-1,) 
and the other four form a tetrahedron in fourfold perspective to this. 
Further details of this case are omitted. It should be noted however that 
the equifacial tetrahedron, with 3 absolute invariants, gives rise to a con- 
figuration which has none; indicating the possibility that the configuration 
in the general case may not be that of a general set of “associated” points. 
Another case that can be completely solved is the “isosceles” tetrahedron 


— ~— = — ‘a = t 
Cig = C13 = Cog = C, C14 = Cog = 034 FC. 


The net in this case contains three pairs of planes which all belong to the 
same pencil of cones, which thus have four common generators. 


University oF VIRGINIA, 
March, 1921. 
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THE CAUCHY-LIPSCHITZ METHOD FOR INFINITE SYSTEMS OF 
DIFFERENTIAL EQUATIONS.* 


By Wirum L. HART. 


1. Introduction.—The present paper is concerned with the solution of a 
denumerably infinite system of ordinary differential equations, in which the 
variables and functions assume real values, 


Bs = fled ie ke eis Soca 


(1) 
Hypotheses will be imposed on (1) under which it will be proved that.a 
least one solution exists satisfying given initial conditions. 

In a previous papert the author stated certain theorems concerning 
completely continuous functions of infinitely many variables, and considered 
a system (1) in which the f; were of this type. The unique existence of a 
solution of (1), satisfying given initial conditions, was established by a 
generalization of the Picard approximation process. It was found neces- 
sary to assume that the f; satisfied a condition with respect to £ analogous. 
to the Lipschitz condition used in the consideratién of finite systems of 
differential equations. In the discussion which follows, the system (1) 
will be considered without the assumption of the Lipschitz condition and, 
in analogy with the corresponding result for finite systems,{-it will be 
established that at least one solution exists satisfying given initial conditions., 
The proof will be made by use of an extension to infinite systems of the 
notion of Cauchy polygons, and will be similar in method to that used by ' 
Montel§ in establishing the corresponding result for finite systems. 

The general system of notation -used below is vectorial in character. 
After any notation has been introduced, it will retain the same meaning as 
a formal] algebraic expression whenever used in the future. 

2. Extension of a Theorem of Arzela.—Let R denote the region of 
points £ = (xı, a, +++), in space of infinitely many dimensions, satisfying 
the inequalities 

| ag a;| = 7; (i =, 1, 2, Je 


It is- well known that an analogue of the Weierstrass condensation theorem 


* Presented under a different title to the American Mathematical Society, December 
28, 1916. 
t Transactions of the American Mathematical Society, Yol. 18 (1917), p. 125. Referred 
to in the future as Paper 1. 
į Cf.-P. Montel, Annales de I’ Ecole Normale Supérieure, 3d series, Vol. 24 (1907), p. 265. 
§ Loc. cit., p. 264. 
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holds in R. ` That is, if S = (fn; n = 1, 2, --~) is a sequence of points in 
R, there exists a point £ = (zı, 2. ---) and a sub-sequence .(£’,) of S such 
that 

lim 2’ in = Zi Li = 1, 2, +++; Bn = (Zin Zan ***) ] 

For a sequence of functions T = [y,(é); n = 1, 2, --+], the notion of 
equal continuity has been defined as follows:* 

Derinition 1. The functions of T are equally continuous at a point to 
af, for every e > 0 a number d > 0 can be assigned so that'on the interval 
|t — to] = d the oscillation of every function of T is at most e. 

If T satisfies Definition 1 at all points % on a closed interval (a, b), it 
is easily established that the functions of T are equally uniformly continuous 
on (a, b). In the theorem which follows there is stated, without proof, a 
property of equally continuous functions recognized originally by Arzela.+ 

Turorem I. Let the functions of T be defined and equally continuous at 
every point of an interval P which may be -finite or infinite, open or closed. If 
the maxima of the absoiute values of the functions y,(t), for t on P, possess a 
common finite bound, then, we may extract a sub-sequence from T which con- 
verges at every point of P. Moreover, the convergence is uniform on every 
closed sub-interval of P. 

Consider a sequence S! = [£’,(é); n = 1, 2, --- ] where, for every t on. 
P, &',( is a point in R. Let the sequence formed by the ith coérdinates of 
the functions of S’ be represented by S; = [2’in(t); n = 1, 2, +++]. 

TurorEeM II. For every i suppose that the functions of S: are. equally 
continuous on P. Then, we may select a sub-sequence S = [En(t) | of S’ and 
a point n(t) belonging to R for every t, such that, for all t on P, 


(2) lim zint) = y(t) @= 1, 2, ---), 


where Xinlt) and y.(t) are the i-th codrdinates of Enlt) and n(t) respectively. 
Moreover, the convergence in (2) 1s uniform on. every closed sub-anterval. (a, b) 
of P. 

On applying Theorem I to the sequence Sy, it is seen that we may select: 
a, sub-sequence S® = [£,(¢)] from S’ corresponding to which a function 
, yi) exists satisfying 
(3) ' lim Lin? © = y(i), 


uniformly on (a, b), ST arin (2) is the first caaedinats of EOD. As. 
a result of applying Theorem I to the sequence formed -by .the second 
coérdinates.of the functions of S®, it follows that a sub-sequence 


* Cf. Montel, loc. cit.. p. 236. 
} Cf. Montel, loc. cit., p. 237. 
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§® = oes O] of S® and a function nO may be selected for which 
there holds 
(4) j lim xin“ (t) = ye) G=2,k = 2), 


ia uniformly for ¢ on (a, b). Obviously, because ôf (3), condition (4) is also 
e true when i= 1. In a similar manner, for every h we obtain a sequence 
` §® = [£,(@] and a function y;() such that the i-th codrdinates of 8S 


.. satisfy (4) with (k = h; i= 1, 2, ---, A). It is easily established that a 


sequence S satisfying Theorem II is obtained by placing £n) = „2 (t), 
and by identifying y:(t) of (2) with that in (4). In view of (2), it is clear 
that every y;(#) satisfies |y,(é) — a;| S ri , 
3. The Existence Theorem for System (1).—In equations (1) suppose 
that (é, t) is in the space U defined by the condition (£ in R, a St = b). 
DerFInition* 2. A function f(E), defined in R, is ae setae 4 continuous 
ata point Ein Rif, whenever lity.» tin = z; (i = 1, 2, +++), it follows that 


lim f(&n) = fË) [En = (tın, ten +), in R]. 


It is well known that a function f(£), completely continuous at all points 
of R, possesses a maximum and a minimum, each of which is attained at 
least once in R. If, for every t, &(é) is a point in R whose coérdinates 2;(Z) 
are continuous functions of t, it is easily verified that fi FE] is a continuous 
function of t The author has proved} the simple result that, if (bi, be, -- +) 
is a sequence of positive numbers and if e > 0 is assigned, a number d > 0 
can be found such that if (¢’, £”) are two points of R whose ith coérdinates 
satisfy |e; — «| = db; (¢ = 1, 2, ---), then 


(5) FE) = fE)| Se. 


In the future let us assume that f; in (1) satisfies the following conditions: 
Hi. If [(En, tn); n= 1, 2, «--] is a sequence of points in U for which 
lim tn = 4, lim tin = t (@ = 1, 2,-++), 

it follows that limn—» f:(En, tr) = filé, 2). 

H. There exists a number M > 0 such that, for every value of 7, the 
maximum m; of |f:(£, ù| in the region U satisfies m; = r:M. 

Turorem II]. Suppose that a Sto < b. Then, there exists at least 
one dial E(t) whose codrdinates x;(t) fulfill the initial conditions (xilt) = a3 
a= 1,2,-+-+) and satisfy (1) for to St Sc where cis algebraically the smaller 
of b and i, + 1/M). 

' In order to prove the theorem let us fee the notion of a Cauchy. 


* Cf. Paper I, p. 129. sg 
+ Paper I, p. 180. 5 
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polygon,* as defined"? Tor a finite system of differential equations, to the case 
* of an infinite system (1). ° 
Let p represent a partition of the values i= b with the division Poi 
(to, ti, +++, im = b). Then, the coördinates b,(¢) of the Cauchy polygon 


B@ for (1), corespunde to the partition p and satisfying f(t) = a ae ive 


= (41, az, ++), is defined by the following equations, where i = 1, 2, +++ 


b(t) = a; + filer, to) — to) Ett), 
bili) = bt) + fis tt a h StS t; bS Ba) I, 


(6) a i" n 
bid) = bilta) + Fi(Bas ti)(t—t) [ir StS tua; Ba = BD], - 


In order to obtain the sequence of polygons which will later be shown to 
converge to a solution of (1), select a sequence of partitions (p'a; n = 1, 2, 
--) with norms (d'a) Suppose that lim,—» d'n = 0. To each partition 
P'n there corresponds by (6) a polygon §’,(é). Theorem III will be proved by 
showing that the sequence S’ = (8'}(t)) satisfies the hypotheses of Theorem 
Il and by then establishing the fact that the limit function given by that 
theorem is a solution of (1). 
First consider some properties possessed in common by all Cauchy 
polygons. ` For every partition p, it follows from (Gi and H; that, if ¢ is 
on the interval (t», tayi), where try} = c, then, 


| bs) — a| Sb: bilt) | + | Di(te) — Beta) [F + -t- [bile — bio) | 
(7) =rM{ |t—t,|+|&— halt =: -+| to]} =r; M (t— to) Sri. 
Gn, for all ¢ on (to, c), the polygon f(t) is defined and in R. In 
the future suppose that ¢ is on the interval (to, c). In the same manner as 


we obtained (7) it is verified that, for every partition p, and for all points 
“@’, Y) on interval (to, ¢), 


(8) |b.) — 60”) | S Mr, |v’ — t”). 
Hence,sif e > 0 is assigned, a number w > 0 can be found so that, for every 
partition p and for every 1, l 
9 (bG) — bit) | E ers 
provided that |t — t| = w. l 
Consider the sequence S’. As a consequence of (7) and (9) it follows 
* Cf.) Bliss, Princeton Colloquium, p. 89. 


> . 
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e 
that S’ satisfies the hypotheses of Theorem II on the interval (to c). Let 
= (6,(d)) be the sub-sequence of S’ dnd let é() be the point given by 
Theorem II in the present instance. Equation (2) becomes 
i lim bin(t) = BACA) [Bad = (bin)? boal), g J; i = 1, 2, an |, 


‘uniformly for żon (to, c). Asa consequence of (6) it is obvious that E(t) =a. 
In view of (9) it is seen that, if e > 0 is assigned, a nuber w > 0 may be 
found such that, if |} — t| = w, then 


(10) jeit) — ut) S er: (i = 1,2, =). 


It remains for us to show that £(¢) is a solution of (1). 
As a consequence of (6) we may state that the codrdinates bal) of 
Balt) satisfy po n 
bal) = a; + Sif Bnd), tdt, 
where ¢ is a function of the variable t of integration and is defined as the 


last division point preceding ¢ in the partition p, corresponding to §,(t). 
Let us show that, for every value of 2, 


(11) lim fen, E] = FEO, t 
uniformly for ¢ on (to ¢). When this has been proved, we may write 
a(t) = a; + Sitfded), ddt, 


from which it follows by differentiation that (t) is a solution of (1). 
To establish (11) let us consider 


fen), 4] — AEO, l 
(12). = LeO, t] eA, Gl + [f16.@, 1] Fee, ]| 
+ [fl6.@), #1] — ALEC), | + (FEO), 1 — FEO, tI, 


where ?’ is any point on (to c). In the function f;(a1, a, «++; ti) we may 
think of (zı, a, +++; t) as being the coérdinates in the space of infinitely 
many dimensions defined by (|a;— a:;| Sri; to Stc). As a conse- 
quence of (5), if e > 0 is assigned, a number w > 0 can be determined so 
that, if (|e — z| S wr, and |t — t| Sw, 


a3) E, i) — FE eN Se. '. 
In (12) recall that |t — ¢| = dn, the norm of the partition pa, and, therefore, 


as a result of (8), _ 
(bin) — bin(@)| S da Mri. 


Therefore, it follows from (13) that the first term on the right in (12) 
approaches zero for n = œ, uniformly for all ¢ on (to, c). In- view of (9) 
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and (10), an application of (13) to the second and fourth terms.on the 
right of (12) shows that, if an e >e0 is assigned, a number g > 0 can be found 
so that, if |f — ¢’| = g, then each of these terms will be at most e/3, for all 
values of n. : 

Before considering the third term in (12), let us form a partition (vo = to, 
Vit ++, Um = C), of the interval (to, c), with the number g of the previous 
paragraph as its norm. Since f;(é, Ò is completely continuous and since 


lim bin) = 2i(4), 
an integer N may be determined so that 


[fl Bn(e;), 5] — AEE), w] z5 (j= 0,1, -+-,m; n= N). 


In (12), for a fixed value of t, suppose that t’ is one of the (v) differing 
from ¢ by at most g. Then, if n = N, the sum of the last three terms in ` 
(12) is at most e. Since N was chosen independently of t, it is seen that 
the uniformity stated in (11) has been completely established. Hence 
Theorem III has been proved. 

Theorem III was concerned with the existence of a solution on the 
intervalt = to A similar thoerem may be stated for the interval a =i S to 

In paper I the author established* the existence of a unique solution of 
(1) under the conditions of Theorem III together with an additional assump- 
tion. The proof of the uniqueness could be made in the same way in the 
present paper with the results of Theorem III as a starting point. 


University or MINNESOTA, 
July 1, 1920. 


* Loe. cit., p. 144. 


BOUNDARY VALUE AND EXPANSION PROBLEMS; FORMULA- 
TION OF VARIOUS TRANSCENDENTAL PROBLEMS.* 


By R. D. CARMICHAEL. 


Proceeding under the guidance -afforded by a previous investigation t 
of the algebraic basis of the theory of certain boundary value and expansion 
problems we here develop the formal aspects of several transcendental 
expansion problems which are rather different externally but are abstractly 
_ of much the same essence. In each case the work is carried forward to the 
point of derivation of the form of the expansion and the values of the 
coefficients; and the problem of determining the nature of the functions 
having expansions of each of the kinds enumerated is thus clearly set forth. 
It seemed desirable to present in a single paper this formulation of several 
problems, so that the reader may most conveniently compare their elements . 
of similarity or difference; and to leave to further investigation the detailed 
solution of each problem deserving such further treatment. It will be 
apparent to every one that we have given merely g selection of problems 
from a much larger number which emerge in a similar way from the con- 
sideration of various sorts of limiting cases of the algebraic systems dealt 
with in the paper already mentioned. 

In §1 we treat the boundary value and expansion problem arising in 
connection with a single linear differential equation involving a single 
parameter. In § 2 the corresponding problem for a system of first order 
equations is more briefly treated and the results are carried over by 
Volterra’s limiting process so as to yield the formulation of a similar expan- 
sion problem for certain integro-differential systems; and in § 3 the results 
of § 2 are rapidly generalized to problems involving v parameters. Various 
problems involving difference and integro-difference equations are treated 
in § 4; these are analogous to the corresponding ones for differential and 
integro-differential equations developed in §§$1, 2, 3. In §5 is given a 
brief statement of a great variety of mixed problems involving one or more 
parameters. The character of the problems arising from partial differential 
equations and integro-differential equations is developed rapidly in §6 
and certain typical cases are briefly treated separately. A particular case 
of problems arising ‘from partial differential equations is one which is con- 
nected with the theory of vibrating plates; this is briefly treated in § 7. 
~~ * Presented to the American Mathematical Society, April, 1920. * 

t American JOURNAL oF Matuematics, Vol. XLITI (1921), p. 69. 
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More details are giyen in § 1 than elsewhere in the paper, the justification 
being that those which are omitted are fairly obvious to one who has in 
mind the corresponding developments in. § 1. 

1. The Problem Arising from a Single Differential Equation with One 
Parameter.—In connectioi with the linear differential expressions 


Llu) = Li at la Te oa of ne i lou, 


diu 


Iy(u) = om mt Jm- 1 Jam ai 


a + ot mt got m<n, 


let us consider also the Lagrange adjoint expressions 





Ma) = (- Nee Cla] +(- pty ore cel ee A ir Fio 
= maith a m?” F Mod, 
M0) = hae +-+ diy hov. 
da™ da 


Here it is understood that m may be zero so that Lı(u) may have the par- 
ticular value gow. We assume that the coefficients le, gz, mz, hr, with 
their derivatives of all orders, are real-valued single-valued and continuous 
functions of x in an interval (ab) and that J, and gm do not vanish in (ab). 
Without loss of generality we take I, to be positive in (ab). With the linear 
differential equation ` 


(1) L(u) + ALi(u) = 

and certain n linear homogeneous conditions in ula), w (a), +++, u (a), 
w(b), w (b), +++, ud, 

(2) Ui(u) = 0, .U2(u)=0, +--+, Uau) = 0, 

we associate the adjoint linear differential equation 

(3) Mo) + AM) = 0 

and n like adjoint conditions 

(4), Vasile) = 90, Vayoo) = 0, +--+, Vano) = 0 


in such wise as to generalize the corresponding problem treated by Birkhoff* 
for the case when Li(u) = gor. 

We must first make precise the boundary éonditins, In doing this 
as well as in developing the other parts of this section we follow the sugges- 


* Transactions of the American Mathematical Society, 9 (1908), 373-395; 219-231. 
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tions afforded by Birkhoff’s treatment of the special case. If we Write 


Rew, 2) = E sea io laze 


du 
dar 


4 ["-a - É w + Sw) — + 





i A Eht ata ae Fon 


LE w) Je. 


Ryi(u, 0)* = [ont Fa + e-+ [od aie (g0) + a (g0) — 
+ (= D a owe) | 


then it is well-known and easily verified that we have the identities 
(5) vL(u)— uM u) = 4 {Rw 0)},  oLy(u) — uMi) = £ (Ritu t)}. 
Let us now consider the quantity 
| [R(w, 0) + AR: (u, VEEE, 


as a bilinear form in the two sets of variables u~» (a), u=? (a), +++, u’ (a), 
u(a), ul) (b), ate) (b), TSA u'(b), u(b) and v(a), v(a), cane | ot (a), v(b), 
v’ (b), «+, vD (b), and let the form be arranged in a square array whose 
columns contain the w’s in the order written and whose rows contain the 
v’s in the order written. The matrix of this bilinear form obviously has 
the following properties: every element below the main diagonal is zero; 
every element in the upper right hand fourth of the matrix is zero, the 
division being made by horizontal and vertical lines through the center; 
the determinant of the matrix has the non-zero value {1,,(a)l,(b)}*. 
Now this bilinear expression may be written in the normal form 


(6) [R(u, 0) + ARa, V EZ = > Ulu) V (2), 


where the U; and the V; are linear and homogeneous functions with con- 
stant coefficients, the first in the variables u and the second in the variables 
v. From the totality of such representations we propose to choose those’ 
having certain properties. 

In case Li(u) = gou, so that our bilinear form is s independent! of À, 
the linear forms U; may be chosen in any way so that the 2n forms are 
linearly independent. The forms V; are then uniquely determined and are 
linearly independent. This is the choice to be taken in the case of the 
Birkhoff problem. 


* If m = 0 we take Rtu, v) to be identically zero. 
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In the more general case when the bilinear form contains \ we wish to 
realize the following ‘conditions: the linear forms-U1, Us, «++, Uns Vagis 
Vuze, «++, Von shall be independent of \; the whole set Ui, Us, ---, Uan 
shall be linearly independent for every value of ^; the whole set Vi, Vo, 

, Fon shall be linearly independent for every value of A. For the last 
two conditions it is necessary and sufficient that the determinant of the 
set of linear forms U; shall be independent of (except possibly for a factor 
dependent on À but vanishing for no value of \) and different from zero, as 
one sees readily by aid of the fact that the.determinant of the U; multiplied 
by the determinant of the V; has a value equal to the (non-zero) value of the 
determinant of the bilinear form. That these three conditions may in 
fact be realized may be seen from the following particular choice of linear 
forms: 


U, = ua), Us = wa), «++, Una = u i n = wD (6); 
Vast = v(a), Vate = v (b), Vis = v” (b), > E Von = yr) (b); 


for 4 Sn, V: = total factor of U; in the fundamental bilinear form; for 
i> n, U: = total factor of V; in the fundamental bilinear form. Indeed 
it is now evident that the needful properties may be realized in a great 
variety of ways. 

When the forms U; and V; in (6) are determined in accordance with 
the conditions named, then equation (1) and conditions (2) set a given 
_ boundary value problem the adjoint of which is set by equation (3) and 
conditions (4). It is clear, moreover, that problem (1), (2) is likewise the 
adjoint of problem (8), (4), so that the relation between the two problems is 
a reciprocal one. 

Remark 1.—We have seen that the conditions named can always be 
realized whatever the value of m, subject merely to the condition that it 
shall be less than n. For smaller values of m we also have certain addi- 
tional freedom. We may more generally take k linear forms U; and 2n — k 
linear forms V; independent of \ where k is not necessarily equal to n but 
may be less or greater by an amount depending on m.’ When m is zero k 
may be any positive integer less than 2n.* We may then make correspond- 
ing modifications in the two adjoint boundary problems. For the purposes 
of this paper, however, it is desirable to realize the maximum symmetry in 
the relations of the two problems; and consequently we confine our atten- 
tion to the case indicated in the definition as explicitly stated above. 

Remark 2.—It is proper to inquire whether the restriction that m shall 
be less than n is esseritial. The case m > n reduces to the case m < n 
by replacing A by 1/A (except for the particular value A = 0), so that we 


* See a treatment of this case by Bécher, Transactions of the American Mathematical 
, S 14 (1913), 403—420. 
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need to consider only the case m = n. In this case the determinant of the 
bilinear form in the first member of (6) is not in general independent of N; 
and hence the properties of the forms U; @nd V; could not be maintained in 
general, properties which are needed in the further development. These 
properties might, however, be retained in lagge measure when m =n 
provided that ga and its derivatives have suitable values at a and at b; 
but we shall not attempt to carry this case along with the other, owing to 
the special hypotheses which would be necessary and the complications 
which would raise in certain parts of the work. 

Remark 3.—The question of generalization to an equation of the form 


Lu) + ALl) + XL) + +++ + ALl) = 0 


also arises. Under suitable hypotheses it is not difficult to maintain the 
necessary characteristics of the boundary conditions. Some of the theorems 
are still maintained without change; but as early as theorem III certain 
difficulties would arise in general with this more extended case. 

We may now readily prove the following theorem: 

Tarorem I. If for = À a solution* a(x) of (1), (2) exists, then a solu- 
tion B(x) of (8), (4) also exists for A = X; if G(x) is unique (except for a con- 
stant factor), i(x) is also unique (except for a constant factor). , 

Since č is a solution of (1), (2) for A = À, we have 


Uy) = Ux(u) = ++ = Un) = 0, 


and for some `% 
$ Unte(i) =+ 0, 


where in Uns we have the value of A, since otherwise we should have 


üla) = Ü (a) meee = a (a) = u(b) = ü'(b) = eee = a) (b) | 0 
and our function (x) would be identically equal to zero, contrary to hy- 
pothesis. 


In the n-fold linear spread of solutions v(x) of (3) for \ = À, there is at 
least one, say (x), which satisfies the n — 1 linear homogeneous conditions 


Fangi) = 0, 


where 7 runs over all the numbers of the set 1, 2, ---, n except k. Now 
we have L(#) + AL (ñ) = 0 and M@) + XM) = 0. Hence if we mul- 
tiply the second identity in (5) by A and add to the first we find on in- 
tegrating that R(a, 3) + ARG, 3) is a constant. Therefore from -(6) we 
see that Un4i(i)Vnez(@) = 0; whence it follows that Vn..(3) = 0, and 

* By “‘solution” we usually mean a function which satisfies the equation and condi- 


tions but is not identically equal to zero; when we intend otherwise we shall indicate that 
fact explicitly. ` E 
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hence that all the conditions (4) are satisfied by 7, so that it is in fact a 
solution of (8), (4). 

It remains to be shown tha? 3 is unique whenever ū is unique. For 
this purpose let us suppose, if possible, that 4 is not unique. Then two 
linearly independent solutions of (3), (4) exist, say and o*. Then k andj 
exist such that 

Va V3 
: ries 740, #0; 


for, ctherwise, constants ¢ and d would exist,* not both zero, such that 
Vc + dv*) = 0 for L= 1, 2, ---, n, whence it would follow that the 
solution » = ct + do* would satisfy all the conditions F:(@) = 0,7 = 1, 2, 

, 2n, and this is impossible since the V’s are linearly independent for 
every value of \. Now choose u*, linearly independent of &, so as to satisfy 
the n — 2 conditions 


for i running over the numbers of the set 1, 2, -+ +, n, except k and j. Then 
from (5) and (6) we see that we have 


Urlu*) V0) + Ua“); = 0, 
U,(u*) V, 0*) + U;(u*)V;(0*) = 0. 


From this we see that U;,(u*) = 0 = U;(u*). Hence u* satisfies (1), (2). 
Therefore, if the solution of (3), (4) is not unique for A = À neither is the 
solution of (1), (2) unique. Hence we conclude to the truth of the second 
part of the theorem. 

A. value of \ for which the system (1), (2) [and hence the system (8), 
(4) ] has a solution will be called a characteristic value. The characteristic 
value is said to be simple if the solution corresponding to it is unique (except 
for a constant factor). 

Turorem Il. If yi, yo, ---, Yn aren linearly independent solutions of 
(1) for A = , the condition that \ is a characteristic value is that the deter- 


* In more detail one may proceed thus: distinct numbers kı and jı exist such that 


Vi) + 0, Vi @*) + 0. 

If then ; in 
C Vae) V 0) = Vao) Vi,@) 
we have = 
Vi,o*) + 0, V;,(v) + 0. 

But if our determinant is always zero it is sufficient to take 
c= Viv"), d= — Vi), 


in order-to realize the result stated. 
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minant . 
Dilys) Uly) +++ Uyn), 
A= Uly) Uzly) ote Uslyn) 


U,(y) U, (ye) ae UnlYn) 


shall vanish; a characteristic value d of d is simple when and only when some 
first minor of A does not vanish. 
If we take the general solution of (1) in the form 


UW = Yi + Cy F +++ + CnYn, 


we see that the vanishing of A is a sufficient condition that conditions (2) 
may be satisfied through an appropriate choice of ¢1, C2, +++, Cne When 
some first minor does not vanish this choice is unique (except for a constant 
factor). : 3 
Turorem III. If u;(x) and o(a) are solutions of (1), (2).and (8), (4), 
respectively, the first for A =; and the second for \ = dj, and if rz + yj, 
then we have f 
l JSoumMi(vde = 0, — falvjLi(us)dx = 0. 
From the equations 
L(u;) + AL (uz) ead 0, M(a;) + A; Mlo) =0 
we have i ; 
{ol L(us) + ALi(u)] — uM o) + Mi (0,;)]} + Oi — yu: Mio,) = 0. 
If we integrate from a to b we see through aid of (2), (4), (6) that the expres- 
sion inclosed in braces yields the value zero. Hence we have 


Ai — Ap SèuM 1(0;)da = 0. 


Dividing through by the factor A; — M we have the first relation in the 
theorem. The second may be proved in a similar way. Moreover, either 
of these relations follows readily from the other by means of the second 
relation in (5) and relation (6), looked upon as an identity in ^, together 
with the boundary conditions. 

If we have two sets of functions u(x), u(x), u3(x), «++ and n(x), v(x), 
v(x), +++, and the associated adjoint linear forms Li(u) and Mi(v) such 
that relations (7) are satisfied for every 2 and j which are different we shall 
say that the two sets of functions are adjoint each to the other. If the two 
sets are the same and the form Llu) is self-adjoint we shall say that the 
‘single set is self-adjoint. The conceptions thus introduced are obviously 
generalizations of the conceptions of biorthogonal sets and orthogonal 
sets of functions. 

If now we have further 


Siu: Mi (oda + 0, t ian 1,2, 3, ee ad 
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it is clear that we may formally determine the coefficients c; in the formal 
expansion of a given function f(z) in the form 


fe) = cm (2) + oul) + ++ 


In fact, if one multiplies by M. a0) and integrates from a to b one has for- 
mally 


SIMed gag... 
Ci Sdu Miwi)dæ i Ss 1, E 3; 


When À is not a characteristic number for (1), (2) there exists* a unique 
G(x, 3; 4) such that the solution ¢ of i 


Llo) + ALy(y) = r, Uile) = Uly) = --- = Unle) = 0, 
is given by . . 
g= G (z, 8; A)r(s)ds; 
atid likewise there exists a unique H(a, s; A) such that the solution y of 
MW) + AMY) = T, Vasily) = Vangel) TS, Von(p) = 0, 
is given by a 
Y = SvH(z, s; d)r(s)ds. 
. G(x, 3; 4) = H(s, 2; X). 


Explicit formulae for G and H are readily obtained (see Bocher, 1.c.). 
The formula for G may be written in terms of a fundamental system yı, yo. 
-+, Yn of solutions of (1) as follows: 


ye) yal) +++ yale) G(x, 8; N) 
Vil) Ea s Palya UNE. 


Moreover, we have 





i y Nes _ Us wy) U, TE Talus) v, © 
(8) G(x, s; A) AQ) A a) 
where A(A) has the value given in theorem II and G(a, s; X) has the value 


y(x) Yy2(x) “++ Yala) 
ae SG) ye 2” i). "Yn tg) 











a 11 wile) tals) ++ gal) 
(9) ° Glas N= +5] = 
n{S) yr" (8) YD (s) - Yn (8) 
PO) pa) + ya) 
nn(s) we) ine ae) 


the sign + being taken when x > s and the sign — when g < s. 
` * Bocher, “Les Méthodes de Sturm,” Chapter V. 
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Now the functions yı, Y2, ++, Yn may be taken analytic in `? Hence 
G is analytic in \ except when A(A) = (, that is, except for the characteristic 
values \; of A for problem (1), (2). If Ñ; is a simple characteristic value 
we may write 


(10) Ge, s; 0) = BE pot. o(w, 8; N) 


where o(a, 8; A) is analytic in A for A = M. From (8) we have 


oa Nig s N) 
Ria, 8) = AO) > 
where A’(A;) denotes the value at A = A; of the derivative with respect to X 
of AQA). In N(a,.s; Mi) the coefficient of G is zero. Hence N(x, s; M) 
and its first n derivatives with respect to x are continuous. Moreover, it is 
easy to see that it satisfies (1), (2); therefore R;(a, s) is a solution of (1), 
(2). From the relation. between G and H we infer that R,(x, s) is a solution 
of (3), (4) ins. From the definition of simple characteristic value it follows 
then that i 
R:(æ, 8) = cru:laejv:(s) 


where c; is independent of a and s and is yet to be determined. 
Now from (10) we have ‘ 


lim {QA — a) @(@, 93 X) — osus(z)os(s)} = 0; 
whence it follows that 
(11) lim LO — N) Stale, 8; A) Li (us(s))ds — ciuile) fov,(s) Li (us(s))ds | =0. 


But sinice , 
L(ui) + ALi (ui) = = (A — Ada(u), Ur(ui) = Ulu) = +++ = Unlu) =0, 
we have from the fundamental property of G that 


A — AD /VGE(a, s; ALi (ui(s))ds = ula). 
Substituting this value into equation (11) we have 
ci Sa'o;(s) Li (ui(s))ds = 1. 
Similarly we should obtain the relation 
fèus) Ma(o;(s))ds = 1. 
Hence we have for the residue R(x, s) the value 


: , = Uj (x)0;(s) ui(x)0;(8) 
(12) BA(@, s) = Sevits)Li(uts)ds Souls) M (vs(s))ds- 


_If I is a contour in the A-plane which incloses (just) the characteristic 
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numbers ^, Ae, ** +, An, and if the latter are simple, we have readily 


1 (yy) Mi oe 
aaa Se Sèl, 8; 4) 7. f(s)dsdr 


ae ay Sa f(s) Mi(v;(s)) ds 
ft So'ui(s) Mi (v;(s))ds 


Thus we have represented in the form of a contour integral the sum of 
a finite number of terms of the formal expansion 


S Sa’ f(s) Mi (oi(s))ds 
1 f -SS f(s)M: 
"a FO) = h Ted 
of a function f(x) for the case when the characteristic numbers 1, Ag, As, 
- are all simple and G(x, s; A) has a pole of the first order. At a value 
A; of \ for which these conditions are not satisfied, the corresponding term 
in the formal expansion in (14) should be replaced by 





(18) 





Ui (x) . 





U;(a) 


SERA, 8) AD) yds, 


where R;(x, s) denotes the residue of G(x, s; N) at A = A; and (s) is the 
solution N (æ, s; d;) of (8), (4) ins. Thus we have a definite formal expan- 
sion for every given fuyction f(x) for which the integrals involved exist. 

In accordance with the general plan of this paper we rest this investiga- 
tion at this point. We have carried it far enough to set clearly the funda- 
mental expansion problem associated with it, namely, the problem of deter- 
mining those functions f(a) for which the given formal expansions are valid. 
This problem Birkhoff (1.c.) has treated with great success for the special 
case considered in his paper. It appears likely that the methods of 
Birkhoff’s paper are sufficient to carry through the more general investiga- 
tion. The results obtained above are sufficient to initiate the further 


~ treatment. 


In the following sections we derive formal expansions in connecticn with 
a great variety of boundary value and expansion problems. We do not 
go into as much detail as in this section; but the reader who has this section 
in mind will have no difficulty in seeing how the results actually obtained 
in each case set the fundamental expansion problem for that case. 

2. The Problem Arising from a System of Differential Equations of the 
First Order with One Parameter and from Related Integro-differential 
Equations.—Let us consider the adjoint systems of differential equations 


dy; ? 
(1) T= > (ai; F Aai Yj 1 T 1, 2, Nn, 


(2). ot > (— aj: — Manzi t= 1,2, +++, 0. 
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If for fixed 1 we multiply these respectively by z; and "y; add the resulting 
equations member by member, sum as td? from 1 to n, and then integrate 
from a to b, we have 


(3) Lyri + yaz + +++ + yntn REZ = O. 


Let us now suppose that homogeneous linear boundary conditions 
(involving the end-points a and b) are set up on the y’s and adjoint condi- 
tions on the 2’s so that (3), for the solutions to be considered, is satisfied in 
virtue of the boundary conditions alone. Moreover, let us suppose that this 
is done in such a way that the characteristic values of ` for (1) with its 
conditions are the same as those for (2) with its conditions, the situation 
being analogous to that treated in § 1, and that the number of characteristic 
values is infinite. Let us denote the distinct characteristic.values and 
corresponding solutions by the symbols \™, y;, 2:%, k= 1, 2, 3, e 
In (1) let us now replace \ and y; by, A™ and y,; in (2) let us replace A 
and z; by A® and 2, where A +; then we have two new.systems. 
For fixed 7 let us multiply the former by 2; and the latter by y;, add, 
sum as to 7 from 1 to n, integrate from 2 to b, and simplify the first member 
by means of the equation to which (3) reduces when y; and z; are replaced 
by y: and 2;.- Thus we have 


= fod, 


n 
i=l 


Ra Llay HAP aa)y zO — (aji + ag) Yi Hz Je, k+l 


whence, on simplifying and dividing by A — A, we have 


n 


(4) SR > ajy: Pz; Vde = 0, k+l . 


KLJ 
i=l j=] 


If we suppose that the integral in the first member of (4) is different in 
value from zero when k = l, we have a convenient means for the formal 
determination of the coefficients c» (independent of 2.and 2) in the simul- 
taneous formal expansions of n given functions f(a), fo(), --+, fala): 


(5) file) = Sey, i=1,2, n. 
# k=l 


For determining these constants c, we proceed as follows: multiply both 
members of (5) by a,.2;“%, sum as to 7 and as to j from 1 to n, and integrate 
from a to b; in this way we obtain a relation from which we have readily 
the value of cı, namely: 


Sey, Daf de 
i i=l j=l y. [= 1, 2,3, .... > 
PE Fag. aide 
t=) j= 





(6) $ Cr 
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Thus we have in (6) the formule for the coefficients c+, the same for each 
function f;(x), needed in the joint expansions in (5) of the n functions f,(x). 
‘They are formule of great interest. 

We have outlined very briefly the foregoing expansion problem, which 
is. probably the same as that of an unpublished paper of Birkhoff (see 
abstract in Bulletin of the American Mathematical Society, (2) 25 (1919), 
p. 442), because we wish to utilize the suggestion afforded by it for setting 
up a related problem for certain integro-differential systems obtained from . 
the foregoing differential systems by the limiting process which Volterra 
has so frequently employed and to such great advantage. It is clear that 
the notion of joint expansion utilized in connection with equation (5) is an 
essential element in the formulation of the problem. This notion I obtained 
not from Birkhoff’s abstract (which is too brief for details of any sort) but 

from the dissertation of Dr. Č. C. Camp which the author was kind enough 

` to allow me to read in manuscript.* In this dissertation there is a detailed 

and full treatment of a very special case of the expansion problem formulated 

above; and the range of ideas developed has been of great use to me in 

the formulation of the boundary value and expansion problems of this paper. 

If we apply to systems (1) and (2) the Volterra limiting process we may 
obtain the integro-differential equations 


7) yt 8) S fule, s, D + dole, s, Dye, Dat 
(8) tal 8) = f.8{— ulz, t, 8) — Mole, t, 8) }2(a, t)dt, 


` where the range of variation of x is from a to b while that of $ and ¢ is from 
ato @. Let us multiply both members of (7) by z(%, $) and both members 
of (8) by y(x, s), add the two resulting equations member by member, and 
integrate with respect to s from a to 8; then, on carrying out certain 
simplifications through an interchange of the order of integration with 
respect to s and ¢ and through certain obvious reductions, we have formally 
the relation 


Ses ty (z, 8)a(x, s)}ds = 0. 


Integrating with respect to x from a to b, we have 
(9) i I {y(b, s)z(b, s) = y(a, s)z(a, s)}ds a 0, 
a relation which corresponds to (3) for the differential systems. . 


* Since this was written a paper by A. Schur has appeared dealing with this problem; 
see Mathematische Annalen 82 (1921): 213-236. It contains (p. 216) a reference to a 
special ease of the problem treated by Hilbert (Göttingen Nachrichten, 1906, pp. 474-480). 
. This I had not seen before. 
we Camp’ s article will appear in the next volume of this JournaL. [Editor.] 
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The first member of the last equation is a sort of biknear form in a non- 


enumerably infinite set of variables y(a, s) ey(b, s), z(a, $), 2(b, $), a set of four 
variables being formed for each s of the interval (œ). One desires to have 
a reduction of this to a normal form analogous to that used in connection 
with equation (6) of §1. At present we do not attempt to solve this 
problem in general. What we desire is to have a set of boundary conditions 
on y and z separately, linear and homogeneous in character, so that these 
boundary conditions alone shall imply equation (9) and so that the y- 
problem and the z-problem shall have the same characteristic values \ 
infinite in number. Assuming that such equations have been set up, we 
seek to determine the formal character of the boundary value problem in 
its simplest aspects. 

Let us represent characteristic numbers and corresponding solutions 
by Ars Yel, 8), zzl, 8), k = 1, 2, 3, +--+. Let us replace X and y in (7) by 
Xz and yz; let us replace A and z in (8) by Xz and 21k + 1; let us multiply 
the first resulting equation member by member by 2:(2, s) and the second 
by yx(z, 8), add the two resulting equations member, integrate with respect 
to s from a to $ and with respect to x from a to b, and simplify the resulting 
relation by aid of what equation (9) becomes when y and z are replaced by 
yx and zı respectively. From both members of the equation which so 
results remove the non-zero factor A, — Az; thus we have 


(10) SESE SP ole, t, 8)ye(a, sjale, Ddsdide = 0, k+l 


If we suppose that the first member of (10) is different from zero for 
k = Land if we seek constants cz so that a given function f(x, s) shall have 
the formal expansion ' - 


~ (11) f, 8) pE 2 cryn(2, s) 


we are led (through the relation obtained on multiplying both members of 
(11) by x(a, t, s)z.(z, t) and on integrating appropriately) to the formule. 
for cı, namely: 


att SESE SL, t, 8)f (a, sail, t)dsdtdx a a 
tg) > uei - SESE S Pu(a, i yle, 8)zi(x, tdsdtdx’ por AE, 


As a special case of the foregoing problem let us take that in which u 
and v are independent of x and let us write 





u(x, s, t) = g(s, t), v(x, 8, t) = hls, $). 
Solutions exist of the forms 


ylz, 8) = p(x)a(s), —-a(a, 8) = R@)S(9), 
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where each function in the second members is a function of the single 
variable indicated. As ‘special eboundary conditions implying equation 
(9) we may take the following: 


y(b, s) — y(a, s) = 0, 2(b, s3) — z(a, s) = 0. 
These conditions now reduce to the following: 
p) — p(@)=0, RG) — R@) = 0. 


If we substitute the foregoing special values of y and z into the special 
forms of (7) and (8) indicated we may separate variables in the way which 
is classic in the study of the partial differential equations of physics and so 
come through to the following relations: 


p(x) = up(2), p(b) — p(a) = 0, 
na(s) = f {9(s, D + Ahle, Dh ode; 


—R@)=—-4R@), Re) — R@ = 0, 
— pS(s) = SF {g(s, t) + Ahle, i} Sas, 


where u is a constant. In (13) and (14) we use the related constants u 
and — p so as to maintain the requisite property of adjointness. The 
differential system in each of these pairs of conditions is easily solved, 
appropriate characteristic values of u being thus determined. Then the 
‘integral equation of the pair is to be solved, appropriate characteristic 
values of A having been determined for each value of u. 
Let us further specialize. Suppose that we take b = r and a = — r. 
Then for u we have the values nV— 1, where `n is a positive or negative 
integer, and for p(x) and R(x) the corresponding values e”?’=! and e~"*"=1 
respectively. If we take g(s, t) = 0 and employ a non-zero value of u 
_ we have in the second line of (13) and in the second line of (14) an integral 
equation with parameter Ny i in the one case and — \/u in the other case. 
It is well-known that- the quantities a, B, h(s, t) in this equation may be 
so chosen that for each value of » corresponding: values of A exist giving- 
rise to the functions cos ms for solutions where m runs over the set 1, 2, 3, 
For the special case thus defined the expansion (11) has the form 


(18) K 


(14) 


2) 
. fæ, 8) = 2. (Cmn cos mse”** +- Ymn COS mse"). 
~ m, n= } 


If f(a, s) is a real-valued function when æ and s are real it is clear that 
Cmn aNd Ymn Must be conjugate imaginaries. Then the expansion reduces 
to the form - ' 


= = K . 
‘ f(t, 8) = DS (amn cos nt + bmn sin nx) cos ms, 
m, n=l . 
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where amn and bmn are real numbers. Furthermore, if f(z, s) is an even 
function of x as well as of s we must have bmn = 0 so that the expansion 
becomes the double cosine series 


f(x, s) = 2 Gmn COS MS CS ne. , 


Thus we see that the expansions afforded by (11) and (12) contain as special 
cases some of the classical expansions of analysis. 

The problems formulated in connection with (1), (2) and (7), (8) are 
capable of various generalizations. It will be sufficient to indicate briefly 
one of them. Let us consider the system of equations 


Oy tz, 8) 


po Ox 


= Dy (aij + Aas) ys (a, 8) 
+ SEX Toute, s, t) + roux, 8, t) Jy, td, 


ao EDs E ais aal s) 


+ aD pjil&, t, 8) — doyle, t, 3) Je, idt, 


fori = 1,2, ---, n. Here in general the a;; and aon are functions of x and 
s. In the special case when piy; = 0 = oj; and ai; and a,; are functions of x 
alone, we may take y; and z; to be functions of x alone, and we have our 
systems (1) and (2). It is clear that equations (7) and (8) are included in 
another way as a special case. 

Let us multiply (15) by 2:(2, s) and (16) by y;(a, s), integrate the resulting 
equations as to s from q to f and in the relation coming from (16) interchange 
the order of double integration and in the part of the formula containing 
this double integration interchange s and t, add the two equations thus 
gotten from (15) and (16), and in the resulting equation sum as to 7 from 
1 to n. ‘Finally in this.resulting equation integrate as to x from a to b. 
Then we have the relation 


(17) PÈ {ys(b, s)z:(b, s) — y:(a, s)z:(a, 3)} lds = 0. 


This corresponds to our previous relation (9). , 

Let us suppose that linear homogeneous boundary conditions on the 
y: and the z; separately are. so chosen that relation (17) is implied by these 
boundary conditions, that the y-problem and the z-problem have the same 
characteristic values \ infinite in number, and let us denote the correspond- 
ing values and solutions by Ax, yi, 2, k= 1, 2, 3, ©. Then by a 
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method of procedure which is now obvious we come through to the funda- 
mental reciprocal relation e 


SE SELL, Lonla, dy (2, 8) Ce, 8) as 


(18) ty aid , 
zg SESER onle, t, 8) (æ, 8)2j (x, t) |dsdt} dx = 0, k + l. 
This is the generalized biorthogonality condition of which we have already 
found special cases. 
Let us denote by Dz: the first member of (18) and let us suppose that 
Dix + 0 for each k. Then if we have a set of expansions of the form 


(19) . filz,s) = Seyi (a, 8), i= 1,2, =+, n, 
r=!) 


giving the simultaneous expansions of the n functions f:(æ, s), i= 1, 2, 
-+, n, in terms of the y;“)(a, s), the coefficients c, may be found by mul- 
tiplying both sides of the equation 


p> ajile, 8)2; (x, 8) + STen, t, ena t) dt, 


summing as to 7 from 1 to n, integrating as to s from @ to £ and as to s from 
a to b, and simplifying by use of (18); thus we have 


Dno, = SUSER ole, fe, 8920, 8) 
F fey osu t 8)2j (2, Df (2, s)dt |ds} da, ad 1, 2,83, °°. 


It is clear that one may apply to (15) and (16) the Volterra limiting 
process and so replace these equations by others in which the discrete 
variable 7 has given way to an additional continuous variable, the resulting 
integro-differential equation containing a repeated integration, and that the 
formal expansion problem subsists in the new form. One might then employ 
a system of such equations and apply again to them the Volterra limiting 
process; and so on indefinitely. 

-3. Differential and Integro-differential Problems Involving y Param- 
` eters.—Let us consider the » systems of equatiors 


(20) 


(1) Yaz 3 (aori + Aliki F Alori F eee + Narki) Yki 

; i= 1,2, +++, nk 
a separate system being formed for each value k of the set 1, 2, 8,69, BS 
and with these let us associate the. y systems of adjoint equations 


dzki 
; a is -C Gongs — Marji — +++ — Mayri) Bks t= 1,2, +++, ng 





248. CARMICHAEL: Boundary Value and Expansion Problems.. 


For fixed k and i multiply equation (1) member by member by zz: and equa- 
tion (2) member by member by yz; add the two. resulting equations member 
by member, sum as to 2 from 1 to nx, and integrate with respect to x from 
a to b; thus we have 


(3) [ynze + Yre + e + Yen, Zen, ka = 0, k= 1,2, v 


Let us now suppose that for each value of k we set up on the quantities 
yui(b), Yz:la), i= 1, 2, ---, Nng, and separately on the quantities zs:(b), 
zrla), 1 = 1, 2, <- +, mg, linear homogeneous boundary conditions (analogous 
to those developed in detail in § 1) of such sort that relations (3) are implied 
by the boundary conditions alone and that the y-problem and the z-problem 
have the same sets \;, MO, -+-, A, of characteristic values, that the 
number of sets is enumerably infinite and that these distinct sets are 
denoted’ by the named symbols for s = 1, 2,3, --+-. Let the corresponding 
solutions be denoted by yx, zz:. 

` In equation (1) let us replace the quantities y and A by corresponding 
quantities y® and A®; in equation (2) let us replace the quantities z and A 
by corresponding quantities 2 and A” wherer + s. Fora fixed k multiply 
the first resulting equation member by member by zp: and the second 
by yx:, add the two resulting equations member by member, sum as to 7 
from 1 to nx, integrate with respect to x from a to b, and simplify by what 
(3) becomes on réplacing the quantities y and z by the corresponding quan- 
tities y and 2. In this way we are led to the following relations: 


& AC -— A?) ford Dts ns ans de a 
+ ALO 2,0) JOD) Daniyada = 0, 
tol jal 


a separate relation being formed for each value k of the set 1, 2, ---, r. 
Now the differences X19 — MO, ---, 4, — A, are not simultaneously 
zero; hence the determinant of their coefficients in the system (4) must 
have the value zero, that is, we must have 


nk Nk 


Sed, 2 Arnjiy ese; Pda = 0, t+ 8, 
: =al jo 


where the term of the determinant explicitly written is that in the lth 
column and kth row. . 

The last relation may be reduced to a more convenient form. In the 
kth row of the determinant let us replace the variable æ of integration by 
ią and the variables 1 and j of summation by t, and j; respectively. Then 
the relation reduces to ` 


SESE- SÈ Dey Daai) C Ct) didiz --- dt, = 0, rẹs; 
à KTERE z ` a y 
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the determinant employed being that whose element in [th column and kth 
row is that explicitly written. Then if we employ the symbol D to represent 
the determinant - 
(5) Dine ivir tss to +++, t) = |as (tr) | 


whose element in /th column and kth row is that explicitly written, we have _ 
for the final form of our generalized biorthogonality conditions the following: 


Seder Se {> eee + > Das,» .. wlt ty 3 : -, t,) 


Hel i=l ip=lj 


(6) 2 
x Thin) d= 0, res, 
hz 
In what follows we shall suppose that we have before us the case in which 
the first member of (6) is different from zero when r = s. 
Now let us consider the set of functions 


fius i, (tr, to, eer h) ir = 1, 2, sory Nk for k = 1, 2, rey P; 


with regard to the question of their simultaneous expansion in the form’ 
(7) l fii sss inti, te, a) t,) = PEZTA nA RECAP 
= 


the coefficients c, being the same for every function of the set. In case such 
an expansion exists we have a ready means of determining the coefficients: ` 
cs. The form of the first member of (6) suggests the operations to be: 
performed. Let us denote by B, the first member of (6) and: let us sup- 
pose that B,, + 0 for r = 1, 2,3, +--. Then for the determination of the 
c, we have the relations 


nI 


ni 
Bras RAE, 
tee a= A= 


(8) as Di -ii (tty tay * + +> by) finds e 4, (ft, 2, «>, ty) 


dymljj=l 


RC e AE) dadi ++ dy r= 1, 2,8, 


The expansion problem which is set by these formal results we may 
look upon as a generalization of that briefly treated at the beginning of § 2. 
From the fuller treatment of a related problem given in § 1 one sees readily 
how to proceed to a more precise formulation of the problem here briefly 
characterized. Moreover, it is clear that one may formulate the problem 
at once for a system of y equations of general orders and so include in one 
form (rather complicated, to be sure) the ‘three differential equations 
problems already set. 

We’ saw in § 12 how the integro-differential equations problem (7), (8) 


+ 
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grew out of the differential equations problem (1), (2). Ina similar way 
the problem (1), (2) of this section gives,rise to a new problem associated 
with the equations 


Gyn ) Se faala, s, 1) + aula, SAH 





(9) Oa 
+ Ay Gyn (2, s; t) hyn (a, ddt, 
(10) ie 2- SE {— aola, t, 8) — Mala, t 8) 


E Ce E 


With the guide afforded by the earlier part of this section and the special 

case of our present problem treated in § 2 one may proceed readily to set 

up the generalized ‘biorthogonality conditions and by aid of them to deter- 

mine the coefficients in the formal expansion of a function of 2v variables. 
Corresponding to equation (6) we should thus have 


ham gee S SE Si: s SED l@, To = 9+, Zy 81, ti, 8a, to, ttt By, t) 
(11) 


where the symbol D denotes the determinant of order v whose element in 
lth column and kth row is ay(az, Sr, tx). If we denote the first member 
of this relation by C,, and suppose that C,, + 0 for eey r, then for the 
coefficients c, in the expansion 

(12) (tu T2, ey Vy, S1y $2, tt; $y) = Yell yn (Ers Sh) 


we have formally : , 
Crer = SÈS SESE SE SED Gry ++ +5 Bos 8i thy ttt Srs by) 
(13) flan +++, yy 81, +++, 8) T 2 (an, tn) dsydty ssi ds,dt,} 
X dada, +--+ dæ, r= 1,2,3, 


These results might, if it were desired, be also extended by means of the 
suggestion afforded by the problem associated with equations (15) and (16) 
of § 2 and the generalizations of it which are mentioned there. 

4. Problems Involving Difference and Integro-difference Equations.— 
Let us consider the adjoint systems of difference equations 


O ut D = Lost eet Wau, T= LB n, 
(2) . a(t) = DiGi + gut Madale + 1), Te 1,2, =+ 7, 


where 6,; has the value 1 or 0 according as ¢ is or is not equal to j'and gij 


. 
= 
. 
. 


TT Yer, SA (an, ty) dsidty -- - ds,dt,}dayda,+--dz,=0, rs, 
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and ws are functions of x which are analytic at infinity and vanish there 
to an order at least as high as the second. Under such hypotheses these 
equations have for a fixed value Sf \ fundamental systems* 


Ua;(2), Ue; (x), ear Unj (2); vyl), v(x), Dae. nj (2) 
es 


of solutions each function of which is analytic throughout the finite plane 
except for a set of singularities in a left half-plane; moreover, if x approaches 
infinity along any ray from the origin exclusive of the negative axis of reals 
or along any line preceeding to the right parallel to the axis of reals, we have 


lim Uilt) = By. lim vyl) = by. 


Any solution of either equation formed from the foregoing solutions of that 
equation by taking a linear combination of such solutions with constant 
coefficients will have the property that each function in it approaches a 
limiting value as æ approaches infinity in the manner specified. We confine 
attention to such sclutions of equations (1) and (2). 

Now if we multiply equation (1) member by member by v:(@ + 1) and 
(2) by — w(x), add the resulting equations member by member, and sum 
as to 7 from 1 to n, we have 


(3) A SA fu:(a)u:la)) 2%: 


If the real part of a is sufficiently large we have u; and v; analytic at every 
point œ whose real part is not less than the real part of a. Hence in (3) 
we may sum as to x from a to infinity, where a runs over the values a, a + 1, 
a+ 2, +++; thus we have 


(4) Fiulo Jo(o) — u;(a)v;(a)} = 0. 


This is clearly analogous to equation (3) of § 2 and differs from it (apart 
from notation) only in having the limit œ instead of the limit b. 

Let us now suppose that adjoint homogeneous linear boundary condi- 
tions are set up on the w;(), u:(a) on the one hand and on the v;(%), 0,(a) 
on the other hand so that relation (4) is implied by the boundary con- 
ditions and that this is done in such a way that the characteristic values 
of A for (1) and the conditions on the w; are the same as those for (2) and 
the eonditions on the v: and that the number of characteristic values is 
infinite. Let us denote the distinct characteristic values and corresponding 
solutions by A”, u,, v5, k = 1, 2,3, ©. 

In (1) let us now replace à and u; by A and u,;™, in (2) let us replace 
dA and v; by AM and v1, where l + k; then we have two new systems. Let 
~~ * See AMERICAN JOURNAL OF MATHEMATICS, 35 (1913), 161~162. 
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us multiply the first resulting equation member by member by 2, ¢x + 1) 
and the second by — u,;“(x), add the resulting equations member by mem- 
ber, sum as to 2 from 1 to n, sum as to x Over the set a,a+1,a+ 2, ---, 
simplify by aid of what (4) becomes when u; and v; are replaced by u,™ 
and »; respectively, and divide by the nonezero quantity \” — N®?. 
Thus we have 


(5) > DE Eyl + tu Mat Aya HAS, kel. 


If we suppose that the quantity in the first member of (5) is (for all k) 
different from zero when / is replaced by k we shall have a ready means for 
the formal determination of the coefficients c, in the (assumed) expansions 


(6) file) = om), i= 1,2, +++, 2, 


the same coefficients c} being employed for each of the n functions. For 
this purpose we multiply both sides of equation (6) by y;;(a)o; (a+ 1), 
sum as to 7 and j each from 1 to n, and sum as to x over the set a, a + 1, 
a+ 2, -+-; employing (5) we come through readily to the relations 


Ms 
Me 


È vila + Dfa + Ayat 1 T t) 


visa + tu (a+ toa + 1+ a 
k= 1,2,3,- 


Pn 
ll 
©! 
e. 
21 Il 
au 
ta. 
i 
be 





3 


(7) ne 


Ms 


~ 
Il 
Ci 
m 
It 
rl 


Since the coefficients c, are determined merely by the function-values 
at a discrete set of values of x it may seem at first sight that this is not 
likely to lead to an expansion theory of much interest. But it would be 
natural to confine attention to functions f(z) having suitably restricted 
properties, especially in the neighborhood of infinity, and for such functions 
it may be anticipated that the theory is valuable. Moreover, it furnishes 
also a natural means of interpolation of a function defined initially only 
over the set of points a, a+ 1, a+ 2, ---, the function values at these 
points being the only ones needed in the determination of the coefficients 
cy. Again, it affords a natural means of formal expansion of functions 
defined only for positive integral values of the argument, such as is the 
case with the usual number-theoretic functions. 

Let us rapidly illustrate the foregoing theory by considering the = bien 
associated with the equations 


(8) | ue D- (1-4) uc) = 0, 
(9) (1-4) «e+ 1) — v(x) = 0, 
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where {? is the parameter. These equations have the solutions 








,_Te-wlet+s y= _ Lo? 
(10) ulz) = Te P 2 oe) = T(z — wT + u) : 


where T(x) denotes the usual gamma function; and the general solution 
for each case is gotten by multiplying the particular solution by an arbitrary 
periodic function of period unity. But if u(æ)[v(x)] is to approach a 
definite limiting value when a approaches infinity in the sense defined 
‘above this periodic multiplier must reduce to a constant; and such constant 
multiplier is clearly irrelevant to the problem in hand. Hence, for our 
purposes, we take the solutions given in (10). 

Now condition (4) reduces in the present case to w(%)v(«) — u(a)o(a) 
= 0. As suitable boundary conditions implying this relation we may take 


(11) tulo) — ula) = 0, — F0(2) — o(a) = 0, 


where ¢ is a given non-zero constant. Now from (10) and the asymptotic 
properties of the gamma funċtion we see that u(o) = 1 = v(œ%). Then 
the condition of consistency for the u-problem and that for the o-problem 
both reduce to the following: 


(2) T@— u)T(a + u) = t{T(a)}?. 


The roots of this equation give the common characteristic values of g? 
for the u-problem and the v-problem. [For each solution u of (12) there 
is also the solution — y; but only their common square u? is a characteristic 
value for our problem. ]- 

For varying choice of a and ¢ the expansion problem which results 
brings a variety of properties to notice. One of the most interesting cases. 
is that in which a = 4, --1=1/t = + 1; in this case equation (12) 
readily becomes 


(13) l osmu =, 


if one reduces by aid of the relation I'(s)['(1 — s) = r/sin rs. Then the 
characteristic values u? are readily determined in terms of a single one of 
them. Let u be the smallest positive value of u satisfying (13); then the 
characteristic values u? are 


w= Gu + 2n)’, n=0,+1,42,4+3,--:. 
Corresponding to these let us denote the solutions by wa(z), vn(v) so that 


` 
. 
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we have* 


T(z — u — 2n) (z+ pu 42n) 


CA eS KON 





. = 1 
z ` n(x) Un (2)? 
n= 0,1, 2,---. 


The biorthogonality conditions now reduce to 
> Lite $) 
(E+ PEF D 

Now we may apply to systems (1) and (2) a Volterra limiting process 
analogous to that by which we arrived at equations (7) and (8) in § 2. 
By so doing we are led to the integro-difference equations t 


(15) = 0,’ m +n. 





(16) Au(z, s) = SE {o(@, s, t) + rpl, s, Dyula, idt, 

(17) — Avlg, s) = SE fole, t, s) + (a, t, s) jol + 1, dt. 
Corresponding to equations (4) to (7) we now have the following: 

(18) SÈ {u(o, s)o( 2, 8) ica ula, s)o(a, s) }ds = 0, l 
(19) È SESEW at r, t sjulat r, sjnla + 1+ r, idsdi=0, k+l, 
(20) Fe, ) = Š orule, 8), | 


5 SE Siva + r,t, fat r, Jola + 1+ r, Hdsdt 
Ql a= = 3 ; ; 
dy SESEK + r, t, s)urla +r, s)ox(a + 1+ r, t)dsdé 

l , k= 1,2,3, =. 

The foregoing work of this section is analogous to a part of that of § 2. 
It is clear that the analogues of the other parts of § 2 exist here and can be 
readily developed. In fact, we can develop the theory- of difference and 
integro-difference equations in forms analogous to all parts of the problems 
treated or suggested in §§ 1 to 3 for differential and integro-differential 
equations. 

5. Mixed Problems Involving One or More Parameters.—In view of the 
basic algebraic theory and the transcendental problems treated in §§ 1-4, 
it is clear that there must exist in the theory of integral equations expansicn 
problems involving n parameters not only in the classic case when n = 1 
but also in the general case when n is any positive integer.. It was my 
intention to exhibit the basic formule on which such an expansion theory 
may be based; but, while this paper was in course of preparation, an abstract 





* It should be observed that the negative values of n merely give us the.same solutions 
over again. It is also worth noting that u,(x)/z-(z) is a rational function of x so that from 
the expansion of f(x) in terms of un(z) we have that of f(x)/u:(#) in terms of a certain 
interesting set of rational functions. 


į Here Af(@, s) = f(@ +1, s) — f(e, 8). 
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of a paper by Mrs. A. J. Pell appeared in the Bulletin of the American 
Mathematical Society, Ser. 2, Vol; 26 (1920), p. 149, indicating the character 
of this expansion problem for the case of two parameters. Consequently 
we shall leave out the formule for this case. 

If we think of the geveral types of expansion problems—those for 
differential, difference, and integral equations—in intimate connection with 
the basic algebraic theory (developed in the memoir already referred to), 
it becomes apparent at once that the case of n parameters (for n > 1) is not 
confined to a set of n equations of the same sort. There is nothing to 
prevent one subset of the basic algebraic equations proceeding to differential 
equations as limiting forms, another to difference equations, another to 
integral equations, and so on. Thus we can see beforehand that we may 
formulate the expansion problem for a variety of mixed systems. In fact, 
we were led incidentally in § 2 to a special case of such mixed problems. 

Let us now indicate more precisely the nature of these mixed problems 
by considering the equations 
dys _ a ESE cy t vdijyp i= 1,2, 
de g ij T Hij ij)Yjs % » ó, shy 


ELA 


(2) As,(x) = > (aj + Apy +H uoy + vrusi), t= 1, 2, +++, m, 


(8) u(x) = AS’ Kle, Hudi + use Læ, t)u(édé + 
vf M (x, Eule, £)dé, 


(1) 


asscciating with them their adjoint equations 


(4) ai Dy (— ay — Mji — megs — vd) i= 1,2, +++, 0, 


(©) ofa) = AST KE, x)o(tdé + aSo LE, x)o(Edé + v fe MEE, #)o(Odé. 
We suppose that the ¢, p, o, T functions are analytic at infinity and vanish 
there to at least the second order. 

From (1) and (4), from (2) and (5), by methods already frequently 
illustrated, we have 


(7) [yiz + yore + +++ + Yntn Ee = 0, 
(8) ° Dy Lai te) — slata] = 0. 


We are now to set up homogeneous linear boundary conditions on y and on 
z so that (7) is implied by them; and on s and on ¢ so that (8) is implied 
by them. We shall suppose that this is done in such a way that the sets 
of characteristic values for the two problems [ (1), (2), (3) on the one hand 
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and (4), (5), (6) on the other] are the same and that the number of the sets 
is enumerably infinite. Then we shall denote the corresponding values. . 
and solutions by 


AM, pO, pO, Y, 2, 3,4, uM, 0, b= 1, 2,3, 00+ 


In equations (1), (2), (3) let us replace the symbols for the parameters 
and the functions sought by the corresponding symbols with the super- 
script k; in equations (4), (5), (6) let us introduce similarly the distinct 
superscript l; and let us denote in order the six new equations so formed 
by (1), (2), --+, (6). From (1), (4) and the boundary conditions implying 
(7) we have readily 


A® — AO)? 2o yeas Ode + (u® — pO) Je Dey czy: Pg Pde 
+ WP — yO) Sf) DED djy: ®zyVda = 0. 
i=l j=l ; 
Similarly, from (2), (5) and the boundary conditions implying (8), we have 


i aa — ao) È 232 pila + w)se(e-+ wta + 1+ w) + - 
+ ¢® — v9) $S Bret w)si(a + w)ts(e + 1+ w = 0. 


From (3) and (6) we get likewise 


ay OP AO) SE SE KE, au (2) dude + -- 
` + OP — vI) Se Se ME, xu (aw (Ededt = 0. 
Since the parametric differences \ — AM, -+-, involved in the last 
three equations are not simultaneously zero when k + l the determinant 
of the coefficients of these differences must have the value zero when k + l. 
The relations thus arising express the generalized biorthogonality property 
of the solutions pertaining to the problem in hand. Once these are obtained 
the formal determination of the coefficients in the formal expansions 


(12) Fiji, to z3) = 2 Cry (@1)sj™® (xou ™® (x), 
7 i= 1,2, +-+,n3 j= 1, 2, -*-+,m, 


of a set of mn functions of three variables is easily effected by the method 
already employed several times in this paper. 

The foregoing we have outlined briefly as an instance of a sort of thing 
which may be done in a great variety of ways. The formal aspects of the 
problem are easily developed whether we have a single equation of a given 
type, as in the problem here treated, or any number of equations of each 
type. Also, we may employ in the list of types integro-difference and 
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integro-differential equations. In view of the developments of the section - 
following it will be. seen that pargial differential and partial difference equa~- 
tions are also admissible. Similarly one may allow equations involving 
functions of two variables and the operation of differentiation with respect 
to one and that of differencing with respect to the other; andso on. In this 
vast totality most types are without special interest; but a few actually 
arise in problems which come naturally to our attention. 

Nor is this all. It is also possible to treat similarly equations in which 
functions are subjected to different operations with respect to the same 
variable. We illustrate this with-gne of the simplest cases. Let D; denote 
a set of n operations, the first k of them being identical with D and the 
remaining ones with A, where k is some one of the numbers 0, 1, ---, n, 
and where D is the symbol for differentiation and A is the symbol for the 
operation Af(x) = f( + 1) — f(x). Then form the system of equations 


, 


(13) Danla) = È (ay + Mbula), i= 1,2 +m 


j= 


and associate with them the adjoint system 
(14) Dai(x) = 2 (— an — Mayl t e), i= 1,2, +++, 0, 
; = 


“where €; is zero or unity according as D; is D or A. If we multiply (1) by 
v:(x + ;) and (2) by w,(x), add the resulting equations member by member, 
and sum as toz from 1 to n, we have a result which may be put in the form 


(15) 2, Diluila)or(a)} = 0. 
Then, if appropriate conditions at infinity are satisfied, we have 


$ {u(20)0%(c0) — ws(a)ov(a)} = 0. 


2. 


It is clear now how one may complete the formulation of the expansion 
problem; the work proceeds in the closest analogy with special cases of it 
in §§ 2 and 4. l 

ĉ. Problems Arising from Partial Differential Equations and Integro- 
differential Equations.—As typical of the general situation in regard to 
expansion problems arising from the theory of partial differential equations, 
let us consider that which is to be associated with the equation 


ee. 3 Lau) + Mafu) = 0 
and its adjoint 
M(v) + `M) = 0, 
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‘Ou 8u ru 0& ðu 
Lu) =azzt BaT Capt. at Bayt yu, 





Itu) = p$% + tay ru, . 
l ð 
Mo) = 3a © (as) + i (be) +55 (a) = 2 (a) E? (Be) + v, 
Mito) TOS So) = = (gv) + ru, è 
chen the symbols u, v, a, b, c, a, By Y P q 7 denote. functions of the in- 
dependent variables x and y. 


Let us multiply both members of equation (1) by v and of equation (2) 
by — u and add the resulting equations member by member; thus we have 


ô ðu ðv ( ðu ðv ða ðb 
allata) t Oaa) ete- e] 


: ð ðu Ov ðu ðv 
8) i aol o(*sp ap) +? (Seay) 
dc ðb = 
+(e4m-5-F)=|-0 


Let S be any closed region in the ay-plane whose boundary is cut twice 
and only twice by a line through it and parallel to either axis. Then if 
. we integrate over S both members of equation (3) we have a relation 
which reduces readily to the form 


p ðu ðu ðv ða ab\ ai 
Í [03e +5 Ce uy) + (etd Ger ge) | 
du av ðu Ov ` 
(9) +f CERUA C E) 
i +(B+M -22 Fp) ae | ae = 0, 


oy dx Y=Pe 


where ry and s, are limiting values of x in S for a given y and r and s are 
the extreme values of x and where pz, Ox, p, © have like meanings under 
interchange of rôles of 2 and y. 

If in the first and second integrals in (4) we introduce the variable t 
in place of the given variable of integration by means of the relations 


pa Ue _ tor 
= y 
op sar 





respectively, each integral reduces to an integral with respect tot from 


. 
e 
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0 to 1, and hence (4) itself may be put in the form 
(5) So Bdt = 0 


where B is a sort of bilinear form in the functions u and v and their first 
derivatives, the arguments of the functions being specialized in the way 
implied by the transformations involved (so that each of them is a function 
of a single variable £). 

We now require linear homogeneous boundary conditions on u and v 
separately, independent of A, such that equation (5) is implied by the 
boundary conditions alone. We shall presently make clear the nature of 
these conditions by the explicit treatment of a particular case. For the 
present we shall suppose that these conditions have been set up in such 
way that the u-problem and the v-problem have the same characteristic 
values \ and that these are enumerably infinite in number. This done, we 
denote the characteristic values A and the corresponding solutions by ^; 
Ui, v t= 1, 2,3, e. i 

From (1) and (2) we now have the relations 


L(u:) + ALi(us) = 0, 
M(»;) + AM1(0;) = (A; = dj) Milo). 


If we multiply the first of these equations member by member by v; and 
the second by — u,, add the resulting equations member by member, and 
then integrate over S, the resulting first member has the value zero on 
account of the boundary conditions, and hence the second member also 
has the value zero. - Omitting the non-zero factor A; — dy, this gives us 
the relation 


(6) J. JS u:My(v;)dedy = 0, 47. 
Similarly, we have 


(7) J S vLy(u;)dady = 0, i +j. 


These two (equivalent) sets of relations express the generalized biorthogo- 
nality conditions for the problem in consideration. 

Ii we suppose that the integral f f-u;M,(v;)dady taken over S is dif- 
fererť from zero for every i we have a ready means of determining formally 
the coefficients cz in the formal expansion 


6) fle, y) = Lewuele, y) 


of a function f(x, y) of two variables in terms of the functions uzp. In fact, 
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we obtain readily the relations . 
SSE, y) Mi wrdedy ® 

(9) Ck = s , k=1,2, 
S S urle, y)Mi(v,)drdy ` 





In order both to make the method of procedure more explicit and to 
- illustrate the greater simplicity of the self-adjoint case of the foregoing 
problem let us consider an instance associated with a class of equations 
of great importance in theoretical physics, namely, equations of the form 
(10) Sat Sot NG + Hu = 0, 
xa ay 

where g is a function of x alone and hk is a function of y alone. For the 
region S we take now the square 0S 21,0 5y = 1; and we use the 
boundary conditions 3 


u(t, 1) — ult, 0 = 0,  u(l, ġ —u(0, t) = 
-Uy(t, 1) — u(t, 0) = 0, — ue (1, 2) — Usl0, t) = 0 


where the subscript y or x denotes the partial derivative with respect to 
this variable. It is easy to verify that problem (10), (11) is self-adjoint; 
that is to say, if one writes the same problem in v one finds that these two 
problems, one in v and one in u, satisfy those conditions already imposed: 
in the more general problems associated with (1) and (2). 

Equation (6) now has the special form 


(11) 





(12) SoS alg + huadedy = 0, i Fj, 
so that for.the coefficients c+ in (8) we have the simpler values 
: (13) Ch = So Sèl + hyur(z, wre; y)dady | k= 1, 2, 2,423 


SESE + h){ux(a, y) dedy 


Instead of considering all the solutions of (10) which satisfy conditions ` 
(11) we may fix our attention on any convenient class of theni, as for in- 
- stance those solutions which can be written in the form 


(14) ulz, y) = p(x)o(y), 


a class of particular solutions of great importance in theoretical and applied 
mechanics. Substituting u(x, y) of the form (14) into 0) and (11) we 
find that a constant u exists such that . 


(15) p’(x) + Ag(@)e(z) + upole) = 0, p) — p0) = 0, p’(1).— pO) = 0, 
(16) o” (y) + Ak(y)o(y) — wo(y) = 0, o(1) — (0) = 0, o'(1)— 00) = 0. | 


om 
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Each ðf the last two differential systems is self-adjoint. Together they 
form [if written in a single variable «| a system of two differential equa- 
tions (with boundary conditions) in two parameters \ and u. General 
problems of this type have already been treated in §3. It was through 
the emergence of the multiple parameter problem in connection with partial 
differential equations that I was first led to seek the formulation of the 
general multiple parameter problem for algebraic systems and also for 
the transcendental cases treated in this memoir. 

Let us derive the equations for the characteristic values of \ and u in 
equations (15) and (16). Let pi(x, \, u) and p(x, A, u) be a fundamental 
. system of solutions of the differential equation in (15) and seek a solution 
p(, ^A, u) so that the boundary conditions shall be satisfied. Constants 
cı and c are to exist such that 


p(x, r, u) = cxpi(2, A, u) + Copa (2, A, u); 
hence we have through use of the boundary conditions in (15) the relations 


e1{p1 (1, A, u) — Pi (0, À, B)} + Caf p2 G, r, u) — pe (0, A, u)} = 0, 
afer (l, A, u) T p: (0, A, e} + cf px (1, A, u) — p2'(0, A, u))} =0. 


The condition of consistency of these equations is that 


pr (lsd, u) ~ pr (0,2, u) pe (LH) — pa (0% H) | Lg 
p(l, A B) T: p1’ (0, A, u) px (l, A, u) > pz’ (0, A, u) | j 


a condition on à and p alone. Similarly, if o1(y, `, u) and oe(y, A, u) are 
a fundamental system of solutions of the differential equation in (16), 
we are led to the following second condition on à and yp: 


oi (l, À, u) — 01 (0, A, u) o2 (L, N, u) — 2 (0, A, #) | =0 . 
ai'(1, A, H) cy: o1'(0, A, u) o2' (1, A, u) = cz (0, r, u) f 


The common solutions of equations (17) and (18) are the characteristic ` 
values for problem (15), (16). They are also the characteristic values for 
problem (10), (11) when the solutions u are restricted to be of the form given 
in (14). 

Let us consider for a moment the special case in which g = A= 1. 
Then equations (15) and (16) have solutions (among others) of the form 


(17) 





(18) 





=e, oo = e", 


where œ and £ are constants. The boundary conditions then require that 
we must have 


e—l=0, ale — 1) = 0, e® —1=0, B(e® — 1) = 0. 


Hence’a = 2mri and 8 = 2nri where m and n are integers, positive or 


262 CARMICHAEL: Boundary Value and Expansion Problems. 


negative or zero. Then corresponding characteristic values \ and  [ per- 
haps not the nana set | are given by the relations À Be u = — 4m?r’ and 
A— B= Ar l ; 
A= — mmt n), p= — (m? — nè), 

where m and n are integers. The corresponding solutions u(z, y) may now 


be written Ar 
Umnn(2, y) a ermnizpinmiy 


The expansion of f(z, y) may be written 
+o 
f(a, y) = L Conner eon ty, 


For a real-valued function f(z, y) it is easy to transform this into an expan- 
sion in sines and cosines of integral multiples of x and y with real coefficients. 

Let us consider the extension of our problem to adjoint systems of partial 
differential equations involving a single parameter. As a typical instance 
we take the system 


Pu; , Pu et ð 
= +3 ay “i mA (au 5 hi + pA ay “i ia) 
(19) 4 


and its adjoint system 











070; , 00, _ On; OY În e) | 
(99) OF _ ay? > [ Ba w+ dz dy)” 
2 ðo; dv; Joye i K 
C È|- ant guta (a5 — St Be yh 21,2, -- 50 


Let us multiply the first of these by' v: and the second by — u: add the 
resulting equations member by member, and sum as to 7 from 1 to n; thus 
we have 


nī ð ( Ou; u) ð ( Ou; 00; ‘| 
Vi — U; + vi — Ùi 
- (21) 2 E Ox 02 dy \ ðy êy 


<= > 5 E fas + Nars ays -+ ay Z fos + Mes | u| = 0. 





After the method employed in the first part of this section we may now | 


obtain from (21) the condition which must be realized as a consequence of 
linear homogeneous boundary conditions on the u; and the v; separately. 
In (21) we integrate over a two-dimensional region S of the zy-plane, per- 
forming the integration with respect to x for those terms affected by the 


ô b o 
+ ne (a <i pis ou ra vss) a= 1,2,---,n, 
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operator 0/dx and with respect to y for those affected by the operator 0/dy. 
In this way we have a relation analogous to (4) above. Just as in the 
preceding case we introduce a variable ¢ so as to reduce the two integrals 
to a single integral of the form 


(22) / *  PIBdt = 0 


where B is a sort of bilinear form. The boundary conditions must be set 
up so as to realize this relation; they may be set up so as to realize the more 
special relation B = 0. 

Without attempting to characterize these boundary conditions in general 
[suggestions for forming them are afforded by the earlier part of this 
section and by the treatment of a like problem in § 1] we suppose that | 
they have been chosen so that those on the u; are linear and homogeneous 
in the u; and their first derivatives and so that those on the v; are linear and 
homogeneous in the v; and their first derivatives and that this has been 
done in such way as to realize condition (22) as a consequence of the bound- 
ary conditions. We shall suppose also that the characteristic values A 
Az, As, +++ of the u-problem are the same as those for the v-problem and 
that these values are infinite in number.. The solutions corresponding to 
Ax we denote by u:™, 0, 

In (19) let us write Ax and wu; for A and u,; in (20) let us write \; and 
vi for A and-o,;, where k + l Multiplying the first. of these resulting 
equations by »;“ and the second by — u,“, adding member by member, 
summing as to į from 1 to n, integrating as to x and y over the region S, 
simplifying by use of the relation to which (22) reduces when u; is replaced 
by u,;“ and v by v;® [a relation which is valid in view of boundary conditions 
of the sort described], we have ʻa relation which becomes the following 
when the non-zero factor Ay — dz is dropped. 


LI [Èl E- 0,002 


aa = a i K 


Similarly we have the proi relation 


(24) SS be J fas + Bi oi + veins} e] dady = 0, k +1. 





t=1 j=l 


Now let fi(z, y), i = 1, 2, -+-, n, be a system of n functions of the two 
variables x and y and let us seek simultaneous expansions of the form 


(25) . fil, y) = Eene yh i= 1,2, h, 
r=} i 
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where the c, are independent of 7 as well as of z and y. We seek to*deter- 
mine the c, on the supposition that the expression in the first member of 
(24) is different from zero whenever k = l.. We multiply both members 
of (25) by _ 2 





+ py F ae Yash; 9, 


sum both members as to j from 1 to n and as to 7 from 1 to n, and integrate 
in the resulting equation as to x and y over the region S. In view of (24) 
it is seen that c; is the only coefficient left in the second member and that 
we have for c the value 





Ak) ae 
SS = > fas + Bi n + vests} fala, y)dxdy 
ous == 
JT. 2 > fas aE E By Te + ts} a (x, y)dady 
= 1,2, ++: 


In case ay = 0 = By relations (24) and (26) reduce to the notably 
simpler forms 


È 5 yyw; dedy = 0, bk + I, 
S > 2 isu; fidady : 
= PFS S nial k= 1, 2,3, =. 
>, 2 yyw o dady 





Just as the ae in ordinary Sirena equations with one param- 
eter can be generalized, as we have seen, to the case of any finite number of 
parameters so the problems treated in the foregoing part of this section 
can be extended to partial differential equations and systems in any finite 
number of parameters. Moreover, any finite number of independent 
variables may be employed in place of the two variables x and y of the fore- 
going treatment. . 

If we use the Volterra limiting process for passing from a finite number- 
of differential equations to an. integro-differential equation we are led from 
equations (19) and (20) above to certain adjoint partial integro-differential 
equations. For the sake of simplicity we shall confine our attention to the 
case in which the functions az, bi, cj, By are all identically zero. Then the 
integro-differential equations are the following: a. 


Fue Hoe Pin er EE rrr cea 


2) yD o 


dy’ 


(28) £ ao Y» 8) + 2 np Os = file(s, y, t, s) + Ayl, y, t, 8) py, ue 


(21) 
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These equations may be treated by processes closely analogous to those 
by which (19) and (20) were treated. We summarize the main results. 
Corresponding to (23) and (24) we now have 


(29) SSTSE SEv(a,y, t 90 (a, y, Du (a, y, sdsdi ldedy=0, k+l. 
s i 


Then if we seek expansions of the form 


(30) C æy 8) = Lowe y, 8) 
we have for the coefficients cx the values 


SSTSESEYE, y, 8, ue, y, Of le, y, s)dsdildedy 
ITER Fives i, 8, Gue, y, Do Ce y, Jld Mendy’ 
k = 1, 2, 





(31) Ck = 


7. On a Problem Arising in the Theory of Vibrating Plates.—An impor- 
tant differential equation in the theory of vibrating plates is the following: 





a‘ - dE OE OE 
(1) gaT? I T By oy! van ° 
Here a is a constant and £ is a function of 2, y, t. In the theory of vibrating 
plates one desires to have a solution &(z, y, t) of (1) which for t = 0 reduces. 
to a given function f(z, y) so that we have (z, y, 0) = f(a, y). Such solu- 
tions &(2z, y, t) have been found in a variety of ways in terms of particular 
solutions of the form 


(2) E(x, y, t) = u(x, ye 


where n is a constant. If we substitute this value.of ¢ into (1) we have for 
u the eqfiation 


(3) Uw) + us Sot ae tpt = 
. zdy? 
where \ = — n’a. We shall formulate the expansion problem as con- 


nected with equation (3) in the general form” suggested by the standard 
procedure which we follow under the guidance of the basic algebrate theory 
which directs our investigation. 

The equation adjoint to the equation L(u) + Nu = 0 is obviously the 
equation L(v) + A(x) = 0. We have the following readily verified basic 
identity: i ; ` aa 


* Aenumber of special cases of this problem have been treated (with ‘paras results) 


in connectin with the usual theory of vibrating plates. 
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Let us now write more explicitly 
(10) Bile, y) Baa, y), 


respectively, for the forms in the first and second brackets expressions in 
relation (4). Then for B ‘we now have the value 


(11) B = (d — c){Bib,e+ (d — et) — Bila, e+ (d — e)d)} 
+ (b — a){B:(a + (6 — dt, d — Ba + (6 — ak, o}. 
Now let us think of Bi(a, y) as a sort of bilinear form in the two sets of 
variables f 
ðu Fu Fu ðu u ðv 070 8v ðv ðw 


12 3 >? >|? J ID 99 , 7 
(12) HF Bae’ Oy? dad’ aroy OÈ Fa? Fak?’ aye’ dal’ Dra 








Let us form the matrix ||a,;!! of this bilinear form where the element a:p 
of the ith column and jth row is the coefficient of the product of the ith 
function in the first set by the jth function in the second set. Then we have 


0 0 0 Ol s 
0 0 ~1-s 0 0 

piet E pi 0 000 
i 0 2-s 0 000 
+| -1 0 0 000 
s-2 0 0 000 


It is easy to show that this matrix is of rank 4; for the last row may be 
made to consist of elements zero by adding to it (¢ — 2) times the second 
last row, the fourth row may be made to consist of elements zero by adding 
to it (s — 2) times the third row, the last column may be made to consist. 
of elements zero by subtracting from it s times the second last column, and 
the fourth column may be made to consist of elements zero by subtracting 
from it imes the third column, the matrix so obtained being the following 
(which obviously is of rank 4): , 








0 0 0010 
00-1000 

0 1 0000 

aD 0000 

1-1 0 000 0 

° 1 0 0 0000 


In Bi(a, y) we have the six variables u and the six variables v listed in 
(12). In Bo(a, y) we have similar six variables u and six variables v. The 
matrix of the bilinear form B(x, y) is of rank 4, as one may readily verify 
by the method used for Bi(a, y). Hence we may look upon B, defined as 
in (11), as a bilinear function of 24 variables u and 24 variables v, and this. 
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bilinear form is of rank 16. Hence B may be put into the form 


a3) B = $$ TiO), 


where for each 4 Ulu) is a linear homogeneous fanction of the 24 variables’ 


u and V,(v) is a linear homogeneous function of the 24 variables v. The 


set U;(u), i = 1, 2, +++, 16, is linearly independent, and so also-is the set 


Vv), t= 1, 2, ---, 16. Then the boundary conditions which we take 
for the u-problem are 

(14) ; l U;(u) = 0, i= 1, 2, see 8, 

while those for the v-problem are 

(15) Viw) = 0, i= 9,10, «+, 16. 

[For some parts of the theory one may take any number k of conditions 
U;(u) = 0 not greater than 15,7 = 1, 2, ---, k, and then use for the v- 


conditions V;(v) = 0,4 = k+1,-+--,16. But the form of conditions given 
in (14) and (15) is needful for certain parts of the development.] If the 


conditions on v in (15) are the same as those on w in (14) the problem is © 


self-adjoint and the maximum of elegance is secured. 


University OF ILLINOIS, A 
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RECIPROCITY IN A PROBLEM OF RELATIVE MAXIMA AND 
MINIMA.* f 


. By James K. WHIITEMORE. 


Introduction.—Most students of the differential calculus have doubtless’ 
observed that the two following problems have the same solution: To 
determine the shape of a rectangle of given perimeter and maximuin area; 
To determine the shape of a rectangle of given area and minimum perimeter. 
While in this and similar cases a quite elementary explanation may be given 
of the exchange of maximum and minimum corresponding to the exchange 
of area and perimeter it seems of interest to consider the analytical problem 
of maximum or minimum value of a function of two variables, subject to 
‘the condition that a second function of the two variables have a constant 
value, and to determine when the exchange of the rôles of the two functions 
results in the exchange of maximum and minimum. In this paper this 
question of reciprocity is discussed for the simplest problem, two functions 
of two variables. It is suggested that a similar discussion of the more 
general problem with more than two variables and with two or more than 
two functions might give ‘results of considerable interest. The methods 
are analytical but are based largely on geometrical intuition. It is intended 
that the discussion should be complete, that is that all necessary and suffi- 
ciert conditions should be given, in so far as this is possible with the use of 
the first and second partial derivatives of the two functions. ‘In the first 
section the general case is considered, simple necessary and sufficient 
conditions for a relative extreme, maximum or minimum, obtained and 
stated if both analytical and geometrical form, and the reciprocity condition 
deteymined. In the second and third sections the more complicated excep- 
tional cases are discussed. The fourth section is devoted to a study of the 
invariant properties of the conditions previously established. In the last 
section we give examples illustrating the theory developed in the preceding 
sections. l ‘ 

§ 1. The General Case.—Consider two functions © and Ņ of the two 
real variables, x and y; suppose that in the neighborhood of P(a, yo) 
both ¢ and y are single valued, real, and have continuous partial derivatives 
of the first and second orders. We write 


. olz, y) =u Ya, y) =, 
* * Presented to the American Mathematical Society at New York, April 24, 1920. 
` 271 


272 WHITTEMORE: Relative Maxima and Minima. 


e 
and denote the values of these functions at P by uo and a. We consider 
the two problems: ° 
A. To determine when uo is an extreme of ¢ subject to the condition, 
yp = vo. f 
B. To determine when 2 is an extreme of y subject to the condition, 
p = Uo. 2 ' 
It is necessary to specify exactly what is meant by the statement, 
„u is, for example, a maximum of ¢ subject to the condition Y = vo» This 
statement shall in the following pages be understood to mean: (1) There 
exists a continuous set of real values x, y, of which set æo, yo is an interior 
point, and of which all points satisfy the equation y = vo; (2) For every 
point of this set, different from £o, yo, uo > v(x, y). Consider with this 
definition of relative maximum the example 


g=y¥, wa=ve+ry, 
“Xo = Yo = Uo = % = 0. 


The condition, 2? + y? = 0, gives ọ = — 2”, and 0 is a maximum value of 
g.considered as a function of the independent real variable x, but according 
to the definition above is not a maximum relative to the condition, 
a? + y? = 0, for there is not a continuous set of real values, x, y, including 
0, 0, satisfying the equation of condition. In some circumstances, as will 
appear in § 2, there are two or more sets of real values æ, y satisfying the 
condition.* It may happen that uo is a maximum on both sets, supposing 
that there are two such sets, a maximum on one and not on the second, or 
not a maximum on either. 

Evidently problems A and B are interchanged by exchanging ¢ and y. 
Problem A may be stated in geometrical form as follows: We regard x and 
y as ordinary rectangular coédrdinates in a plane which we find it con- 
venient to call horizontal; the problem is that of an extreme of the ordinate 
u of the curve of intersection of the surface, S, ¢ = u, with the cylinder, 
Y = v. Suppose first that P is not a singular point of the curve C in the 
xy plane, Y = v; then one branch of C passes through P, and there is no 
essential restriction} in supposing that, for P, Yy + 0. Evidently a neces- 
sary condition for an extreme in A is that the tangent to the curve of inter- 
section of S and cylinder at Q (£o, yo, uo) be horizontal. For this curve 


du = d dy y 
a a a erant =a 7 
* Usually in the following pages we consider only such a set of points (x, y) as form a 
curve through P having at P a continuously turning tangent. . 


T See § 4. 


Di, 
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It is nêcessary that, at P, 
JT = apu — Papy = 0. 


The “critical points,” such as æo, yo, are determined in the usual elementary 
solution of A by solving simultaneously y = v and J = 0. 
For P we have 


d? 2 ” dy 


u 2 
TaT V ut Y owt 2Y' Gey t pa Y" = Ta 
do 


d = y” py t y Vw + 2y'Pry + Yor = 0. 


Tf, at P, ¢, = 0 it follows from J = 0 that ys = 0. This case we consider 
in § 2, supposing now yg, + 0. We have at P 


de x z z z 
Ta tn — 2 on + Prz — a(t von ~ 258 Way + Yaz ) 
= 9, |= Puy — PPr + Or Prr Ve Vy — Wapbay T Pr vel, 
ey í vs 
since J = 0. We may write for P 


du 
e B= lye” — 44" 











where y,” and y,” are the values at P of d’y/dz? for the curves in the æy 
plane, o = uo and Y = vo respectively. For problem B we should evidently 
have at P the necessary condition J = 0, and 
2 

ae Wy,” <i Yy nja 

We may state the following: With the hy pothesis that each of fie real 
curves in the zy plane, g = uo and ¥ = v, has an ordinary point at P, a 
condjtion necessary in both A and B is that these curves be tangent at P, 
J = 0; if this is the case a sufficient condition in both A and B is that the 
curves do not osculate at P; if both the necessary and sufficient conditions 
are satisfied A and B have like or unlike extremes as gy, and yy have different 
signs or the same sign at P. If the two curves osculate at P, so that the 
sufficient condition fails, problems A and B cannot be completely discussed 
by use of the first and second derivatives; we shall say in such a case the 
discussion fails.* 

§ 2. Exceptional Cases.—We consider in this section the cases of prob- 
lem A excluded in the preceding discussion. The conditions stated in each 


* For example see § 5. 


274 WHITTEMORE: Relative Maxima and Minima. 


case are for the values zo, yo. ‘ e 
I. Ye = Yy = 0, ez and yy not both zero. 
Il. o = y = 0, ve and Yy not both zero. 

M. p: = Gy = Yo = fh = 0. l 

To put the problem in geometrical form we tonsider 2, y as before to 
be rectangular coérdinates in a horizontal plane, and consider the inter- 
section of the surface S with the cylinder, Y = vo a cylinder with vertical ' 
elements erected on the curve, C, Y = v, in the zy plane. This curve has in 
I and III a singular point at P. We assume that not all three of the second 
partial derivatives of y vanish at P, so that this point is a double point. 
This point is an isolated point with imaginary tangents, a cusp or osculating 
point or isolated point with one real tangent, or a point of intersection of two 
real branches of the curve with distinct real tangents, as AW = Wes? — Palun 
is negative, zero, or positive at P. The slopes of the tangents are the values 
of y’ satisfying ` 

yun + 2y'Poy + Yas = 0. 


In II and III the tangent plane to 8 is horizontal at Q. The total curvature 
of the surface at this point is positive, zero, or negative, for all cases, as Ag 
is negative, zero, or positive, and the slopes of the horizontal projections of 
the asymptotic tangents at the point are in all cases given by the values _ 
of y’ satisfying 

| Y pm + Y'O + Caz = 0. 


In accordance with the limitations set.for our discussion we suppose that 
not all of the second partial derivatives of ¢ vanish at Q, or, in geometrical 
terms, that Q is not a flat point of the surface S. ; 

-Case I, = Wy = 0, z and gy not both zero. P is a double point of 
C; the tangent plane to the surface S at Q is not horizontal, but contains a 
single horizontal direction given by y’¢y + s= 0. We assume, gs in the 
first section, py + 0. 

Ia. AY < 0. No real branch of C passes through P, and w is net an 
extreme of g. 

Ib. Ay = 0. Suppose the point P is a cusp or an osculating point of C. 
If P is a cusp and if the cuspidal tangent is not parallel to the horizontal 
tangent to S, at Q, that is if 


Dyg = Pa Yuy — 220yay + Py Wax +0, 


the ordinate u of a point moving on.the curve of intersection of surface and 
cylinder will increase to uo then decrease, or decrease to up then increase, 
since dujdx + 0 at P, and u is an extreme of gy. The discussion fails in this 
case to distinguish between maximum and minimum. If P isan osculating 
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point ôf C and if a path with no cusp at P be followed a necessary condi- 
tion for an extreme is Dye = 0. „The discussion fails for further conditions, 
and fails also to distinguish between ‘cusp, osculating point, and isolated 
point. 

Ie. Ay > 0. The poirt P is a double point of C with two real distinct 
tangents. In this case we consider only a path with a continuously turning 
tangent, that is a path projected into a branch of C. . Evidently, for one 
branch of C, wo will not be an extreme of yg. In order that uo shall be an 
extreme for one branch of C it is necessary that Dyp = 0. Further dis- 
cussion of this case fails. . 

Case II.—oz = py = 0, Ys and Yy not both zero. The point P is a 
simple point of C; the tangent plane to S at Q is horizontal. In all cases 
under II, since, at P, yẹ” is finite with the assumption yy + 0, 

Gu _ Ds. 


dè YP 

Ila. Ag < 0. The total curvature of S is positive at Q, and w is an 
absolute and consequently a relative extreme of p, a maximum or minimum 
as DW + 0 is negative or positive. It is evident that zs and gy have 
the same sign as Dyy. 

IIb. Ag = 0. The total curvature of S vanishes at Q, which is a para- 
bolic point, since we have excluded the case. of a flat point. There is at Q 
a single asymptotic tangent given by 


Yu + 2y' xy + Pon = 0. 


It is clear geometrically that up is a relative extreme of ¢ if the tangent to 
C at P is not parallel to the asymptotic tangent, that is, if Dy + 0. Asin 
IIa the nature of the extreme is given by the sign of Dey, the same as that 
of gzs and Few when neither of the latter vanishes. If Dyy = 0 the discussion 
fails. 

Ile. Ag > 0. The total curvature of Sis negative at Q, which is accord- ` 

, ingly a hyperbolic point. There are at Q two distinct real asymptotic , 

tangents given by the same equation as in IIb. If the tangent to C at P 
is net parallel to either asymptotic tangent wp is an extreme of p, whose 
nature is given as in Ila and b by the sign of DY, but not by the sign of 
Yor Py. If DoY = 0 the tangent at P is parallel to one of the asymptotic 
tangents and further discussion fails. 

Case IIL.—gz = py = pa = Py = 0. 

The point P is a double point of C; the tangent plane to 8 at Ha is ko 
zontal. 

Illd. Ap <0. The total curvature of S is positive at Q. 
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1. AY <0. No real branch of C passes through P, and wo is ‘hot an 
extreme of ¢. 

2. Ay = 0, 3. Ay > 0. Since wo is an absolute extreme of ¢ it is a 
relative extreme for any path, a maximum or minimum as Y is negative or 
positive, if P is not an isolated point of C in 2: * 

IIIb. Ag = 0. The total curvature of S vanishes at Q, and there is a 
single asymptotic tangent. 

1. AY < 0. There is no extreme of ¢ at uo. 

2. AY = 0. The curve C has a single tangent at the double point P. 
It is evident geometrically that u is an extreme of ¢ if P is not an isolated 
point of C and if the tangent at P is not parallel to the asymptotic tangent 
at Q. i 

To express the last condition analytically consider the values at P (æo, yo) 
of the two- polynomials i my, 


y “ow + Y Gay + Prs = Ely — arly’ — s 
y’ Yy + 2y'Pey + Pas = Yuy(y’ — BY — Bo). 


‘Their resultant R is 
R = Gy by7(e1 — Bi) (a&i — Bo) la — bi) la — Be) = E — 4AgAy, 


H S CanWyy + Wax yy = 20xyW ay: 


‘The condition that the tangents named be not parallel is R + 0, or since 
Ag = 0,H +0. Asin IIIa, 2 and 3, the nature of the extreme is given by 
the sign of gy, if gy + 0; by the sign of ges if gy = 0; not both ss and 
Yy vanish, and they have the same sign if neither vanishes. If H = 0 
the two tangents are parallel and the discussion fails. 

3. Ay > 0. The curve C has two real branches intersecting at P with 
distinct tangents. It is evident geometrically that wo is always an extreme 
of ¢ for one branch of C, and an extreme of the same kind for both brafaches 
if the tangent to neither branch is parallel to the asymptotic tangent to S 
at Q. Considered analytically, we have R = H?, since Ag = 0, and a; = ap. 
If H + 0, we have for the two branches of C, since y,” is finite, d?u/da? 
equal to %,(81 — a1)? and gy,(B2 — a1, Gy + 0; the two extremes are 
alike, maximum or minimum as ¢y, is negative or positive. If H =*0 the 
tangent to one branch of C is parallel to the asymptotic tangent at Q, and 
for this branch the discussion fails; for the other branch the nature of the 
extreme is given as before by the sign of Yyy. 

IIIc. Ay > 0. The total curvature of S is negative at Q; there are two 
distinct asymptotic tangents. 


where 
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1. Ay <0. There is no extreme of ¢ at uo- ` 

2. Ay = 0. It is evident geometrically that sufficient conditions that 
uo be a relative extreme of ¢ are that P is not an isolated point of C and that 
the single tangent to C at P is not parallel to either asymptotic tangent at 
Q, that is H +0. If H = 0 the discussion fails. 

We determine the nature of the extreme when H + 0 as aoea In 
` the neighborhood of 29, yo, we have 


o = Ut (Ay) ey + 2AvAyor + (Ax) Prz 


for values of the partial derivatives at a point near a, yo. Since the deriva- - 
tives are continuous by hypothesis «o is a maximum or minimum as 


YP Ow + 2y' Pay + Pes = Puy(B1 — &1)(81 — a2), y’ = Bi = Bo, 
is negative or positive. Now it is easily proved that 
H = Sembin{ (x — B) (@ — Ba) + (en — b) lo = 8:)}5 
and, since in the case before us 61 = Bo, we have . 
H = pupulari — B1)(a2 — Bi). 


Then up is a maximum or minimum as YyH is negative or positive. The 
value of d’u/da? cannot be used in this discussion since in general, when 
Ay = 0, yy’ becomes infinite. 

3. Ay > 0. For- both branches of C y,” is finite if Yy + 0, and, if 
Puy F 0, 


du 
dx? 


If R < 0, the values of this second derivative for the two branches of C, 


@ - Puli — a) (B1 — æ), Pyy(B2 — a) (b2 — a), 


have, opposite signs, and uo is an extreme of ¢ of opposite kinds for the two 
branches of C. If R > 0, the two values have the same sign and up is an 
extreme of ¢ of the-same kind for the:two branches of C. If R = 0, one or 
both tangents at P are parallel to respectively. one or both asymptotic 
tangents at Q. Along such a branch of C the discussion fails. If both 
tangents at P are parallel to asymptotic tangents at Q we must have | 


= Puly — a)y — a). 


`v 


We consider the nature of the extremes of ¢ at uo.’ Suppose first R > 0; 
there gre two extremes of the same kind. If gp and Yy are both different 
., from zero these extremes are maxima or minima as the following expression, 


t 
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not zero, is negative or positive: “ 
« s e 2 7 
Pwi (a1 — B1)(a@2 — Bi) + (a1 — Be) (a2 — Bo)} = -= Us, 


Voy 
U, = = Yuh + 20 why ; 


The nature of the extremes is then given by the sign of Us. It. will 
sie in § 4 that the restriction gy + 0 is not essential. If R = 0, 

= Bi, a + Be, the criterion for maximum or minimum on the branch 
e C for which y’ = $; is again the sign of Us, unless gy = Yuy =. Uy, = 0, 
when the distinction will be given by the sign-of 


U,’ sad Varll + 2GrrAy + 0. 


We shall show in § 4 that U, and f have the same sign whee vater 
vanishes. 

In three other cases, previously considered, the nature of the extreme 
or extremes is given by the sign of U, or of U,’ when the former vanishes. 
These all come ‘under III, ps = py = Ys = Yy = 0; they are b, Av = 0, 
2, Ay = 0; b, 8, Ap > 0; c, Ay > 0, 2, Ap =0. In the discussion of 
b, 2, H + 0, it was shown that ws is a relative maximum or minimum as py, 
supposed different from zero, is negative or positive; in this case U4 = YyH 
and this expression has the same sign as gy if Yyy dées not vanish, for 


Onu = Puy m (1 z= BD)? >0. 


In b, 3 the criterion was again the sign of py, which has the same sign as 
U,, when these are both different from zero, whether or not H vanishes; 
. if either H or Yy vanishes Uy = o,Ay; if Yy + 0, we have from the preced- 
ing paragraphs, 

Pun’ { (a1 — B? + (a1 — B2)?} = 204. 


In c, 2 it was proved that if H + 0 the extreme is maximum or Minimum 

as YyH is positive or negative; since Ay = 0, this is exactly Us. If 5 = 

U, = U,’ = 0, and the discussion fails. If Ap = Ay = R = 0 we have 

the excluded case, ; 
Pre _ Poy _ Pw. 
Wen Yaj Yuy 

If Ag > 0, Ay = R = 9 the discussion fails. In all other cases where 

“ Ag2=0; AŅyZ=0, R20, 





gy has at uo a maximum or a minimum as U, is negative or positive; if 
U, = 0 the criterion is the sign of U,’ + 0. > In certain cases ¢ has at uo 
, two like extremes whose nature is given by the sign of U, or U,’, namely 
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. > h ri 
Ag = 0, Ay > 0, R> 0. In other cases ¢ has at uo one extreme whose 
nature is given by the sign of U,’of U,’, and may have a’ second extreme of 
either kind or no other extreme, namely Ag = 0, Ay > 0, R = 0. 

§ 3. Reciprocity in the Exceptional Cases.—We now consider problems 
A and B together under the same assumed conditions with the purpose of ` 
determining, in so far as it is possible ‘with the use of the first and second 
derivatives of y and y, when extremes in the two problems are like or unlike. 

It is clear that under assumed conditions for example in case I of § 2 the 
solution of B is given by interchanging ¢ and y in II. 

In I, Ys = Yy = 0, pz and gy are not both zero. Ia, Ay < 0. In A 
there is no extreme. ‘For B the solution is given by Ila, exchanging ¢ 
and Ņ; there is always an extreme. 

‘Tb. AY = 0. In A if P is not an isolated point of C a sufficient condition 
for an extreme.is Dyg + 0. For B the solution is that of IIb; a sufficient 
condition is Dy +0. The discussion fails for comparison of the nature 
of the extremes in A and B. The sufficient condition common to the two 
problems is, geometrically expressed, that the two curves, p = uo and | 
w = m, are not tangent at P. 

Ic. Ay > 0. In A it is necessary for an extreme that Dg = 0. For 
an extreme in B a sufficient. condition, by Ie, is Dyg + 0. 


The solutions of ‘A and B with the assumed conditions of case II are. < 


given by exchanging pandy in the preceding paragraphs. 

In III, y: = gy = Yo = ty = l 

Hla. Ag < 0. 1. Ay < 0. There is no extreme in A or B. ; 

2. AY = 0. There is always an extreme in A unless P is an isolated 
„point of C. The solution of B is given by IIIb, 1; there is no extreme. 

3. AY > 0. There is an extreme for any path in A. In B, by IIIc, 1, 
there is no extreme. >s , 

IIb.Ag = 0. 2. Ay = 0. In both A and B, if P is not an isolated 
PF either curve, ¢ = uo or C, a sufficient condition for an extreme is 

We prove that the extremes are like or unlike as H is positive or 
negative: Since Ag = Ay =.0, a1 = œ and fı = fz; since R = H? + 0, 
ay + 6, and H = gy jy,(ai1 — b1). Then gy, and Yy have like or unlike 
signs as H is positive or negative. 

3. Ay > 0. In A there is always one extreme, and if H + 0 two like 
extremes. In B, if P is not an isolated point of the curve o = uo a suffi- | 
cient condition, by IIIc, 2, is H+ 0. If H +0 the extremes of A and B 
are like or unlike as pyy and H yy have like or unlike | signs, that 1 is as Hi is 
positive or negative. ; 

‘Tm Ag > 0. 3. Ay > 0. “tt R < 0 there are, as has been shown in the 


ae preceding section, two-unlike extremes in problem A, and similarly two 


unliké extremes in B. 
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For R = 0, we have, with the notation of § 2, o1 a since Ag > 0, 
and bı + b since Ay > 0, and a; = Bx. ° If also a = $z then 


Pex _ Poy _ Pw 


Va Yu Vw’ * 
and further discussion fails in both A and B. If these equations do not 
hold a» + fz and there is certainly óne extreme for both problems. For 
A and B respectively, if gyyhyy, + 0, 
au d? 
dai = Pw Bo — a) (B2 — a2), me = Wyy(a2 — B1) la — bə), 


and since, for this case, = 


H= 5 Puy (Or — B2)(a2 — Bi), 


_ the extremes known to exist in 4 and B are like or unlike as H is positive or 
negative. 

For R > 0 there are two like extremes in A, similarly two like extremes 
in B. We shall show again that the extremes of A are like or unlike those 
of B as H is positive or negative. Supposing as before gy + 0, the two 
values of du/da? for the two branches of. C in A have the same nign and 
are, as given in § 2, ` , i 


Lm(bı — a) (8: — a), ` Gyy(Be — a1) (Be co a). 


The two values of d'w/da? in B are similarly 
Wy(a1 — Bla — Be), cits — B;)(a2 — b2) 


and have the same sign. The signs of the two products, 


wna — Br)(e2 — Br), Prva (ar — Ba) (2 — bi), 


are alike and the same as the sign of H since the latter is one half their sum. 
Then the extremes of A and B are like or unlike as H is positive or oe tees 

We note that in all of the exceptional cases of § 2, where it is possible to 
determine the nature of the extremes, supposed alike when there are two, 
in both A and B by the use of the first and second derivatives of @ and y, 
_ the extremes in the two problems are the same or different as H is positive 
are negative. These all come under HI, gs = py = Ye = ty = 0, and 
include all cases where neither discriminant, Ag or Ay, nor the resultant R 
is negative, not all three vanish, and H + 0. 

§ 4. Invariant Properties.—The various analytic conditions derived in 
the preceding ‘sections must be independent of the geometrical representa- 
tion of the problem and are accordingly invariant for any change of variables, .. 


2) 
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not singular at the point considered. It is of interest to consider directly . 
the invariant properties of these conditions. It is also necessary to demon- 
strate the unessential character of assumptions as to non-vanishing of 
certain derivatives made in some of the discussions. 

Suppose x and y are replaced in o and y by two real functions of two 
new real variables, x’ and y’. Concerning these functions we assume that 
both have for the point considered finite first and second partial deriva- 
tives; further, that at the same point the transformation is not singular, 


` that is 


Ò = Er' Yy! — Ty'Yz' F O. 
For the new variables the various conditions will be obtained by replacing 
the derivatives of and y with respect to x and y in the conditions estab- 


lished’ by the corresponding derivatives of the same functions with respect 
to 2’ and y’. We have 


Pu! = Orn’ + Pyr’, Py! = Pry! + PyYy’ 

Pr'r'! = Parta”? + 2Prytx"Yr' + Pnt”? + Prtr'z' + PyYa'x's 

Pa'u! = Prrts'Xy! + PayEasy + Ly'Yo’) F CyYe'Yy! + Pxte’y’ + Pus'y's 
Py'y! = Pasty” + 2OxyXy'Yy’ + Puy! F Partyy! F Ovy'y's 


with similar equations for y. 
Consider the quadratic form, 


Ap? +,2Bpg + Cg = A’p” + 2B'p'g + 0g”, 
p= ap + bg, q= ep’ + dy’, 
A’ = Aæ +- 2Bac+ Ce’, 
B’ = Aab + Blad + be) + Ced. 
C’ = Ab’ + 2Bbd + Cd’. 


- If we write 


gi a = tr, b= x, C= Yr’, d = yy’, 
we my consider ¢, and gy as variables contragredient to p and q.* In the ` 
following discussion of the invariant properties of the conditions of the 
preceding sections it is to be remembered that the values of all derivatives 
of vy, Y, x, and y considered are the values at P (2, yo). In the first place 
the classification of § 1 and in § 2, cases I, II, III is invariant, for, since 
ô + 0, gz = gy = 0 if and only if g = gy, = 0. Next, if p, and gy are 
not both zero, and if y, and yy are not both zero it is clear that 2’ and y’ 
may be chosen so that gy,’ and y,’ are both different from zero. The 
necessary condition of § 1, J = 0, is invariant for J is a contravariant* of 
weight one. The condition of the same section, sufficient for an extreme 


= Bécher, “Introduction to Higher Algebra,” p. 109. 
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and determining the nature of the extreme, we consider later. When the 
sufficient condition is satisfied for both A and B the’condition that the 
éxtremes are like or unlike is that ¢, and% have unlike or like signs. If 
Yy and Wy’ are both different from zero this condition is invariant if J = 0, 
for ` i . 


p bbe F ly by 


We may say that y,/, is an absolute conditional invariant, with condition 
J=0. l 

In § 2 the further subdivision of the problem depends on the signs of 
Ag and Ay, Ag = Ery — Gry. It is evident from the values given 
above for the second derivatives of y with respect to a’ and y’ that Ag is 
not in general invariant, but with the conditions, 9, = ¢, = 0, the trans- 
formation is exactly the transformation of the quadratic form in p and q, 
and since the discriminant is an invariant of weight two in the algebraic 
` theory,* we have conditionally A’g = Ag. The sign of Ag and the 
vanishing of Ag, and similarly Ay, are therefore conditional invariants: 
If Ys = Wy = 0, the expression, 


Dye = Ex Yuu — 2PzPyP zy +: Oboes 


is invariant in sign, for it is in the algebraic theory the form adjoint to 
Prap? + Waypg + Youg, and therefore a contravariant of weight two. 

We now consider the invariance of sign of p(y,” — Y”), supposed 
not zero, in § 1. We may evidently write 


i 


PylYy” i y) = 7a We (pw = SD) l 
where we suppose ¢, and Yy both different from zero, and J = 0. Under ° 
these conditions the sign of the expression is evidently unchanged By trans- 
formation if g,’ and yy,’ are also both different from zero, since ¢,/ygis an 
absolute invariant, and since the terms of D'y and ‘D,’y, which contain 
the second derivatives of x and y with respect to 2’ and y’, cancel. 

In case III we have the conditions, gz = ¢ = Yz = Yy = 0, so that the 
transformation is equivalent algebraically to that of two quadratic forms. 
We have supposed in that discussion that the following equations do not . 
hold: 

3 | Gan Pu Pun, 
Vee We Va 


* Bécher, 1. e., p. 129. . ' 
t Bocher, 1. c., p. 159. - pi í ss 
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whichsinelude the special cases also excluded, 


Paz = Ory = Puy = OF or Wes = dey = b= = 0: 


That this condition is invariant when the four first derivatives vanish is 
obvious from the values given above.for the second derivatives of ¢ with 
respect to 2’ and y’. From the same expressions it foJlows that under the 
assumed: conditions it is possible ‘so to choose 2’ and y’ that neither gy 
nor Yy vanishes. In the same case we have stated that the nature of the 
extreme is in certain subcases dependent on the sign of gy, or Yyy, We have 


Pyy’ = Land? + 2Gn,bd + oul’, i 


and the signs of pyy and ¢y'y’ are the same when this form is definite, 
‘Ay < 0, or, if neither vanishes, when the form is singular, Ag = 0. Still 
considering the same case we have from the algebraic theory* the facts that 
H and R are invariants of weight two and four respectively, and are gheretone 
unchanged in sign by transformation.. l 

It remains only to consider the invariance of the signof ‘> 


Us = Vull + 2¢6yAy, 


the criterion for maximum or minimum in III, 6 3, Ag > 0, Ay > 0; 
R20. We recall the fact that both H and Ay are invariants of weight 
two, and note that H does not vanish.since R = H? — 4AvAy =0. Nowif 
Puu and Wy, are botle different from zero it has been proved that the sign of 
U, is the same as that of 


gwll = Bala — B1) + (ax — Ba) lo — B1)}; 
and U, + 0. Evidently if one but. not both of the derivatives, gy, and Yyy 
vanishes U, + 0. If also pzs and Vex are both different from zero the sign of , 


Us = yH + 2prsAY ` 


is thé same as that of 


eee) are) aa) aa) 
— „_ 2u | (a1 — B1) (æ — Br), (a1 — Be) (a2 — Be) 
j A pè Pogi | 


4 


and consequently in the cases before us, R = 0, the same as that of U4. 
Any given non-singular transformation, : 
p = ap’ + bq’, q= cp’ + dy’, 

* Bother, l. c., pp. 166, 236. ` i l Bet 


284 Wurrremore: Relative Maxima and Minima. 


may be regarded as the transformation, @ = 1, of the transformationsed, 
p= a(6)p' + b(6)q’, q ="e(8)p’ + d(A)q’, 


where the four functions of 0, a, b, 2, d, are single-valued functions, continucus 
for 0 = @ = 1, and subject to the conditions: 


- @0)=1, a@)=a; b(0)=0, b) =b; c0)=0, (1) =e; 
d(0) = 1, d(l)=d. 


Evidently 8 = 0 gives the identical transformation. If for the given 
transformation ad — be is positive the four functions of 0 may be chosen 
so that in the interval named 


a(6)d(8) — b(6)c(8) 


does not vanish, and consequently no transformation 6 is singular. For the 
same interval U, is a continuous function of 0. If R> 0 not both gy 
and Wy, vanish for any @, and U, has the same sign for 6 = 0 and.6 = 1. 
If for the given transformation ad — bc is negative let us suppose, as we may 
without loss of generality, that originally no one of the four derivatives 
Cex uy Vex Yuy is zero. Let the transformation with 6 = — 1, 


way y= ° 
be first applied; U, is transformed without change of sign to U,’, ae may 
then be proved, as in the case of positive determinant, “to be unchanged in 
sign by the given transformation. > 
The case R = 0, a: = Bi, ae + Pz, needs further consideration, for 
Us = 0 if gy = vy = 0. If however U, = 0 necessarily U,’ + 0, for 
the possibility, 
: Prz = Pu = Yor = Yu = 0, 


is excluded. It remains to show that U, and U,’ have the same sign when 
neither is zero. Suppose, as before, that for 0 = 0 none of the four deyiva- 
tives vanishes; then U, and U,’ have the same sign: When @ increases 
from 0 to 1 U, and U,’ have continually the same sign unless one, say U, 
vanishes for 0 = 6,, when we must have 9, = Ym = 0. It. is now con- 
_ceivable that, for further increase of 8, U, should change sign if either pyy 
or Wy, remains zero while the other is not zero. We prove that, with our 
assumptions, this cannot occur. Suppose, for 6 = 61, Pyy = Yu = 0; that, 
- for all values of @ such that 8 — 6; is positive and less than some positive 
number e, gy = 0, Yu F0. From R= 0, we have 


Prz Yuy — 4 Ore Poyay + 4Ony Yaz = 0, PR 


aan 
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for any value of 0 between 6 and 6; + e. This equation is satisfied by 1. 


. Cre = Wor = 0. This is inadmissible, since we cannot have, for 61, Pzr = Guy 
= vee = Py = 05 2. Ore = Oxy = = 0. This case is also excluded, for we 


cannot have, at 61, Ges = Gry = Pyy = 0; 3. if ger + 0, 


es te: . 
Puy = g r (Paay — Pxyax) y . e>6—-4> 0. 


Prr 
Since all the derivatives are continuous functions of 0 and since, for 0i, 
Yy = 0 we should have in this case for 6;, and consequently for all trans- 
formations, again the excluded case / 


Consequently our hypothesis is inadmissible, and U, is always of the same 
sign when it is different from zero. In the case III, b, 2, ps = gy = ve 


` = wy = 0, Ag = Ay = 0; H + 0, we have U, =vy,H- It has been proved 


that Yy cannot Change sign though it may vanish, but not both Yyy and Wir 
vanish. In b, 3, Ag = 0, AW > 0, we have, if H = 0, Uy = gy Aw and, 
since Pyy may vanish but cannot change sign, the same is true of U,; not 
both gy and zs vanish. If H + 0 the proof given above for c, 8, R > 0; 
applies, and U, cari neither vanish nor change sign. For c, 2, Ag > 0» 
Ay = 0; H + 0, we have, as in b, 2, Us = vyH. If H = 0 the discussion 
fails. ~ . 

We remark that our discussion proves that U, and U,, have the same or 


different signs when neither is zero in the cases considered as H is positive 


or negative. 

It is of interest to note that our discussion proves the existence of certain 
absolute conditional invariants or conditional differential parameters, for’ 
example 





F Dy i H Ag 
; i o Ap? JApAp' Ay’ 
the first with the sae Gz = py = 0, the second and third with the 


‘conditions ps = gy = Wz = Py = 0. 


§ 5. Eemi. We give in this section simple examples illustrating 
each case of the theory developed in the preceding sections, also examples. 
showing, in each case where the discussion is said to fail, that there may 
exist a maximum or minimum or no extreme. We shall illustrate the 
reciprocity in. problems A and B, and the invariance of the conditions in 
some of the examples by interchanging the variables x and y. All of he 
PLAIES are so chosen that to = yo = Uo = v = 0. 
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For the les case et § 1, Bs and Pu not both zeTO, Ya and: vor not eke 
zero. 
L oma rs 
"We have gy = fy, = 1; J=0; yo" = 0, yy" = 2. The curves, y = 0 and 


y = 2’, ere tangent at (0, 0) but do not osculate. “In A we have a relative 
minimum, in B a relative maximum; ¢, and yy have the same sign. 


eee J 


2. g=y heya, y=, yta. 


For eack W in this example the curves, y = 0 and g = 0, E T at the 
origin; for the three choices A has epee no extreme, a minimum, a , 
maximum. 

_ For § 2, case I, gs and Zy not both Zero, f; = py = 0. 

a. Ay: < 0. l Yea 

8. =y, Taai 

Evidently no real branch of C, y = 0, passes through the origin. , 

b. Ay = 0. The. point P 0, 0) is a cusp, an perlak point, or an 
isolated point of C. 


4, g=}, E geoy 
For the first two y, the origin is a cusp of C, and Dja@= 2. For the first 


+ theré is a minimum, for the second a maximum of œ. For the third choice. 
of y the orig Y is an isolated point of C and ¢ has no relative extreme. 


5 ep Hy psč- y, G= 2? — z’, ae 


For each choice of y the origin is a ‘cusp of C, and Dy = = 0. For the three 
, choices ọ has respectively no extreme, a minimum, a maximum. l è 


G.. 1. g=y p= yatta 
‘The origin is-an osculating point of C, and Dg = 0. For a path*on C 
with continuously turning tangent ¢ has at the origin no extreme, a mini- 
mum, or a maximum, depending on, the path. e 
o e Ay > 0. 


7. Q=Y; Y = zy + Ś, ay — 2, ay + a8. 


For each value of y the origin is a double point of C with two distinct tan- 
gents, and-D,g = 0. If it be desired that C be irreducible y? may be added 
to each value of y without. affecting the results. For the three choices of y 
the value zero is respectively no extreme, a minimum, a maximum of ¢ 
for that branch of C, whose tangent is not parallel to the horizontal tangent 
to 8, at Q. , os 
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Bor § 2, case II, ps = gy = 0, ve and Ya not both zero. 
a. Agp <0. *° 
8 g= et yz, = at ¥, yay. 


The two choices of p give Dey the values 2 and — 2 respectively. For the 
first œ has a minimum, for ne ‘second a maximum., f i 

o by Ag =0. eo ey 

9. Y= a — y, e+ y, y= y. 


` Both choices of ¢ give Duy = 2, and in both cases ¢ has a minimum. It is 
evident on comparing this example with example 4 that we have no basis , 
for comparing the extremes of problems A and B with the hypotheses of Ib. 
Similarly if we exchange g and y as given in examples 5 and 6 we have for 
each D,y = 0, from 5 no extreme and two minima, from 6 a maximum. 
c. Ag > 0. : 
10. = č} y, y=au,y. í 


The two values of y give Dyy equal to — 2 and 2 respectively and give ¢. 
maximum and minimum values respectively. For problem B, correspond- 
ing to Ie there is no extreme. If we interchange ¢ and y as given in example 
7 we have D, and y =0 and have a maximum in the first case, no extreme in 
the second and third. There is evidently no possibility of comparing the . 
nature of the extremes in A and B in this case furnished by our discussion. . 

For § 2, case III, gz = gy = Pr = Yy = 0: 

a. Ag <0. 1.eAy < 0. 


11. p = a+ P, v= Wty. 

There is no relative extreme in either A or B. i 
2. Ay = 0. p! 
12. pm att yf, 


Let Y be given any of the values assigned in examples 4, 5, 6. For all 
cheices ¢ has a minimum and gy = Gz: = 2. . 


3. Ay > = 
13. gs ety. 

Let y have the values of 7. There is a minimum of ọ for each branch of C. 
b. aa = 0. 1. Ay < 0. à i 
‘14, eo=y7, patty. 

Clearly ¢ has no relative extreme at the origin. 

2, Ay = 0. l 
15. . . g=7, =r 


We find 6 = 2, H= 4 U, = 0, U,’ = 8, U, = 8, Uy" = = 


"ss 4 
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Problems A and B have like extremes, both minima. e 
16. - ‘g=—¥, y =g, 
We have 


Em = — 2, H = — 4, U, = 0, U; = — 8 U, = 8, U; = 0. 
Problems A and B have unlike extremes, a maximum in A, a minimum 
in B. 
The case, Ag = Ay = R = H = 0, is excluded, since, as previously 
stated, we have, when these all vanish, 


The following example shows that in as case p may baveno extreme, a 
minimum or a maximum : 


17. e=,- y=} 2, yY — a, 
3. Ay > 0. | 
Is. i iai Y, y= P — y’. 


Wefind - ae 
l Puy = 2, Yu =e, Ay = 4, H = 4, 
U; S 8, U,! = 8, Uy, = 8, Üy = 0. 


Problems A and B have fike extremes, both minima. , 


. 19. g= y’, y= yp 2 
- We have 7 i 
Pyy = 2, Vay =2, Ay = 4, H =- 4, 
U; = 8, WU,’ = 8, Uy, = — 8; U; = 0. 


Problems A and B have unlike nen minima in A, a maximum 

in B. : 
SA 20. : =y tH, tat, y— at y= ay. 
We have for all choices of ¢ 


Yw=2, “Wy =0 Ap=1,, H =Q, 
U; = 4, U, = 0, U, = 0, U; = 0. 


Problem A has for the three choices of ¢ respectively a minimum and 
no extreme, two minima, a maximum and, a minimum. In each case the 
nature of the known extreme, a minimum, is given by the positive sign of 
U,. The discussion fails for B. 

c. Ag > 0. 1. Ap <0. There is no extreme in problem A. ` «è 


Sher cece yo 4 
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hd 3 
2. Ap=0. ° 
21. "Q 5 2 — #, y = y, y? + w. 


We find H = 4, U, = 8, U,’ = 0. There are a minimum in problem 4, 
two minima in B. See%*xample 18. 


22. p= ayta, syta, ae pay, pat ah 


We have H = U,= U,’ = 0. For the three choices of ¢ problem A has, 
for a path C with continuously turning tangent, respectively no extreme, 
a minimum, anda maximum. The discussion fails to give any information. 
See the reference to problem B in example 20. - 

` 3. Ay > 0. ee 
23. g= Ėt ye, p= 22? — bay + W. 


We find Ag = 4, AY = 9, H = 0, R= — 144. In problem A the values 
` of y for the two branches of C are 3y’.and — 32”, a minimum and a maximum 
respectively. In B the two values of y are 9y? and — 2”, a minimum and a 
maximum. 

24. g= ty, y = v — 4r, 

We find 


Ap =; 4, + Ay = 16, H = — 20, R = 144, 
U, = 96, i Up = 24, U, = — 24, U; = — 24. 


In problem A theré are two like extremes, since R > 0, minima since U, > 0, 
in B two like extremes, maxima since U, < 0, unlike those of A since 
H<0.. a0 Xe 
25. g=v— yz, y = 4y7 — r. 
We have l B 
` Ag= 4, Ay = 16, = 20, R = 14, 

+ U,=9%, U,=2%4, U,=2%, Uy = 2A 


There are two like extremes, both minima, in both A and B, of the same 
kind since H> 0. 


26. p= typ HH, P—-Ptet, p=ay— zy’ 
We have 
. Ag = 4, Ay = 1, H=-—4, R= 0, 
U, = Us = 4, U, = Uy’ = — 8. 


For that branch of C whose tangent is not parallel to an asymptotic tangent 
to § at Q, that is for y = 0, ¢ has a minimum value, since U, > 0; for the 
other branch, x — y = 0, the three choices of ¢ give respectively no extreme, 


a minimum, and a maximum. In problem B the branch of the curve, 
t A ` 


i 
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: # KE 
g=0, ihe EA x ea y = 0, is not parallel to ‘an asymptotic renee 
to the surface, y = 0, at the origin, gives y a‘naximyh: value, since-Uy, < 0, 
unlike the extreme in A since H = Oy te, 


27.. ` : p= ay, y= y— dy. 

We have es 
Ag=4, Ay=1, H=4 R=0, 

U, = aA U, = Uy = 8. 


In this case, since H > 0, the extremes, different in nA and Bin example 26, 
are the same, minima in both problems. an 
March 28, 1920. Bs Ee 
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